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“In the scientific integrity system known as peer
review, the people are represented by two highly
overlapping yet equally important groups: the
independent scientists who review papers and the
scientists who punish those who publish garbage. This
is one of their stories.”
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Animal power

P = basal metabolic rate

M = organismal body mass
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P =cM>

Prefactor ¢ depends on body plan and body
temperature:

Birds 39-41°

Eutherian Mammals 36-3
Marsupials 34-3
Monotremes 30-31°
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- What one m'i'g.ﬁt expect:

Dimensional analysis suggests
an energy balance surface law:

P8 oc V23 oc M2
Assumes isometric scaling (not quite the spherical
cow).

Lognormal fluctuations:
Gaussian fluctuations in log, , P around

log, ;eM2.

Stefan-Boltzmann law( for radiated energy:
dE
AR s AR
dt
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Quarterology:

a=3/4

P o M3/4

Huh?

The pre\;ér'illir;g‘bélief of the Church of

> < R
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| ‘The prevagilihg }belief of the Church of
- Quarterology:

3/4—2/3=1/12

An exponent higher than 2/3 points suggests a
fundamental inefficiency in biology.

Organisms must somehow be running ‘hotter’
than they need to balance heat loss.
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~ Related putaltiVe scalings:

number of capillaries oc M 3/4

time to reproductive maturity oc M /4
heart rate oc M ~1/4

cross-sectional area of aorta oc M 3/4
population density oc M —3/4
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The great law’ of heartbeats:

Average lifespan oc M#
Average heart rate oc M5
Irrelevant but perhaps 5 = 1/4.

Average number of heart beats in a lifespan
~ (Average lifespan) x (Average heart rate)
o MB—B
ox MP°
Number of heartbeats per life time is independent
of organism size!

~ 1.5 billion ....
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From PoCS, the Prequel to CocoNuTs:
“How fast do living organisms move:

Meyer-Vernet and Rospars,
American Journal of Physics, 83, 719-722,
o

10" — ‘ : ; ‘ : i : : ‘ ‘
AT 2 - . . )
%, =y .. )
;510"
- m\ - *& {%
10" 10 10 10 100° 10° 10™

body mass (kg)

Fig. 1. Maximum relative speed versus body mass for 202 running species (157 mammals plotted in magenta and 45 non-mammals plotted in green), 127
swimming species and 91 micro-organisms (plotted in blue). The sources of the data are given in Ref. 16. The solid line is the maximum relative speed
[Eq. (13)] estimated in Sec. IIL The human world records are plotted as asterisks (upper for running and lower for swimming). Some examples of organisms of
various masses are sketched in black (drawings by Franois Meyer).
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Hirt et al.,

Nature Ecology & Evolution, 1, 1116, 2017. %%

a b
1,000 4
100 4
10
1]
01 4
= flying * Birds
[ Running + Arthropods
A A Swimming | 4 Mammals
£
g c d
1,000 4 1
100 VL
23
=
10 ]
0 o %ff
n $
1] d
o Birds
* Arthropods
+ irds * Vartmals
014 Arthropods o Reptlles
Mammals
5 Reptiles 3 ¥ Molluses
A0 0 L o 10— gt jo%e oe 10 102810 = L0t —07
Body mass (kg)
Figure 2| Conparisono scaling o he it
locomtion modies ( swimming). b-d, d , running

swimming (& 1109)anials, Overall madel ;K= 0,893, Th rsidu variaion o not cahibita ignatireof anoromy (aly aweak efectof

thermoregulation; see Methods).

COCONUTS b

Metabolism and - '

Death by.
fractions

Measuring
exponents

River networks
Earlier theories

Geometric
argument

Conclusion

References

0 70 §0 90 100

U'N‘[VERSITYI | *
o VERMONT

“Da ¢ 150f 126


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://www.uvm.edu/pdodds/research/papers/others/everything/hirt2017a.pdf
http://www.uvm.edu/pdodds/research/papers/others/everything/hirt2017a.pdf
http://www.uvm.edu/pdodds/research/papers/others/everything/hirt2017a.pdf

a Acceleration to theoretical maximum speed

Hirt et al.,
Nature Ecology & Evolution, 1, 1116, 2017. %%

Allometry of critical time for acceleration

— Acceleration curve
Theoretical maximum speed

Speed

7

"V

logo(time)

- - Critical time.

Time

< Realized maximum speed

108,0(body mass)

Allometry of realized maximum speed

Speed

— — Critical time
« Realized maximum speed

/\m

logig(body mass)

Figure 1] Concept
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Maximum speed increases
with size: vy, = aM?®

! 3 Takes a while to get going:
_ V(t) = Umax(1 — e_kt)

k ~ Fra/M ~ cM31
- Literature: 0.75 < d < 0.94

Speed (kmh™)

i Acceleration time =
depletion time for anaerobic
energy. T ~ fM?9 Literature:
dr'::e’::e!wlmodel..Themode\»pred\(hon(gvey}me]\sﬂtte.d(o;atao!extant 0.76 S g S 1.27

species (grey circles) and extended to higher body masses. Speed data
for dinosaurs (green triangles) come from detailed morphological model

calculations (values in Table 1) and were not used to obtain model parameters. ¢ AT b 15 h M’L
Vmax = oM (1 ity )
t=d—14+gandh=cf

Literature search for for maximum speeds of running, flying and
swimming animals.

