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Homo probabilisticus?

The set up:
& A parent has two children.

Simple probability question:
&% What is the probability that both children are girls?

The next set up:

&> A parent has two children.
&% We know one of them is a girl.

The next probabilistic poser:
& What s the probability that both children are girls?

Wealth distribution in the United States: [%/
mTop20% m2nd20% = Middle20%  m4th20% = Bottom 20%
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Fig. 2. The actual United States wealth distribution plotted against the estimated and ideal
distributions across all respondents. Because of their small percentage share of total
wealth, both the “4th 20%" value (0.2%) and the “Bottom 20%" value (0.1%) are not visible
in the “Actual” distribution.

“Building a better America—One wealth quintile at a time”
Norton and Ariely, 2011. (13]
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Try this one:

& A parent has two children.
&5 We know one of them is a girl born on a Tuesday.

Simple question #3:
&% What is the probability that both children are girls?

Last:
& A parent has two children.

&5 We know one of them is a girl born on December 31.

And ...
&5 What is the probability that both children are girls?

Wealth distribution in the United States: [13)

= T0p20% ®20020% = Middle20% ® 4th20% = Bottom 20%
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Fig. 3. The actual U istributi i i i
distributions of respondents of different income levels. policial affilations. and genders.
Because of their small percentage share of total wealth, both the “4th 20%" value (0.2%)
and the *Bottom 20%” value (0.1%) are no visible in the *Accual” distribution.

& A highly watched video based on this research is h,cfc,' 2
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Two of the many things we struggle with cognitively:

1. Probability.
& Ex. The Monty Hall Problem. @

here &'

2. Logarithmic scales.

On counting and logarithms:

& Listen to Radiolab’s 2009 piece:
“Numbers.” F.

Money

Belief

Two questions about wealth distribution in the United
States:
1. Please estimate the percentage of all wealth owned by
individuals when grouped into quintiles.

2. Please estimate what you believe each quintile should own,

ideally.
3. Extremes: 100, 0, 0, 0, 0 and 20, 20, 20, 20, 20.

The sizes of many systems’ elements appear to obey an
inverse power-law size distribution:

P(size =) ~ca™7
where 0<uz

<z <z, and > 1.

min max

& Ty, = lower cutoff, z,, = upper cutoff

Py Negative linear relationship in log-log space:
log, P(x) =log c—1log x

&2 We use base 10 because we are good people.
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Size distributions:

Usually, only the tail of the distribution obeys a power law:

P(x) ~ ca 7 for x large.

& Still use term ‘power-law size distribution.’
&% Other terms:

&) Fat-tailed distributions.
&) Heavy-tailed distributions.

Beware:
&% Inverse power laws aren’t the only ones:

lognormals @, Weibull distributions (4, ...

A word frequency distribution explorer:

WORDCOUNT
e A o p
tl Ie yfandioainmatis. i e
1 2 3 4 56
OF » ANK » uE 86800 WORDS IN ARCHIVE
WORDCOUNT
< ext woro

spitsbergencesturboproppandral

TED WORD: SPITSBERGEN 86800 WORDS IN ARCHIVE
RANK 55089

The statistics of surprise—words:

First—a Gaussian example:

1
P(z)dz = e (@—1)?/20% 4
V2mo
linear: log-log
-5
0.3]
0 7
—0.2] =
& éf -15
0.1
=20
5 10 15 0 =3 -2 -1 0 1
v logyox

mean f = 10, variance o2=1.

&% Activity: Sketch P(z) ~ 27 forz = 1tox = 107.
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Size distributions:

Many systems have discrete sizes k:

&5 Word frequency

& Node degree in networks: # friends, # hyperlinks, etc.

& # citations for articles, court decisions, etc.

P(k) ~ ck™

where k., <k < k..

& Obvious fail for k = 0.

& Again, typically a description of distribution’s tail.

