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Piracy on the high x’s:

“Dynamic Reorganization of River Basins” 9

Willett et al.,
Science, 343, 1248765, 2014. |2
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Source: https://www.youtube.com/watch?v=FnroL1_-12c =
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Can Horton and Tokunaga be happy?

In terms of network achitecture, Horton’s laws appear to
contain less detailed information than Tokunaga’s law.

Oddly, Horton’s laws have four parameters and Tokunaga has
twO parameters.

R,,R,, Ry, and R, versus T} and Rp. One simple
redundancy: R, = R,.

Insert assignment question @

To make a connection, clearest approach is to start with
Tokunaga’s law ...

Known result: Tokunaga — Horton |18 1% 20.%.2]
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The PoCSverse
Let us make them happy Branching Networks
II
11 0f 85
: - Horton < Tokunaga
We need one more ingredient: A
Reducing Horton
Scaling relations
Fluctuations
A network is space-filling if the average distance between Models
adjacent streams is roughly constant. Nautshell
Reasonable for river and cardiovascular networks RsiEtEates

For river networks:

Drainage density pyy = inverse of typical distance between
channels in a landscape.

In terms of basin characteristics:

Q o
3" stream segment lengths ~ >__ | 5,
Pdd = 7%

basin area aq
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More with the happy-making thing

Start looking for Horton’s stream number law:

nw/nw+1 G Rn'

Estimate 1, the number of streams of order w in terms of
otherm 7w w:

Observe that each stream of order w terminates by either:

w=3
1. Running into another stream of order w and
B generating a stream of orderw + 1 ...

» 2n_ ., streams of order w do this

higher orderw” > w ...

» n_/T., . streamsof orderw do this

2. Running into and being absorbed by a stream of
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Horton < Tokunaga
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—27’Lw+1+ Z T/ n/ e
Models
eneratlon w'=w+1 absor tion
8 2 Nutshell

References

Use Tokunaga’s law and manipulate expression to find
Horton’s law for stream numbers follows and hence obtain

i34

Insert assignment question “

ne

Solution:

B e V/(2+ Rp+T,)2 —8Ry

R, 5

(The larger value is the one we want.)
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Finding other Horton ratios

Now use uniform drainage density pyq.
Assume side streams are roughly separated by distance 1/py.

For an order w stream segment, expected length is
w—1
S
8,=py |1+ g T,
k=1
Substitute in Tokunaga’s law T}, = T} RE1:

YR
foapi (14T S RET) By
k=1
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Horton and Tokunaga are happy

Alrogether then:

&

:>§w/§w—1 :RTﬁRs :RT

e Recall R, = R, so

|R,= R, = Ry

&% And from before:

R

n

(2+ Rp+ 1) + \/(2+RT+T1)2“8RT

2
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The PoCSverse

Horton and Tokunaga are happy Branching Networks
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Reducing Horton
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Fluctuations
Models

R, and R, depend on T and R L

Seems that R, must as well ... Reftrentes

Suggests Horton’s laws must contain some redundancy
We’ll in fact see that R, = R,,.

Also: Both Tokunaga’s law and Horton’s laws can be
generalized to relationships between non-trivial statistical

distributions. 1 !
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Horton and Tokunaga are happy

Note: We can invert the expresssions for ,, and R, to find
Tokunaga’s parameters in terms of Horton’s parameters.

RT: Rey

Suggests we should be able to argue that Horton’s laws imply
Tokunaga’s laws (if drainage density is uniform) ...
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The PoCSverse

Horton and Tokunaga are friends BothchibgNemkarks

11
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Horerenloke gy

Reducing Horton

Scaling relations

Assume Horton’s laws hold ~ Fluctuations
/ /<,-é \

for number and length Models

Nutshell
Start with picture showing

an order w stream and order
w — 1 generating and side
streams.

References

Scale up by a factor of R,
orders increment tow + 1
and w.