Search terms: “maximum speed”, “escape speed” and “sprint speed”.
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THE CHURCH
OF QUARTEROLOGY




Atheory is born:

7
:

- 1840's: Sarrus and Rameaux ““! first suggested
i =2/3
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A theory grows:

1883: Rubner “*! found a ~ 2/3.
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Theory meets a different ‘truth’:

- 1930's: Brody, Benedict study mammals. [!

 Found a ~ 0.73 (standard).
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- Our hero faces a shadowy cabal:

1932: Kleiber analyzed 13 mammals. **
Found o = 0.76 and suggested o = 3/4.

Scaling law of Metabolism became known as
Kleiber's Law(Z (2011 Wikipedia entry is

embarrassing).

1961 book: “The Fire of Life. An Introduction to
Animal Energetics”. %!

COcoNuTS

Metabolismiand+
Truthicide

Measuring
exponents

River networks
Earlier theories

Geometric
argumem

Conclusion

References

T N R 1 T

[l
0 70 §0 90 100
THEECEEEEELEL |
11 IHIIIHM fl‘\
0 50 0 7
3 |]5 l~|4 !iB lii

The O
ﬁ UNIVERSITY |§|
il ¥ VERMONT 1O

DA 220f126


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://en.wikipedia.org/wiki/Kleiber's_law

When a cult becomes a religion:

1950/1960: Hemmingsen 0 2]
Extension to unicellular organisms.
a = 3/4 assumed true.

COcoNuTS

Metabolism and#+
Truthicide

Death by

Measuring
exponents

River networks
Earlier theories

Geometric
ngufﬂeﬂl

Conclusion

References

T A 1 1 A
0 70 0900

ll‘lll M Jl|} !H\W‘,I' g

B> 14 1«3 1-2
L= I

The (o]
i UNIVERSITY |9|
il ¥ VERMONT 1O

DA 230f126


http://www.uvm.edu
http://www.uvm.edu/pdodds

COcoNuTS

| Q‘uarterolog'y épreads throughout the land:

Metabolism and

1964: Troon, Scotland. Trijthicidle
Death by

3rd Symposium on Energy Metabolism. feetol
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AN unsolved truthicide:

Did the truth kill a theory? Or did a theory kill the
truth?

Or was the truth killed by just a lone, lowly
hypothesis?

Does this go all the way to the top?
To the National Academies of Science?

Is 2/3-scaling really dead?
Could 2/3-scaling have faked its own death?
What kind of people would vote on scientific facts?
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COcoNuTS

- Modern Quértérology, Post Truthicide

Metabolism and

3/4 is held by many to be the one true exponent. Truthicide
Death by
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- Some data on metabolic rates

-1.5 [10-Dec-2001 peter dodds]
0 1 2 3 4 5
log . 0M

6 7

Heusner's
data
(1991) 22

391
Mammals

blue line: 2/3
red line: 3/4.
(B = P)
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- Some data on metabolic rates

IoglOB

IoglOM

Passerine vs. non-passerine issue ...

Bennett and
Harvey's data
(1987) !

398 birds
blue line: 2/3
red line: 3/4.
(B=P)
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Linear regression

Ordinary Least Squares (OLS) Linear regression is
only appropriate for analyzing a dataset {(z;,y,)}

when we know the x; are measured without error.

Here we assume that measurements of mass M
have less error than measurements of metabolic
rate B.

Linear regression assumes Gaussian errors.
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Measuring exponents

If (a) we don't know what the errors of either variable
are,

or (b) no variable can be considered independent,

then we need to use
Standardized Major Axis Linear Regression. > 4]

(aka Reduced Major Axis = RMA.)
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Measuring exponents

standard deviation of y data
standard deviation of z data

slope_ , =

Very simple!
Minimization of sum of areas of triangles induced

by vertical and horizontal residuals with best fit
line.

The only linear regression that is Scale invariant(4,

Attributed to Nobel Laureate economist Paul

Samuelson (7,3 but discovered independently

by others.
#somuchwin
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Measuring exponents

slope,,, =

r~1 x slope

r x slope

OLSyonax

OLSxzony

where r = standard correlation coefficient:

=8l )

X

i s

Groovy upshot: If (1) a paper uses OLS regression
when RMA would be appropriate, and (2) r is
reported, we can figure out the RMA slope. 4! 27!

y)?
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0 1 M.V. RAYNER
T T T T T T
200~
H
H
<
10
o L I 1 | 1
- =0 g

Fia. 4. Observed corrlution of calclated windspeed

o
(Groundspeed -Airspeed) /m s~

and uirspeed in gliding Black-browed albatrosss showing

regression and r.m.a. lines. Figure aliered rom Pennycaick (1982) fgure 9.