THING
EXPLAINER

RANDALL HUNROE

Up goer five &

l;y Randall Munroe (2015). ['1)

BOAT THAT GOES UNDER THE SEA

The statistics of surprise—words:

Raw ‘probability’ (binned) for Brown Corpus:

“Thing Explainer: Complicated Stuff in Simple Words

linear: log-log
12 35
1000) 3
2.5
" =7
= 600 =
2 13
400) -
1
200 [ -
! 23 4 25 2 -15 -1 05 0 05 1
q

logmq

& q,, = normalized frequency of occurrence of word w (%).

& N , = number of distinct words that have a normalized
frequency of occurrence g.

& eg G = 6.9%, N, =1
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Word rank and frequency:

Brown CorpusC};l (~ 108 words):

rank  word % q rank word %q
1. the 68872 | | 1945 apply  0.0055
2. of 3.5839 1946. vital  0.0055
3. and  2.8401 1947.  September  0.0055
4. to  2.5744 1948. review  0.0055
S. a  2.299% 1949. wage  0.0055
6. in 2.1010 1950. motor  0.0055
7. that 1.0428 1951. fifteen  0.0055
8. is  0.9943 1952. regarded  0.0055
9. was  0.9661 1953. draw  0.0055

10. he 0.9392 1954. wheel  0.0055
11. for  0.9340 1955.  organized  0.0055
12. it 0.8623 1956. vision  0.0055
13.  with 0.7176 1957. wild  0.0055
14. as  0.7137 1958. Palmer  0.0055
15 his  0.6886 1959. intensity  0.0055

Later: Connect rankings and size distributions.

The long tail of knowledge:

Cited by

Al
Gitaions 432350
hindex 185
10-index 369

VIEW ALL

Since 2016

165872

104
217

23250
15500
7750
0

2014 2015 2016 2017 2018 2019 2020 2021

& Papers are the events, size is the number of citations

Take a scrolling voyage

to the citational abyss,
starting at the surface with
the lonely, giant citaceans,
moving down

to the legion of strange,
sometimes misplaced,
unloved creatures,

that dwell in

Kahneman’s Google Scholar page =

&% Natural to order by size or publication date.

The statistics of surprise—words:

Complementary Cumulative Distribution (for frequency or

probability) N, :
linear: log-log
3
2000] !
23]
31501.) Z/T 2]
A
= 5 15 ~
500 :
0.5}
-
1 2 3 4 6 25 2 -15 -1 05 0 05 1
q

logluq

&5 Also known as the “Exceedance Probability.”
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power-law size distributions

Gaussians versus power-law size distributions:
&% Mediocristan versus Extremistan

&5 Mild versus Wild (Mandelbrot)

< Example: Height versus wealth.

THE

BLACK SWAN
&% See “The Black Swan” by Nassim

Q Taleb. ')

y &% Terrible if successful framing: Black

swans are not that surprising ...

HIGHLY IMPROBABLE

Nassim Nicholas Taleb

Size distributions:

Power-law size distributions are sometimes
called
Pareto distributions (4" after Italian scholar

&5 Pareto noted wealth in Italy was
distributed unevenly (80/20 rule;
misleading, see later).

& Term used especially by practitioners of
the Dismal Science (3.

Moments:
&% All moments depend only on cutoffs.
&% No internal scale that dominates/matters.

o) Compare to a Gaussian, exponential, etc.

For many real size distributions: 2 < v < 3

&> mean is finite (depends on lower cutoff)

&% 02 = variance is ‘infinite’ (depends on upper cutoff)

&% Width of distribution is ‘infinite’

&5 Ify > 3, distribution is less terrifying and may be easily

confused with other kinds of distributions.

Insert assignment question g
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Turkeys ...

FIGURE 1: ONE THOUSAND AND ONE DAYS OF HISTORY

140
120
100

SURPRISE|

318VIdVA

DAYS
A furkey before and after Thanksgiving. The history of a process over a thousand

days tells you nothing about what Is to happen next. This naive projection of the fu-
ture from the past can be applied to anything

From “The Black Swan” |7
Devilish power-law size distribution details:

Exhibit A:

&> Given P(z) = ca Y with0 <z, <z <=z
the mean is (y # 2):

max>

(b )
&5 Mean ‘blows up’ with upper cutoffif v < 2.
&5 Mean depends on lower cutoffif v > 2.