Maintain drainage density
by adding new order w — 1

streams
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Horton and Tokunaga are friends

Must retain same drainage density.

Add an extra (R, — 1) first order streams for each original
tributary.

Since by definition, an order w + 1 stream segment has T,
order 1 side streams, we have:

k—1
T,=(R,—1)(1+> T,
=il

For large w, Tokunaga’s law is the solution—let’s check ...
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Horton and Tokunaga are friends

Substitute Tokunaga’slaw T; = Ty R~ = T1 R/~ into

k=1
Tpy=(R,—1) |1+ T,
k= ik

k—1
T,=(R,—1) |1+ > TR}
i=1

RfTI =1
= e [ e e A e e
(Re )( + 1 R[_]- )

k—1
RZ

SR BT
F o

L el e
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In bottom plots, stream number graph has been flipped

vertically.

Hiohlv cticoestive that R = R
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Measuring Horton ratios is tricky:

How robust are our estimates of ratios?

Rule of thumb: discard data for two smallest and two largest
orders.
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Mississippi:

wrange R,
5.27
4.86
4.77
4.72
4.70
4.60
4.69
4.57
4.68
4.63
4.16
mean 4 4.69
stddevo  0.21
o/u 0.045

S
£9

00, s, 1 e}, O, eeh, O, i, 1, KO

o o R AN T w e

R, R,
5.26 2.48
4.96 2.42
4.88 2.40
491 2.41
4.83 2.40
479 238
4.81 2.40
477 238
4.83 2.36
476 230
467 241
4.85 2.40
0.13 0.04

0.027 0.015

RS
2.30
2.31
2.31
2.34
2.35
2.34
2.36
2.34
2.29
2.16
2.56
2.33
0.07

0.031

RG/RTL
1.00
1.02
1.02
1.04
1.03
1.04
1.02
1.05
1.03
1.03
1.12
1.04
0.03

0.024
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Amazon:

w range

Rn
4.78
4.55
4.42
4.45
4.35
4.38
4.38
4.08
4.42
0.17
0.038

Ra
4.71
4.58
4.53
4.52
4.49
4.54
4.62
4.27
4.53
0.10

0.023

R,
2.47
2.32
2.24
2.26
2.20
2.22
2.22
2.05
2.25
0.10

0.045

RS
2.08
2.12
2.10
2.14
2.10
2.18
221
1.83
2.10
0.09

0.042

Ra/Rn
0.99
1.01
1.02
1.01
1.03
1.03
1.06
1.05
1.02
0.02

0.019
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Reducing Horton’s laws:

aq o< sum of all stream segment lengths in a order €2 basin
(assuming uniform drainage density)

So:
Q
E w/ Pad
w=1
Q Lo
= L
ocg VAR R Al [ R B O
w=1 e &5
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o The PoCSverse
Reducing Horton’s laws: Brncin Nevors
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Reducing Horton’s laws:

...But this only a rough argument as Horton’s laws do not
imply a strict hierarchy

Need to account for sidebranching.

Insert assignment question @
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Scaling relations
Observe: Combined area of basins of order w independent of Fluctuations
w. Models

Nutshell

Not obvious: basins of low orders not necessarily contained in

References

basis on higher orders.

Story:
Reason:
g oo 0

afsioc(hL I s ns
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Neural Reboot: Fwoompf

https://www.youtube.com/watch?v=5mUs70SqD4o?rel=0 (5"
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Scaling laws

Natural branching networks are hierarchical, self-similar
structures

Hierarchy is mixed

Tokunaga’s law describes detailed architecture:

T sl R

We have connected Tokunaga’s and Horton’s laws
Only two Horton laws are independent (R, = R,,)

Only two parameters are independent:

(Tlv RT) 7 (Rn? Rs)
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Horton <> Tokunaga
Reducing Horton