LINEAR RELATIONS IN BIOMECHANICS

TasLe 11

Calculated atistics of airspeed V, and windspeed V. in the Black-browed
albatross Diomedea melanophris in gliding flight. afier Pennycuick

number of data n

variances S,... S,
covariance S,
correlation p

(1982)
737
=314 1335 ms™!
1391 8218 (ms™')?
—4-653
—0435

model of speed correction: ¥, = x+ iV,

model

1230 —033¢
1093 —0769
780 ~ 1766
1066 —0855
11:59 ~0560
1200 —0431

intercept x  gradient ft

range (95°,)

—0384 10 —0-284
—0:894 10 —0:661
—2076 to —1-536
=0997 10 —0-737
—0:648 to —0-479
—0:496 10 —0-367

Disparity between slopes for y on z and z on y
regressions is a factor of 72 (r—2)

(Rayner uses p for r.)

Here: r2 = 4352 = 0.189, and
r=2 = 43572 = 2.292 = 5.285.

See also: LaBarbera *?! (who resigned ...)
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Heusner's dété, 1991 (391 Mammals)

rangeof M | N Q
<0.1kg 167 | 0.678 +0.038
<1kg 276 | 0.662 + 0.032
<10kg | 357 0.668+0.019
<25kg | 366 | 0.669 -+ 0.018
< 35kg 371 | 0.675 4+ 0.018
< 350 kg 389 | 0.706 + 0.016
<3670 kg | 391 | 0.710 + 0.021
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 Bennett and"l—.lgarvey, 1987 (398 birds)

My | N a
<0.032 | 162 | 0.636 + 0.103
<0.1 | 236 | 0.602 + 0.060
<0.32 | 290 | 0.607 + 0.039
<1 |334]0.652+0.030
<32 | 371 0.655+0.023
<10 | 391 | 0.664 +0.020
<32 | 396 | 0.665+0.019
<100 | 398 | 0.664 + 0.019
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| ‘Fluctuatidns"—Things look normal ...

[07-Nov-1999 peter dodds]

35 20 bins °

0
IoglOB/M 243

P(B|M) = 1/M?/®f(B/M?/?)
Use a Kolmogorov-Smirnov test.
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Hypothesis testing
Test to see if o’ is consistent with our data {(M,, B,)}:

Hivotoprand Hiva L6 |

Assume each B, (now a random variable) is
normally distributed about o’log, M, + log, ,c.

Follows that the measured o for one realization
obeys a t distribution with N — 2 degrees of
freedom.

Calculate a p-value: probability that the measured
«a is as least as different to our hypothesized o’ as
we observe.

See, for example, DeGroot and Scherish,
“Probability and Statistics.” !
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~ Reuvisiting the past—mammals

N a Pay3 P3/4

Kleiber 13 0.738 <10°° 0.11
Brody 35 0718 <107* <1072
Heusner 391 0.710 <10% <10°®
Bennett 398 0.664 069 <10°1'°

and Harvey
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| Revisitingth"e past—mammals

N a P2/3 P34

Kleiber 5 0.667 0.99 0.088
Brody 26 0.709 <102 <103

Heusner 357 0.668  0.91 < 10715

N a P23 P34

Kleiber 8 0.754 < 10°*% 0.66
Brody 9 0760 <1032 0.56

Heusner 34 0.877 <1012 <107~
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~ Analysis of residuals

1. Presume an exponent of your choice: 2/3 or 3/4.

2. Fitthe prefactor (log, ,c) and then examine the
residuals:

r; = log,,B; — (a’log, ,M,; —log, ,c).

3. Hy: residuals are uncorrelated
H,: residuals are correlated.

4. Measure the correlations in the residuals and
compute a p-value.
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COcoNuTS

- Analysis of residuals

Metabolismiand+

We use the spiffing Spearman Rank-Order Correlation Truthicide

Coefficient @ Death by

,,,,,,,,, fractions

Measuring

River networks

Given {(z;,y,)}, rank the {z,} and {y, } separately Ealier thebridk

from smallest to largest. Call these ranks R, and Geometric
S argument
i Conclusion

Now calculate correlation coefficient for ranks, r.: e

S (R = R)(S, = S) o

e & T n = 0 70 IOI_I‘B—,TOJ%‘I
> (R, —R)24/>.. (S, —8)? T

\/ i=1 \/ i=1 illl '”L')'H”'o' I

Wt L

Perfect correlation: z,'s and y,’s both increase .
monotonically.

=

.
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- Analysis of residuals

r, is distributed according to a Student’s

Excellent feature: Non-parametric—real
distribution of 2's and y's doesn’t matter.

Bonus: works for non-linear monotonic
relationships as well.
See Numerical Recipes in C/Fortran (2 which

contains many good things. 7
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- Analysis of residuals—mammals

(b)

2/30.7 3/4 0.8

(d)

0.6 2/30.7 3/4 0.8 0.6

’

a

2/30.7 3/4 0.8

(@) M < 3.2 kg,
(b) M < 10 kg,
(c) M < 32kg,
(d) all
mammals.
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~ Analysis of résiduals——birds

L (@)

(b)

6

2/30.7 3/4 0.8 0.6

0.6

2/30.7 3/4 0.8 0.6
a!