& <2 Typical sample is large.

& 7 > 2: Typical sample is small.

Moments

Standard deviation is a mathematical convenience:

&% Variance is nice analytically ...
&% Another measure of distribution width:

Mean average deviation (MAD) = (|z — (z)|)
&% Fora pure power law with 2 < v < 3:
(lz — (x)]) is finite.

&% But MAD is mildly unpleasant analytically ...
& We still speak of infinite ‘width’ if v < 3.
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Taleb’s table ")

Mediocristan/Extremistan
Most typical member is mediocre/Most typical is either giant or tiny
Winners get a small segment/Winner take almost all effects

When you observe for a while, you know what’s going on/It takes a
very long time to figure out what’s going on

Prediction is easy/Prediction is hard

History crawls/History makes jumps

PP B

Tyranny of the collective/Tyranny of the rare and accidental

Moments:

o= Ifn#~v—1:

x

2" P(z)dz = —c (fg;(wl —x

—y+1
n—y+1 ”_W)

min

T min

v—1
a—(—1) — p=(-1)"

) 1 .
& Because bothn — v + 1and (zhe  — ") are cither

negative or positive, we can write:

where ¢ =

c —y+1 —y+1
@) = Gy e =
& Ifn=v—1:
T,
<In> =c max'
Tinin

How sample sizes grow ...

Given P(z) ~ cx™:

&% We can show that after n samples, we expect the largest sample
to be?
2, 2 ¢/nl/O-D)

Py Sampling from a finite-variance distribution gives a much
slower growth with n.

o= e.g, for P(z) = e we find
1

T2 Xlnn.

Insert assignment question =

?Later, we see that the largest sample grows as n® where « is the size-ranking
exponent
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Py vy = 5/2, maxima ostamples, n =1000 sets of samples:

1000

T T T T T T T T T
1000\
800
% eo0F B
<&
400 E
200+ J ‘ E
TSI IETY N TTT T PN T W W P [
0 100 200 300 400 500 600 700 800 900
Sample number @
15 T T T
1000 E
<
500 4
) ) uHJ‘LALHML nl X! Aj ‘J&m i
0 100 200 300 400 500 600 700 800 900
Sample number
@& 7 = 3/2, maxima of N samples, . =1000 sets of samples:
7
55210 :
o 1
S 15k B
2
< gt i
05| 1
P PO R P IV B
0 100 200 300 400 500 600 700 800 900
Sample number
o
pY-ELE. T T T T T T T T
15F
T 1
<
05| 1
, | . ) | ‘ L. , A L

0 100 200 300 400 500 600 700 800 900
Sample number

< Scaling of expected largest value as a function of sample size

1000

N:
18 18
y=5/2 ¥ =3/2
"I slope = 1/(y—1)=2/3 10 slope =1/(y—1) =2
1 14
—~12 12
H H
glﬂ :’ijm
g0 gt
3 3
— 6 - 6
4 4
2| 2
0 0
1 2 3 4 5 6 1 2 3 4 5 6

log, N logyy N

&% Fitfory = 5/23k,, ~ N0-660£0-066 (g blinear)
&% Fitfory = 3/2: ky,, ~ N2-063£0-215 (superlinear)

395% confidence interval
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@& 7 = 5/2, maxima of N samples, n =1000 sets of samples:

< x10
15 T
10f R
<
sk 1
1 L L L L u F L L L
0 100 200 300 400 500 600 700 800 900 1000
Sample number 7
x10*
15 T

NN P STIRURY AU KU RO [ PN L
0 100 200 300 400 500 600 700 800 900 1000
Sample number i

& 7= 3/2, maxima of [N samples, . =1000 sets of samples:

x10'"

Fmax.i
-

:

.

. . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000
Sample number i

2 T T T T T T T T T

Emax,i

0.5 B

. I .
0 100 200 300 400 500 600 700 800 900 1000
Sample number

Back to understanding the 80/20 rule:

&> Imagine a population of n people with variable  for
individual wealth.

Define N () = cx " as the distribution of wealth .
Must have fzoo dz N(z) =n.

‘min

Total wealth Win the system:
W= fzoo dz xN(z).

Imagine that the bottom 100 6,,,,, percent of the population

holds 100 6.1, percent of the wealth.

& & P H®

Find ~y depends on 6., and 0,y as

1
In =55

ln—2— —In—t " S

D=0, — M T 0w

y=1+

&% Pleasant detail: x_;, does not matter.
tion '

Insert assignment qu
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& 7= 5/2, maxima of N samples, n =1000 sets of samples:
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& 7= 3/2, maxima of N samples, n =1000 sets of samples:
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80/20, 7, and the Gini coefficent G-

Gini coefficient (%

Ratio of blue shape’s area to triangle’s area.

0<G<1

Blue line is the “Lorenz curve.”
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The top 1% owns 52.3%, the top 0.1% 38.4%, the top 0.01% 27.9%, the top 1077%5.6%, ...
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100 Opop%
99/1 rule:
~ =~ 2.002.
[ 100050, | 1000y | 100(1 = 6,5) [ 100(1 = Oyean) |
20 0.05 80 99.95
50 0.15 50 99.85
80 0.35 20 99.65
100 — 10* 0.50 10" 99.50
99 1 1 99
100 — 1071 1.50 107t 98.50
100 — 1072 1.99 1072 98.01
100 — 1073 2.48 1073 97.52
100 —10* 2.97 1074 97.03
100 —10°° 3.46 1072 96.54
100 — 1076 3.94 1076 96.06
100 — 1077 4.42 1077 95.58
100 —10-8 4.90 1078 95.10
100 —107° 5.38 1079 94.62
100 — 10710 5.85 10710 94.15
100 —10~1* 6.32 1071t 93.68
100 — 1012 6.79 10712 93.21
100 — 10713 7.26 107138 92.74

Complementary Cumulative Distribution Function:

CCDF:
&

P.(z) oc 207

&% Use when tail of Pfollows a power law.

&> Increases exponent by one.

&% Useful in cleaning up data.

PDF: CCDF:
3. 3.

3 3|
25 25|
-

2: b P

ERE o 19 \-\
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1 1 Y
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The 51/49 rule:
v =~ 18.8.
[ 100050, [ 1006 s | 100(1—6,0,) [ 100(1 = 6,euisr) |
20 18.99 80 81.01
51 49 49 51
80 78.11 20 21.89
90 88.62 10 11.38
99 98.71 1 1.29
100 — 101 99.85 1071 0.15
100 — 102 99.98 1072 0.02
100 — 1073 100.00 1073 0.00
Gini coeflicent:
a { 1 ifl <y <2
= 1 K
fEe ey ify > 2.

Insert assignment question =z

Complementary Cumulative Distribution Function:

&% Same story for a discrete variable: P(k) ~ ck™7.

&

&5 Use integrals to approximate sums.

=" P(k)
k'=k

x k~~1

P.(k)=P(K >k

The PoCSverse
Power-Law Size

Distributions
i8of73 80/20 rule:
Our Intuition
T [ 1006, 100 Oyeien | 100(L = 605) [ 100(1 = Opeen) |
20 3.05 80 96.95
Examples 50 9.16 50 90.84
Wild vs. Mild 80 20 20 80
CCDFs 90 27.33 10 72.67
Size rankings and 99 47.19 1 52.81
ZipPslaw | 100 — 1071 61.62 101 38.38
Size ranking <> 100 — 1072 72.11 1072 27.89
CCDF 100 — 1073 79.73 1073 20.27
References v =~2.16.| 100-10"* 85.27 1074 14.73
100 — 107° 89.30 107° 10.70
100 — 1076 92.22 106 7.78
100 — 1077 94.35 1077 5.65
100 — 1078 95.89 1078 4.11
100 — 10° 97.02 1079 2.98
100 — 10710 97.83 10710 2.17
100 — 1071 98.42 10-11 1.58
100 — 10712 98.85 10712 1.15
100 — 10713 99.17 10713 0.83
The PoCSverse
Power-Law Size Complementary Cumulative Distribution Function:
Distributions
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Our Intuition CCDF:
Definition o=
Exampls P.(z)=Pax’ >2)=1—-P(a' <x)
Wild vs. Mild &
oo
= P(z")da’
x/=x
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& Well study Zipf’s law in depth ...