Scaling relations

Fluctuations

Ignore stream ordering for the moment BN

Pick a random location on a branching network p. Nutshell
Each point p is associated with a basin and a longest stream SRR
length

Q: What is probability that the p’s drainage basin has area a?
P(a) oca™ forlargea

Q: What is probability that the longest stream from p has
length 2 P(¢) o< 77 for large /

Roughly observed: 1.3 S 7 <1.5and 1.7 < v <5 2.0



https://pdodds.w3.uvm.edu/teaching/courses/2024-2025pocsverse

The PoCSverse

Scaling laws Brsnchitg Neborks

11
330f 85
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Reducing Horton
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Fluctuations

We see them everywhere:

Models

Earthquake magnitudes (Gutenberg-Richter law)
City sizes (Zipf’s law)

Nutshell

References

Word frequency (Zipf’s law) (B2l
Wealth (maybe not—at least heavy tailed)
Statistical mechanics (phase transitions) 6]

A big part of the story of complex systems

Arise from mechanisms: growth, randomness, optimization,

Our task is always to illuminate the mechanism ...
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Horton <> Tokunaga
Reducing Horton
Scaling relations

Fluctuations

We have the detailed picture of branching networks
(Tokunaga and Horton)

Plan: Derive P(a) o< a™ " and P(€) o< 77 starting with
7,1.2]

Models
Nutshell

References

Tokunaga/Horton story !
Let’s work on P(?) ...

Our first fudge: assume Horton’s laws hold throughout a

basin of order 2.

(We know they deviate from strict laws for low w and high w
but not too much.)

Next: place stick between teeth. Bite stick. Proceed.



https://pdodds.w3.uvm.edu/teaching/courses/2024-2025pocsverse

% The PoCSverse
Scaling laws Brsnchitg Neborks
I
35 of 85

Horton <> Tokunaga
Reducing Horton

Scaling relations

Often useful to work with cumulative distributions, especially =~ Hucwadons

when dealing with power-law distributions. Mogel

Nutshell
The complementary cumulative distribution turns out to be

most useful:

References

max

2= e /e P(0)de
&z

=

5

P.(6)=1-P(t<,)

Also known as the exceedance probability.
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Scaling laws

The connection between P(z) and P. () when P(z) hasa
power law tail is simple:

Given P({) ~ {77 large £ then for large enough £,

U fore >0,

max

ox by
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Horton <> Tokunaga

Reducing Horton

Scaling relations

Aim: determine probability of randomly choosing a point on

Fluctuations

a network with main stream length > £, Models
Assume some spatial sampling resolution A Nushell
References

Landscape is broken up into grid of A x A sites
Approximate P_(,) as

AN CRTLY)
o

where N_ (¢,; A) is the number of sites with main stream
length > /,.

Use Horton’s law of stream segments: 5,,/5,, ; = R, ...
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Seti =1/ drsameleec o QLo Pl Ll VR Lt Taks | e

Fluctuations

Models

7 Q =
Vg @ ) = ><€“’; A) ~ Zw’—w+1 Pyt S /A Nutshell
>\tw N0, ) ZS s ,//A/ Refererices

A’s cancel
Denominator is ag py4, 2 constant.

So ...using Horton’s laws ...

Q Q

2 Z SN e s ) RO

w/=w+1

CIJ |
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VPR b SR L A s Ple (9l ot B R e R B B R S

Fluctuations

Q Models
2 S B (L RS s iRl
w'=w+1 References

Cleaning up irrelevant constants:

s £ (5

w'=w+1

Change summation order by substitutingw” =  — w’.