.8

2/30.7 3/4 0.8

(@) M < 0.1kg,
(b) M <1kg,
(c) M < 10Kkg,
(d) all birds.
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Clauset, Shalizi, Newman: “Power-law
distributions in empirical data” "
SIAM Review, 2009.

See Clauset's page on measuring power law

amusement.
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Impure scaling?:

So: The exponent o = 2/3 works for all birds and
mammals up to 10-30 kg

For mammals > 10-30 kg, maybe we have a new
scaling regime

Possible connection?: Economos (1983)—Ilimb
length break in scaling around 20 kg!'~!

But see later: non-isometric growth leads to lower
metabolic scaling. Oops.
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The Widehing gyre:

COcoNuTS
Metabolism and*
Truthicide
7 T Death by
White and Seymour, 2005: unhappy with large fractions
herbivore measurements °°. Pro 2/3: Find Measuring
o =~ 0.686 4 0.014. RV Hetwbiie
Glazier, BioScience (2006)'8l: “The 3/4-Power Law  carlier theories
Is Not Universal: Evolution of Isometric, sl
Ontogenetic Metabolic Scaling in Pelagic Animals.” . ...
Glazier, Biol. Rev. (2005)!'"): “Beyond the Refercliset

3/4-power law’: variation in the intra- and

interspecific scaling of metabolic rate in animals.” e m—
Savage et al., PLoS Biology (2008) **! “Sizing up FLW—“" il
allometric scaling theory” Pro 3/4: problems € 1 i f;
claimed to be finite-size scaling. ]
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- Somehow, optimal river networks are
connected:

a = drainage
basin area

¢ = length of
longest (main)
stream
L=1L)=
longitudinal
length of basin
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- Mysterious allometric scaling in river
networks

1957: ). T. Hack 9]
“Studies of Longitudinal Stream Profiles in Virginia

and Maryland”

A

h ~ 0.6
Anomalous scaling: we would expect h =1/2 ...
Subsequent studies: 0.5 < h < 0.6

Another quest to find universality/god ...
A catch: studies done on small scales.
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Large-scale networks:

Basin length (m)

107 ey Ve —rrrrey ?11
108 1 o’ I d 1
105 1
104f 1
103f 1
102} 1

10t ) \ s csamed el . -t - i —y PR
100 102 10° 104 105 10® 107 108 10 10%0 10" 10'2 10"
Drainage area (m?)

Composite data set: includes everything from

unchanneled valleys up to world’s largest rivers.

Estimated fit:
Lo 1780049

Mixture of basin and main stream lengths.
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“oF Pt - | LA UGS, o i enad ryvy A ZFT SN = - A o T L e SRR Y

World's largest rivers only: i

Metabolism and:#*
Truthicide

Death by.

7 of th Id’s bi t basi
370 e world’s biggest basins P

h ~ 0.498 Measuring

exponents
River networks

Earlier theories

Geometric
= argument

main stream length ¢ (mi)

Conclusion

10 10° 10° 10

) References
area a (sq mi)

Data from Leopold (1994) 1. 3] %%mﬁn%??‘%
Estimate of Hack exponent: i = 0.50 + 0.06 m TS
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Earlier theories (1973-):

McMahon (70's, 80's): Elastic Similarity % 34

Idea is that organismal shapes scale allometrically
with 1/4 powers (like trees ...)

Disastrously, cites Hemmingsen “'! for surface
area data.

Appears to be true for ungulate legs ...
Metabolism and shape never properly connected.
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T. McMaho

n,

Science, 179, 1201-1204, 1973. 34

Chest circumference (cm)
T

E de (cm)=17.1W°¥ Baboons ,_
10 =
E.
3
Py
S
s
>
N 3
@
T
4 4
! 1
T [ d
Lot aunnd o111 |l RIRERTTI
01 X 10 100

Body weight (kg)

s

S

3

s-

Body weight (g)

I s
Beech trees ]\I’. . b

- /
.
Stretched cylinder, o> /

slope=0.63
3 *2__ Sphere, slope=0.67
10° 10* 10° 108 107

Fig. 3. (a) Chest circumference, d., plotted against body weight, W, for five species of primates. The broken lines represent the stand-

ard error in this least-squares fit [adapted from (21)]. The model proposed here,

of diameter,

brates. The animal data are reasonably well fitted by the stretched cylinder model [adapted from (8)].

whereby each length, 1/, increases as the %5 power
d, is illustrated for two weights differing by a factor of 16. (b) Body surface area plotted against weight for verte-
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Bodly surface cm’
O s S

Lo e

n f
jess than
between surface

e - ——
ot 10 100 100 100 100 100 10
Body weight thy #

i 10

rtace 1o body welght n vertchra
. trees.