“Zipfian” size-rank plots

&% Noted various rank distributions
have power-law tails, often with exponent -1
(word frequency, city sizes, ...)

& Zipf’s 1949 Magnum Opus [
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Zipf's way: Examples

Wild vs. Mild

&

Given a collection of entities, rank them by size, largest to

CCDFs

smallest.

S, = the size of the 7th ranked entity.

ze ranking <>

General term: “Size ranking” CCDF
References

7 = 1 corresponds to the largest size.

Example: S, could be the frequency of occurrence of the
most common word in a text.

& SHHP

Zipf’s observation:

—Q
S, ocr

with « often close to 1.
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Incel typology:

“The incel lexicon: Deciphering the emergent

Our Intuition

77777777777777777777777777777777 Definition
Gothard etal., Examples
,2021. gl Wild vs. Mild
g 10° 4 Size ranking <>
H CCDF
'?J References
2o
i ]
S
g
=1
e
§ 10! 4
o
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Rank
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Our Intuition
Brown Corpus (1,015,945 words): Definition
Examples
CC}DF. Size ranking: Wild vs. Mild
CCDFs
3 0.5]
25 o Size rankings and
T Zipfs law
=" 2 ST o5 \
Zs \\ %‘? N Size ranking <
B 3 E
g N
! Y -1}
03] |
=25 -2 -5 -1 =05 0 05 1 -2 05 1 15 2 25 3 35
logm q 1°g10 rank i

& The, of, and, to, a, .= ‘objects’
&% ‘Size’ = word frequency
&> Beep: (Important) CCDF and size-ranking plots are related ...

Misrankings

The “biggest” thing is rank #1, otherwise:

&5 “USA #1957
&5 “USA #195!”
& “USA #195!”
&b “USA #195"”

More:
& Size distribution connects with ‘#1-is-biggest’ ‘size’ ranking
only

&% Main form of ranking by decreasing ‘size’ is robust to low
sampling of small ‘size’ entities (the tail “fills in’).

*As of August 2024 (4. Not simple agreed upon by all.

. Blasius and Tonjes,
- | Phys. Rev. Lett., 103, 218701, 2009. !

& Examined all games of varying game depth d in a set of chess
databases.

& n = popularity = how many times a specific game path appears in
databases.

& S(n;d) = number of depth d games with popularity n.

&% Show “the frequencies of opening moves are distributed according
to a power law with an exponent that increases linearly with the
game depth, whereas the pooled distribution of all opening weights
follows Zipf’s law with universal exponent.”

P Propose hierarchical fragmentation model that produces self-similar
game trees.

Size distributions:

Brown Corpus (1,015,945 words):

CCDF: Size ranking:
ER 35
3 3
25] 24

Y

log, N,
/

log, , rank i
o

25 2 -15 -1 05 0 05 1 iy =) =
To;
2,04 log 4,

& The, of, and, to, a, .= ‘objects’
& ‘Size’ = word frequency
&% Beep: (Important) CCDF and size-ranking plots are related ...
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Size ranking example:

TOP-10 PAPERS

“  H B o’
VA
~E 8 moE A
L " Al LN
-

| 2 [l
| i
e EIEE |

FIG. 1 (color online). (a) Schematic representation of the
weighted game tree of chess based on the SCIDBASE [6] for the
first three half moves. Each node indicates a state of the game.
Possible game continuations are shown as solid lines together
with the branching ratios r,. Dotted lines symbolize other game
continuations, which are not shown. (b) Altemative representa-
tion emphasizing the successive segmentation of the set of
games, here indicated for games following a 1.d4 opening until
the fourth half move d = 4. Each node o is represented by a box
of a size proportional to it frequency n,,. In the subsequent half
move these games split into subsets (indicated vertically below)
according to the possible game continuations. Highlighted in (a)
and (b) is a popular opening sequence 1.d4 NI6 2.¢4 ¢6 (Indian
defense).