Sum is now from w” = 0 tow” =  — w — 1 (equivalent to
w =Qdowntow =w—+1)
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Scaling laws

Since R,, > R, and 1 < w < ),

7 Rn I R'n T
e (z) (5]

again using Z;:Ol at=(@a"—1)/(a—1)
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Scaling laws

Nearly there:

P> (Zw) 0.8 % == eiW1n<Rn/Rs)

s

Need to express right hand side in terms of £,,.
Recall that £, ~ ¢, R

Y/ ] Wb IntR,
o Ry =y = et

The PoCSverse
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Finding ~:

Horton < Tokunaga

& Therefore: Reducing Horton

5 i —ln(R /R )/ln(R ) Fluctuations
P (¢l )cxe win(R,,/R,) _ ew[nRS n/tts s
> (6y) ( ) Models
Nutshell

References
X zw 7ln(Rn/Rs)/lnRs

v z;(lan —InR,)/InR,

7 —lan/lnRs—i-l
—

& » B

e
=0,
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Scaling laws

And so we have:

|7 =InR, /IR,

Proceeding in a similar fashion, we can show

\T=2me¢mRn=2—1hﬂ

Insert assignment question “

Such connections between exponents are called scaling
relations

Let’s connect to one last relationship: Hack’s law
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Scaling laws

0 (J/h’

Typically observed that 0.5 S h < 0.7.

Use Horton laws to connect h to Horton ratios:
Y w = w
dsociR randia b IR

Observe:

o

InR,/InR
- ewlnRs x <€wlan> /IR,

Al B st (FIRETTOTS

The PoCSverse
Branching Networks
1I

44 of 85

Horton <> Tokunaga
Reducing Horton
Fluctuations

Models

Nutshell

References



https://pdodds.w3.uvm.edu/teaching/courses/2024-2025pocsverse

We mentioned there were a good number of ‘laws’:

Relation:

T, =T (Rp)*?

0~ L4
ny/nw—tl = Rn
7€w+1/€w = RZ

aw+1/dw = Ra
§w+1/§w = Rs
L ~LH
Pa) ~a™ "
P0) ~ £
0~ ah

a~ LP

A~ a”?

A~ L¥?

Name or description:

Tokunaga’s law

self-affinity of single channels
Horton’s law of stream numbers
Horton’s law of main stream lengths
Horton’s law of basin areas
Horton’s law of stream segment lengths
scaling of basin widths

probability of basin areas
probability of stream lengths

Hack’s law

scaling of basin areas

Langbein’s law

variation of Langbein’s law
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Connecting exponents

relation:
¢~ L%
T), = Ty (Rp)**

nw/nw+1 = Rn
anrl/dw = Ra
£w+1/£w = Ré
l~ah
a~LP
L, ~LH
P(a) ~a™ "
P(£) ~ £
A~ad?
A~ L¥

scaling relation/parameter: |/

d

Tl = Rn — Rs -2+ QRS/RTI,

Rr= R,

R7l

R,=R,

R, =R,
h=InR,/InR,
D=d/h
H=d/h—1
T=2=f
vy=1/h
B=1+h

p=d
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. The PoCSverse
Scheidegger’s model Brachitg Ne ks
II
47 of 85

Horton < Tokunaga

Directed random networks Rt b ot
\‘;:f’ i >:-’ L Scalingclitibris
[
. }" ﬂ} {;\\ Fluctuations
é‘; ‘:.:" t___*.- Models
Nutshell
:::,‘\-. x n. 3.- »
References
y *:-
. . m u:r
}".‘:‘1:.% r .-' .-' ra
% f%
i &9.‘3‘;‘- o x :ﬁ

B =) =1/

o= Functional form of all scaling laws exhibited but exponents
differ from real world 1> 1¢ 14

&> Useful and interesting test case

_l\.