Hemmingsen's “fit” is for a 2/3 power, notes
possible 10 kg transition. !

p 46: “The energy metabolism thus definitely
varies interspecifically over similar wide weight
ranges with a higher power of the body weight
than the body surface.”
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Earlier theofiés (1977):

Blum (1977) ! speculates on four-dimensional
biology:

P M(d—l)/d
d=3givesa=2/3
d=4givesa =3/4
So we need another dimension ...
Obviously, a bit silly...
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~ Nutrient delivering networks:

1960’s: Rashevsky considers blood networks and
finds a 2/3 scaling.

1997: West et al. > use a network story to find
3/4 scaling.

A

Mammal /X

c D
——Ap——5
—y >
N

Model Parameters
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- Nutrient deIi'vering networks:

1. hierarchical network
2. capillaries (delivery units) invariant
3. network impedance is minimized via evolution

P o M3/4
networks are fractal
quarter powers everywhere
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Impedance measures:

Poiseuille flow (outer branches):

8,uz

kOTk

Pulsatile flow (main branches):

YAS'S .
=0 T2/2Nk

Wheel out Lagrange multipliers ...

Poiseuille gives P « M with a logarithmic
correction.

Pulsatile calculation explodes into flames.
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- Not so fast

P « M 3/* does not follow for pulsatile flow
networks are not necessarily fractal.

Murray's cube law (1927) for outer branches: /!
e =R

Impedance is distributed evenly.
Can still assume networks are fractal.
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~ Connecting network structure to a

1. Ratios of network parameters:

n V4 T
Rn = k+1 : RZ R k+1 ‘ RT‘ = k+1
ng 4y Tk

2. Number of capillaries o< P oc M*.

InR,,

= |la=——p
INnR2R,

(also problematic due to prefactor issues)

area-preservingness:
=12
RTZRn/ =a=23/4

space-fillingness: R, = B ke
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Network R, R, R, |-pE _DbR | ,
West et al. - - - 1/2 1/3 3/4
rat (PAT) 276 158 1.60| 0.45 0.46 | 0.73
cat (PAT) 3.67 1.71 1.78 | 0.41 0.44 | 0.79
(Turcotte et al. [501)
dog (PAT) 3.69 1.67 152 | 0.39 0.32 | 0.90
pig (LCX) 357 1.89 220 | 0.50 0.62 | 0.62
pig (RCA) 350 1.81 212 | 047 0.60 | 0.65
pig (LAD) 3,51 1.84 202 | 0.49 0.56 | 0.65
human (PAT) | 3.03 1.60 1.49 | 042 0.36 | 0.83
human (PAT) | 3.36 156 1.49 | 0.37 0.33 | 0.94
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. Attempts to look at actual networks:
“Testing foundations of biological scaling

Newberry, Newberry, and Newberry,
PLoS Comput Biol, 11, e1004455, 2015. ¢

u_nC),
Newberry et al.,
PLoS Comput Biol, 11, €1004455, . ]
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http://www.uvm.edu/pdodds/research/papers/others/everything/tekin2016a.pdf
http://www.uvm.edu/pdodds/research/papers/others/everything/tekin2016a.pdf

by Nick Lane (2005). 2"

- “As s0 often happens in science, the apparently solid
foundations of a field turned to rubble on closer
inspection.”
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Let's never talk about this again:

“The fourth dimension of life: Fractal

West, Brown, and Enquist,

Science Magazine, 284, 1677-1679,

1999, 4

No networks: Scaling argument for energy
exchange area a.

Distinguish between biological and physical length
scales (distance between mitochondria versus cell
radius).

Buckingham = action. !

Arrive at a o« MP/P+1 and ¢ o« M1/ P,

New disaster: after going on about fractality of a,
then state v < af in general.
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 “It was the epoch of belief, it was the epoch of

incredulity”

“A General Model for the Origin of

West, Brown, and Brown,
Science, 276, 122-126, 1997.[>]

“Nature” (£

West, Brown, and Enquist,
Nature, 400, 664-667, 1999, [>°]

“The fourth dimension of life: Fractal

West, Brown, and Enquist,
Science Magazine, 284, 1677-1679,
1999, [>4]
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- Really, quite confused:

J. Kozlowski, M. Konrzewski. “Is West, Brown and
Enquist’'s model of allometric scaling
mathematically correct and biologically relevant?”
Functional Ecology 18: 283-9, 2004. [*¢]

J. H. Brown, G. B. West, and B. J. Enquist. “Yes,
West, Brown and Enquist’'s model of allometric
scaling is both mathematically correct and
biologically relevant.” Functional Ecology 19:
735-738, 2005. !

J. Kozlowski, M. Konarzewski. “West, Brown and
Enquist’'s model of allometric scaling again: the
same questions remain.” Functional Ecology 19:
739-743, 2005.
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Kolokotrones, Savage, Savage, and
Fontana.
Nature, 464, 753, 2010. %/

: . Let's try a quadratic:

log,,P ~ log, ¢+ oylog, M + a,log, (M?