Observe:

Nature (2014):
Most cited papers of all

time (&'

355
im

frequency S(n)
33 3
L
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Size rankings and

popularity n

FIG. 2 (color online). (a) Histogram of weight frequencies
S(n) of openings up to d = 40 in the Scid database and with
logarithmic binning. A straight line fit (not shown) yields an
exponent of a = 2,05 with a goodness of fit R? > 0.9992. For
comparison, the Zipf distribution Eq. (8) with « = 1 is indicated
as a solid fine. Inset: number C(n) = 35_, | S(m) of openings
with a popularity m > n. C(n) follows a power law with ex-
ponent a = 1.04 (R* = 0.994). (b) Number S,(n) of openings of
depth d with a given popularity 7 for d = 16 and histograms
with logarithmic binning for d =4, d = 16, and d = 22. Solid
lines are regression lines o the logarithmically binned data
(R?>0.99 for d < 35). Inset: slope a, of the regression li
as a function of d and the analytical estimation Eq. (6) using
N = 14X 10° and = 0 (solid line).

& NP, (x) = the number of objects with size at least &
where N = total number of objects.

& Ifan object has size 7, then NP (x,.) is its rank 7.

& So

xT

x x;(v—l)(—a}

o~ = (NP,(x,)"

since P, (z) ~ 2~ 071,

We therefore have 1 = —(y — 1)(—a) or:

&% A rank distribution exponent of @ = 1 corresponds to a size

distribution exponenty = 2.

ZipPsTaw

References
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A numerological digression:
& We have

1 1
a=——® y=14+—.
y—1 o

When does @ = 2
We set

& &

L 2
y=——==7"—7—-1=0.
y—1

We sing: “i is the most irrational number.”

( is the limiting ratio of consecutive Fibonacci numbers,

F, n+1/ F, ne

Need to convert a Fibonacci number of miles to kilometres?
It’s as easy as ¢ because @ is 1.6093 ... ~ 1.6180 ...

o HH®

Sy =(1-+/5)/2 < lisan aphysical solution.

The Don.(&'

Histogram of Test caresr
batting averages

= 166% next best.

@& That’s pretty solid.
&

Later in the course: Understanding success—
is the Mona Lisa like Don Bradman?
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Nutshell for power-law size distributions and size-rank
orderings:

Heavy-tailed distributions abound.

Some are power-law size distributions.

Continuous: P(z) ~ a7, discrete: P(k) ~ ck™7
Mean ‘blows up’ with upper cutoff if y < 2.

Mean depends on lower cutoff if v > 2.

v < 2: Typical sample is large.

v > 2: Typical sample is small.

Complementary Cumulative Distribution Function
(CCDF): P(z) oc 2~V and P, (k) = k=0~

Size of largest sample from 7 samples grows as:

b HPHPPOHHH

@) 2 ¢/nt/0-D
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Our Intuition
I &% Size rankings: Order types from “biggest” to “smallest” size S.
Examples &% Widely observed: S,. is highly skewed.
Wilde &> When scaling is apparent:
CCDFs
Size rankings and —a
Zipfslaw ST xr
Size ranking <> . .
cooF &% Claim: o often close to 1. “Zipfs law”:
Referens
—1
S, ocrh.

& Scalings of size distribution (y) and size ranking () are
connected:

1
a= andy =1+ —.
e!

y—1
&% Danger Will Robinson point: ¥ = 2 < o = 1.
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