&
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The PoCSverse

A toy model—Scheidegger’s model BothchibgNemkarks
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Horton <> Tokunaga

Reducing Horton

Fluctuations

Models
Boundaries of basins are random walks o

References

area a
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idegger’s model

Sche

Tokunaga

Horton <

Reducing Horton

=64

Increasing partition of N
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- The PoCSverse
Scheidegger’s model Branchibg Netbarks
88
II
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Horton <> Tokunaga

Reducing Horton

Scaling relations

Fluctuations

Models

P(n) ~ L n73/2. Nutshell

NG ,
References

and so P(¢) o £73/2,

Typical area for a walk of length n is oc n3/2

0 x a?/3,

Bindz = 443 hi— 2/ 3 =812 g =l
Notet =2 —handy =1/h.
R,, and R, have not been derived analytically.
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Equipartitioning reexamined:

VA RO R (R s LR XeJs o 7 S Ul 3

nala nala
w Q w
o ° ° o ° ° °
N FY @ e % NS P @ @
. = N o
L] @ w L]
0w
. 0, e [ ]
2}
L) ° o o
o
L] QD (=2} L]
128 g
] S =)
B
o [ ]
=
=
L] g ©
2k 5 o
2 =
Tsowcesitamds L [E————
[15-Dec-2000 peter dodds] [15-Dec-2000 peter dodds]
nala
W w Q
o ° o o
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@
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&
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=
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. oG . The PoCSverse
qu,upartltlonlng Branching Networks
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Horton <> Tokunaga

Reducing Horton

Scaling relations

Fluctuations

What about

Models

Bila)i~ta s ?

Nutshell

References

Since 7 > 1, suggests no equipartitioning:
aPld) ~ o=t Ficonst

P(a) overcounts basins within basins ...

while stream ordering separates basins ...
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. The PoCSverse
Fluctuations Brancbilg Nestiorks
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Horton <> Tokunaga
Reducing Horton
Scaling relations

Fluctuations

Both Horton’s laws and Tokunaga’s law relate average Moge
. Nutshell
properties, e.g., 3
=i == References
Sw/swfl = Rs

Natural generalization to consider relationships between
probability distributions

Yields rich and full description of branching network
structure

See into the heart of randomness ...
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A toy model—Scheidegger’s model

Directed random networks

&

&= Flow is directed downwards

The PoCSverse
Branching Networks
I
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Hlucaon

Models

Nutshell

References



https://pdodds.w3.uvm.edu/teaching/courses/2024-2025pocsverse

The PoCSverse

Generalizing Horton’s laws Brabchihp Netbcrks
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By o (By)” = N(Ul) = (R Ry)Fy(t/Ry)
0.8

Reducing Horton

= 2 2\—w w
a eetlEe — N alahs— | RE - B (gl B , :
n a n Scaling relations
W-Q W
N(I |(")) Rn R| N( o) Fluctuations
B = [oed D) TR 2 g A T T = £ Y 1 T g SR s Do < ekt AR i WO
= = B = =
=k S S = = 2 S Models
o s ES & L &
< s 90 b 55 o < Nutshell
o . o
0. o References
= 7} [SXGLEN 7]
o > %] n
s e B
B = % k=l
: T =]
—_p [} = o
=S =] =, )
Sk =t € S K
H = el
S
< = N 212
w 728 (O (72}
S S =1 =p [ S
% o 1 o
E N e
oah % =g w =.
o B ® | ©
I = 3 =
S 7} w 7]
(SN S A SRR ST e
[09-Dec-1999 peter dodds] [09-Dec-1999 peter dodds]

Scaling collapse works well for intermediate orders

All moments grow exponentially with order
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Horton <> Tokunaga
Reducing Horton

Scaling relations

How well does overall basin fit internal pattern?

Fluctuations

-Q+w Q-0
g™ e Actual length = 4920 km (at ~ Modeb

=2 N o o) fo} [ N 'JL 1 km res) Nutshell
< References
B, Predicted Mean length =

= = 11100 km

i 73 Predicted Std dev = 5600
g g km

gn! ; ; Actual length/Mean length
E ;i; W N i} 44 %

FEEREENE Okay.
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Horton <> Tokunaga