RSO 2 v i
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logylB (W)

b
080 /g and 3/4
T — Power law
4 — Quadratic 0.85- — Quadratic
= Orca (not included in fit)
Elephant* (not included in fit) D 0.80 5
9 O
g
k)
o« s
0.70-] =
0.65 e
0.60-4-"" .
0.55-] )
T T T T
T T T T T 0 i 2
1og;olM (9)]

3 4 5 6

Figure 1| Curvature in metabolic scaling. a, Linear (red) and quadratic
(blue) fits (not including temperature) of log;oB versus log,oM. The orca
(green square) and Asian elephant (ref. 4; turquoise square at larger mass)
are not included in the fit, but are predicted well. Differences in the quality of
fit are best seen in terms of the conditional mean of the error, estimated by
the lowess (locally-weighted scatterplot smoothing) fit of the residuals
(Supplementary Information). See Table 1 for the values of the coefficients
obtained from the fit. b, Slope of the quadratic fit (including temperature)
with pointwise 95% confidence intervals (blue). The slope of the power-law
fit (red) and models with fixed 2/3 and 3/4 exponents (black) are included for
comparison. This panel suggests that exponents estimated by assuming a
power law will be highly sensitive to the mass range of the data set used, as
shown in Fig. 2.
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% “This raises the question

of whether the theory

can be adapted to agree with the data""

Figure 2|

0.90 0.90
085 Slope=2/3 Slope = 3/4 085 Slope = 3/4
H 2
Eo. £ 0.80
: H
i £
3 2o
@ @
o. 065
.50 0.60
12 gD Zasesil 2 et & 05 10 15 20 25 30 35 40
log,lM (g] log,o[M (g)]
b d
0.80 » Estimated
074 * MoNab®
» Sieg'
30 » Savage®
i o072
g
§ £
£ 2070
A g
§ &
s 068
&
3
056
064
75 30 35 40 45 50 55 60 P =
1og,qlM (@) f L EE Ly
& & &g
voA v°A Cd
Data set
a,sl imated by estimates. d, Exponents estimated for cight historical data sets using linear

linear regression within a three log-unit mass range (smaller near the
boundaris). Values on th abscssa denote mean logu within the range.

3/4lines,

the local slope is consistent with a 2/3 or 3/4 exponent, respecnvely These
cases are indicated by the shaded regions (2/3 on the left and 3/4 on the
nghl) b Sttt G Syt 3 ]

regression (black filled circles): Lovegrove®, Lovegrove'’, White'", White™,

Sieg'", McNab', and Savage" using species average data (‘Savage”) and

binned data (‘Savage’ bin’). Exponents predicted using coefficients from

quadrati it to MNab's (red),Seg's (@reen),or Savage's (blue) data and

Thicklines

represent uncorrected 95% confidence intervals. Thin lines are multiplicity
ted interval

by using all

dat poinis with M>%. The s o s ot with /4 ape

'Already raised and fully established 9 years earlier. (4]
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Death by.

« Evolution has generally made things bigger' fractions

THE PHANTOM Measuring
TOLLBOOTH exponents

“The Phantom Tollbooth” & (£ River networks

* by Norton Juster (1961). ! Edtlier theorics

« Geometric
NORTON JUSTER
argument

Conclusion

<% Regression starting at low M makes sense
< Regression starting at high M makes ...no sense
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“A general model for metabolic scaling in

Brummer, Brummer, and Enquist,
PLoS Comput Biol, 13, €1005394, 2017. ¢!

“Most importantly, we show that the 3/4 metabolic
scaling exponent from Kleiber's Law can still be
attained within many asymmetric networks.”
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“Scale: The Universal Laws of Growth,

veoflrey COmpaﬂieS”@,C},'

Ml by Geoffrey B. West (2017). >/

“Full of intriguing, big ideas but amazingly sloppy
both in details and exposition, especially
considering the author is a theoretical physicist.”

“The beginning is terrible. He shows four graphs
to illustrate scaling relationships, none of which
have intelligible scales”

“(he actually repeats several times that businesses
can die but are not really an animal - O RLY?)"
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| Si‘mple su.pp'ly networks

Banavar et al.,
Nature,
(1999) 1],

Flow rate
argument.

Ignore
impedance.

Very general
attempt to
find most
efficient
transportation
networks.
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Si‘mple su.pp'ly networks

Banavar et al. find ‘most efficient’ networks with
P Md/(d+1)
...but also find

Vietwork & Mldzl)/d

Voloog &< M 4/3

Consider a 3 g shrew with Vj, 554 = 0.1Vpq,
= 3000 kg elephant with Vo4 = 10V},
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COcoNuTS

- Geometric argument

— | "Optimal Form of Branching Supply and Metabolism and#*
Collection Networks'
¥ | Peter Sheridan Dodds, Sraniofe
Phys. Rev. Lett., 104, 048702, 2010.!"%! Measuling

River networks

Consider one source supplying many sinks in a
d-dim. volume in a D-dim. ambient space.

Assume sinks are invariant. =Ll
1 g ; Conclusion
Assume sink density p = p(V).
Assume some cap on flow speed of material.
. o |
See network as a bundle of virtual vessels: i o

\ Q\j Q\LD \ e
— g = - = u+
| | B 2 |
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Geometric argument

Q: how does the number of sustainable sinks
Niinks Scale with volume V for the most efficient
network design?

Or: what is the highest « for Ny o< V*?
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- Geometric argument

Allometrically growing regions:

Q)

3 i

Have d length scales which scale as
L, xVYiwherey; + v +..+v4=1

For isometric growth, v, = 1/d.

For allometric growth, we must have at least two
of the {~,} being different

COcoNuTS

Metabolism and
Truthicide

Death by.
fractions

Measuring
exponents

River networks
Earlier theories

Geometric

Conclusion

References

The O
ﬁ UNIVERSITY |§|
il ¥ VERMONT 1O

DA 79 of 126


http://www.uvm.edu
http://www.uvm.edu/pdodds

Y A g B 3 i a1 R

Spherical cows and pancake cows:

Agsume an i&a_nw’v{(cvi'ij jcah‘ng

‘O\M"h") o+ cowS:

vid @-___@

Exhrermes of allomedry:

The pancale” cow S—
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Spherical cows and pancake cows:

Question: How does the surface area S, of our
two types of cows scale with cow volume V,,?
Insert question from assignment 4 (£

Question: For general families of regions, how
does surface area S scale with volume V? Insert
question from assignment 4 ('

RSO 2 v i
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Geometric argument

Best and worst configurations (Banavar et al.)

Rather obviously:
minV,e: o Y distances from source to sinks.
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- Minimal network volume:

(a) (©) (d

Figure 1. (a) Commuter rail network in the Boston area. The arrow marks
the assumed root of the network. (b) Star graph. (c) Minimum spanning tree.
(d) The model of equation (3) applied to the same set of stations.

Gastner and Newman (2006): “Shape and efficiency in
spatial distribution networks” ['°!
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z Tero et al., Metabolism and*
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- Minimal network volume:

2Tsource QrSink

Vessel cross-sectional area may vary with distance
from the source.

Flow rate increases as cross-sectional area
decreases.

e.g., a collection network may have vessels
tapering as they approach the central sink.

Find that vessel volume v must scale with vessel
length ¢ to affect overall system scalings.
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- Minimal network volume:

QTSOUICE <% 2Tsink

Consider vessel radius r « (¢ + 1)~¢, tapering from
ri= T Wherée = .

Gives v oc £172¢ if e < 1/2
Gives v x 1 — ¢~(2¢=1) _ 1 for large £ if e > 1/2
Previously, we looked at e = 0 only.
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COcoNuTS

For 0 < e < 1/2, approximate network volume by 1
integral over region: Meagplermandl

Death by.
fractions

minVnet X /Q o P ||"z||1726 dz Measuring
d,D

exponents

River networks

Insert question , assignment 4 (' <2-> Earlier theories

Geometric

ox pvl+’ymax(1*26) where A= A ErgumEnt

Conclusion

For e > 1/2, find simply that References

MIiNVje; < pV e

So if supply lines can taper fast enough and
without limit, minimum network volume can be
made negligible. ‘
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MiNV;,e oc pV 1+ Tmax(1=2¢)

If scaling is isometric, we have ~,,,x = 1/d:

I"ninvnet/iso X pV1+<1726)/d

If scaling is allometric, we have v.x = Yaio > 1/d:

and
rninVnet/allo X pvl+(1726)7a"°

Isometrically growing volumes require less
network volume than allometrically growing
volumes:

mInVnet/iso

- —0asV —»
rnmvnet/allo
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MiNVjer x pV

Network volume scaling is now independent of
overall shape scaling.

Can argue that e must effectively be O for real
networks over large enough scales.

Limit to how fast material can move, and how
small material packages can be.

e.g., blood velocity and blood cell size.
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- Blood networks

Velocity at capillaries and aorta approximately
constant across body size®'l: e = 0.

Material costly = expect lower optimal bound of
Vet  pV(@+1)/d to be followed closely.

For cardiovascular networks, d = D = 3.

Blood volume scales linearly with body volume 47,
Vet x V.

Sink density must - decrease as volume increases:
pociiEte,

Density of suppliable sinks decreases with
organism size.
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Blood networks

Then P, the rate of overall energy use in Q, can at
most scale with volume as

PxpV «x pM o M(@-1)/d

For d = 3 dimensional organisms, we have

Including other constraints may raise scaling
exponent to a higher, less efficient value.
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. < Exciting bonus: Scaling obtained by the supply

network story and the surface-area law only
match for isometrically growing shapes.
Insert question from assignment 4 (£

The surfoce olrea—supply networl

’VHSMC!JC[/’ Wi Ju)?‘ﬂé[-—y/(i; 4 J(OW(MJ
\A(A,
SOOV ”\Jm\n
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- Recall;

The exponent « = 2/3 works for all birds and
mammals up to 10-30 kg

For mammals > 10-30 kg, maybe we have a new
scaling regime

Economos: limb length break in scaling around 20
kg

White and Seymour, 2005: unhappy with large
herbivore measurements. Find « =~ 0.686 + 0.014
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Prefactor:

dE
— =oS8T*
T
where S is surface and T is temperature.