Comparison of predicted versus measured main stream lengths for

3 & Reducing Horto!
large scale river networks (in 10% km): Bid ¢

Scaling relations

basin: Lo Lo o, Lo/la 0./lq Fluctuations
Mississippi  4.92  11.10  5.60  0.44 0.51 Mogel:
Amazon 5.75 918 6.85 0.63 0.75 P
Nile 649 266 220 244 083 e
Congo 5.07 10.13 5.75 0.50 0.57
Kansas 1.07 237 174  0.45 0.73

ag ag 0, aglag 0,/aq

a
Mississippi  2.74  7.55 5.58 0.36 0.74
Amazon 540 9.07 8.04 0.60 0.89
Nile 3.08 096 0.79 3.19 0.82
Congo 3.70 10.09 8.28 0.37 0.82
Kansas 0.14 0.49 0.42 0.28 0.86
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Combining stream segments distributions: Branching Networks
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Horton <> Tokunaga

Reducing Horton

Scaling relations
Stream segments sum S e
3 5 Fluctuations
to give main stream -
Models
lengths
; g Nutshell
e References
p=w
i E Sy
Nl p=1
P(¢,)isa

convolution of
distributions for the

Sw
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Horton < ’luLung
Sum OfVariablCS EUJ = Zziij S'u leads to Convolution Of I%uhlung”‘m‘.un
distributions: Scaling leliribms
Elicaony
N({¢|w) = N(s|]1) * N(5[2) % - * N(s|w) Models
Nutshell

References

log, Ry Rt P, )
1

1 |
55 [} o S

= 1
= g: N(slw) = WR?F(S/RZJ)
N |8 Fla) =i
Si=l3
3 g § Mississippi: € = 900 m.
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The PoCSverse

Generalizing Horton’s laws Brabchihp Netbcrks
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Horton <> Tokunaga

Next level up: Main stream length distributions must
combine to give overall distribution for stream length

Reducing Horton

Scaling relations
N(l |w) Elicaony
'8 IS '5 = Models
1 U =} Q\'
sy N
Nutshell

References

8
o P) ~ 07
= Another round of
g convolutions °/
o Interesting ...
=5

suonnguisip Yybusj :iddississin

[ —

[22-Mar-2000 peter dodds]
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Horton <> Tokunaga

Reducing Horton

Scaling relations

Fluctuations

Models
Number and area

distributions for the

Scheidegger model [3]

Nutshell

References

P(ny ¢) versus
P(ag) fora
randomly selected
w = 6 basin.
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Generalizing Tokunaga’s law

Scheidegger:
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Horton <> Tokunaga
Reducing Horton

Scaling relations

Elicaony
Models
Nutshell

References

ful

vl
0l1 -4 0.25 =0:3:6204" 10.5
M
T“’V (RI ©)

Observe exponential distributions for 7}, ,,

Scaling collapse works using R

0.6
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Generalizing Tokunaga’s law

M ississippi:
2.5 3 2
% @ %
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P=x o &) > Vo
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Same data collapse for Mississippi ...
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Generalizing Tokunaga’s law

,“9
N
I

(R5>H_V_1Pt |:T/,L7V/<RS>#_V_1:|

1
B2) = te %,
t

A B 2 T

Exponentials arise from randomness.

Look at joint probability P(s,,, T}, ,,).
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Generalizing Tokunaga’s law Brinching Netborks
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Horton <> Tokunaga

Reducing Horton

Scaling relations
Elicaony
Models
— ] fodel
———— 1 Nutshell
Inter-tributa L. y_9  Refrenas
9 p

lengths exponentially
distributed

Leads to random
spatial distribution
of stream segments
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The PoCSverse

Generalizing Tokunaga’s law Branching Networks
s
Horton <> Tokunaga
Reducing Horton
Scaling relations
Follow streams segments down stream from their beginning Fluctuations

o1 Models
Probability (or rate) of an order 4 stream segment

. < < Nutshell
termmatmg 1S constant:

References
B~ LR )& €,

Probability decays exponentially with stream order
Inter-tributary lengths exponentially distributed