Very rough estimate of prefactor based on scaling
of normal mammalian body temperature and
surface area S:

B ~ 10°M?/3erg/sec.
Measured for M < 10 kg:

B = 2.57 x 105 M?/3erg/sec.
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View river networks as collection networks.
Many sources and one sink.
€?

Assume p is constant over time and ¢ = 0:
I ioc plattallid L constant x 425/ 2

Network volume grows faster than basin ‘volume’
(really area).

It's all okay:
Landscapes are d=2 surfaces living in D=3
dimensions.

Streams can grow not just in width but in depth ...

If € > 0, Ve Will grow more slowly but 3/2 appears
to be confirmed from real data.
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Volume of water in river network can be

calculated by adding up basin areas
Flows sum in such a way that

Viet = Z Opixel 4

all pixels
Hack’s law again:
L~ah
Can argue
1+h _ _1+h
Vnet s Vbasin = Ubasin

where h is Hack's exponent.
~ minimal volume calculations gives
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- Real data:

Banavar et al.'s
approach ' is
okay because p

really is constant.

The irony: shows
optimal basins
are isometric

Optimal Hack’s
law: £ ~ a” with
h=1/2
(Zzzz2)

101
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4 o
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From Banavar et al. (1999) "]
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 Even betteré-prefactors match up:

Iog10 water volume V [m3]

20

19¢
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- The Cabal. strikes back:

Banavar et al., 2010, PNAS:
“A general basis for quarter-power scaling in
animals.” %!

“It has been known for decades that the metabolic
rate of animals scales with body mass with an
exponent that is almost always < 1, > 2/3, and
often very close to 3/4."

Cough, cough, cough, hack, wheeze, cough.
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Peter Sheridan Dodds, Theoretical Biology's Buzzkill

By Mark Changizi | February Sth 2010 03:24 PM | 1 comment | & Print | &9 E-mail | Track Comments
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There is an apocryphal story about a
graduate mathematics student at the
University of Virginia studying the properties
of certain mathematical objects. In his fifth
Mark Changizi year some killjoy bastard elsewhere
published a paper proving that there are no
such mathematical objects. He dropped out
of the program, and | never did hear where
he is today. He's probably making my cappuccino right now.
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This week, a professor named Peter Sheridan Dodds i a
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new paper in Physical Review Letters further fleshing out a theory
concerning why a 2/3 power law may apply for metabolic rate. The
2/3 law says that metabolic rate in animals rises as the 2/3 power
of body mass. It was in a 2001 Journal of Theoretical Biology paper
that he first argued that perhaps a 2/3 law applies, and that paper -
- along with others such as the one that just appeared -- is what
has put him in the Killjoy Hall of Fame. The University of Virginia's
killjoy was a mere amateur.
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The unnecessary bafflement continues:

C. Price, J. S. Weitz, V. Savage, |. Stegen, A. Clarke, D.

Coomes, P. S. Dodds, R. Etienne, A. Kerkhoff, K.
McCulloh, K. Niklas, H. OIff, and N. Swenson
Ecology Letters, 15, 1465-1474, 2012.
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' Artisanal, handcrafted silliness: coranuTS

Metabolism and

STLU [ Truthicide
Death by.
fractions

Allometric scaling—® Measuring
exponents
River networks
g ®—Zipf's Law Earlier theories
S
5 Geometric
R 2 argument
k] How good is your power law? The chart reflects AR
| & the level of statistical support—as measured in (16, Conclusion
| 21)—and our opinion about the mechanistic sophis-
s 2 : 7 References
tication underlying hypothetical generative models
S. cerevisiae protein interaction network f0|j variogs rep‘?”ed power laws. Some relation-
ships are identified by name; the others reflect the e m
f general characteristics of a wide range of reported f : !
C. elegans nervous system power laws. Allometric scaling stands out from the IK2E
Mechanistic sophistication other power laws reported for complex systems. g,, Y5
Call generalization of Central Limit Theorem, o =

stable distributions. Also: PLIPLO action. -
:
Summary: Wow.
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- Conclusion

COcoNuTS
Supply network story consistent with dimensional Metabiolism and :
. ruthiciae
analysis.

y Death by
Isometrically growing regions can be more efficiently kel
supplied than allometrically growing ones. i v
Ambient and region dimensions matter River networks
(D =dversus D > d) Earlier theoriés

T 5 t : e Geometric
Deviations from optimal scaling suggest inefficiency argument
(e.g., gravity for organisms, geological boundaries). Conclusion

i i References
Actual details of branching networks not that oy o
important. . .
Exact nature of self-similarity varies.
2/3-scaling lives on, largely in hiding. f

3/4-scaling? Jury ruled a mistrial.
The truth will out. Maybe. 4 [ENERee
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