= random spatial distribution of stream segments
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Generalizing Tokunaga’s law Branching Necworks
11
67 of 85
Horton <> Tokunaga
Reducing Horton
Joint distribution for generalized version of Tokunaga’s law: bk i

Fluctuations

B 2 2 “ Models
P(SwTu,u> =DPu ,uT ' (1 — Dy _pu)s“ Tl Nutshell

B

References

where

p,, = probability of absorbing an order v side stream
P,, = probability of an order j stream terminating

Approximation: depends on distance units of s i

In each unit of distance along stream, there is one chance of a
side stream entering or the stream terminating.
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Generalizing Tokunaga’s law Brncing Necwor
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Horton <> Tokunaga
Now deal with this thing: Reducing Horton
Scaling relations
Fluctuations
Lyes SEAE Rt o o B B e
_ = [ Sk v Py
P(S,ua Tu,u) =Dy T P (Ui —pu) oy Models
[l Nutshell

References

Set (z,y) = (s,,T,,)andq = 1 — p, — p,,, approximate
liberally.
Obtain

P(z,y) = No 2 [F(y/z)]”

—(1-v) —v
riEl )

where
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Horton <> Tokunaga

Reducing Horton

Checking form of P(s,, T}, ,) works: Sealing telations
3
5 Fluctuations
Stheldeover it s e L e PR R e T L D Ticniatons
1 gg Models
(€) = Nutshell
28 1 References
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Horton <> Tokunaga

Reducing Horton

i . Scaling relations
Checking form of P(s,,, T}, ,) works: ks

Fluctuations

Scheidegger:

Models

Nutshell

References

HVv
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Generalizing Tokunaga’s law

Checking form of P(s,, T}, ,) works:

Scheidegger:
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Generalizing Tokunaga’s law

Checking form of P(s,, T, ,) works:

Mississippi:
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Reducing Horton
Scaling relations
Dominant theoretical concept for "o
Model
several decades. oLes
Nutshell

Bethe lattices are fun and tractable.

References
Led to idea of “Statistical

inevitability” of river network

statistics |

But Bethe lattices unconnected

with surfaces.

In fact, Bethe lattices 2~ infinite
dimensional spaces (oops).

So let’s move on ...
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Models

Nutshell

References

BN =Bl = 1D

&% Functional form of all scaling laws exhibited but exponents

differ from real world 1> 1% 14
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Horton < Tokunaga
Reducing Horton
Scaling relations
Landscapes h(Z) evolve such that energy dissipation € is bl
minimized, where Models
Nutshell

x /d? (flux) x (force) Za Vh; ~ Z i Refirerites

Landscapes obtained numerically give exponents near that of
real networks.

But: numerical method used matters.

And: Maritan et al. find basic universality classes are that of
Scheidegger, self-similar, and a third kind of random

network %!
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Theoretical networks

network d
Non-convergent flow 1 1
Directed random 2/3 1
Undirected random 5/8 5/4
Self-similar 1/2 1
OCN’s (1) 1/2 1
OCNs (1) 2/3 1
OCN’s (I1I) 3/5 1
Real rivers 0.5-0.7 1.0-1.2

h = £ o« a” (Hack’s law).

d=fx Lﬁ (stream self-affinity).
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Models
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Nutshell Branching Networks
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Horton <> Tokunaga

Reducing Horton

Scaling relations

Horton’s laws and Tokunaga’s law all fit together. il

Models
For 2-d networks, these laws are ‘planform’ laws and ignore i
utshel

slope s i del ades ATl LR T L R

References

Abundant scaling relations can be derived.

Can take R,,, %y, and d as three independent parameters
necessary to describe all 2-d branching networks.

For scaling laws, only h = InR,/InR,, and d are needed.
Laws can be extended nicely to laws of distributions.

Numerous models of branching network evolution exist:
nothing rock solid yet ...?
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