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log10 X

For lognormal (blue), x = 0 and o = 10.
For power law (red), v = 1 and ¢ = 0.03.
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Expect -1 scaling to hold until (Inz)? term becomes
significant compared to (Inz):
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= If you find a -1 exponent,
you may have a lognormal distribution...
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where r > 0 is a random growth variable

(Shrinkage is allowed)
In log space, growth is by addition:

e =1Inrting

= Inz,, is normally distributed
= z,, is lognormally distributed
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Gibrat? (1931) uses preceding argument to explain
lognormal distribution of firm sizes (v =~ 1).

But Robert Axtell '} (2001) shows a power law fits the
data very well with v = 2, not v = 1 (1)

Problem of data censusing (missing small firms).
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Lognormals or power laws?

Gibrat? (1931) uses preceding argument to explain
lognormal distribution of firm sizes (v =~ 1).

But Robert Axtell '} (2001) shows a power law fits the
data very well with v = 2, not v = 1 (1)

Problem of data censusing (missing small firms).

Freq « (size)™™
e

Frequency

10-10

10-13
1

10 102 108 104 105 108
Firm size (employees)
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But Robert Axtell '} (2001) shows a power law fits the
data very well with v = 2, not v = 1 (1)
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Problem of data censusing (missing small firms).

Freq « (size)™™
e

Frequency

10 102 108 104 105 108
Firm size (employees)

One piece in Gibrat's model seems okay empirically:
Growth rate r appears to be independent of firm

ize. [1]
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The set up: N entities with size z, (¢)
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why power laws appear with exponent  ~ 2

The set up: N entities with size z, (¢)
Generally:
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Axtel cites Malcai et al.’s (1999) argument ! for
why power laws appear with exponent  ~ 2

The set up: N entities with size z, (¢)
Generally:
()= ()
where r is drawn from some happy distribution
Same as for lognormal but one extra piece.
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- An explanati’on

Axtel cites Malcai et al.’s (1999) argument ! for
why power laws appear with exponent  ~ 2

The set up: N entities with size z, (¢)
Generally:
()= ()
where r is drawn from some happy distribution
Same as for lognormal but one extra piece.

Each z, cannot drop too low with respect to the
other sizes:

z(t+ 1) = max(rz,;(t),c{z;))
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. Some math later...
Insert question from assignment 7 (£

Find P(z) ~z 7

where ~ is implicitly given by

O G

(@1 | (¢/N)cs —Hc i)

N = total number of firms.

|

Now, if¢/N <« landy>2 N =

y : 1
Which gives v~ 1+ "
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C<Ame yath [ater
O0Me madatiriater:.

Insert question from assignment 7 (£

Find P(z) ~z 7

where ~ is implicitly given by

O G

(@1 | (¢/N)cs —Hc i)

N = total number of firms.

Now, if¢/N <« landy>2 N =

Which gives v~ 1+

Groovy... csmall = v ~ 2

|

1—c
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- Averaging lognormals

Pl /too ae*‘”#exp (—W> dt

2l xV/ 21t 2t

Insert fabulous calculation (team is spared).

PoCS | @pogsvox

Lognormals and
friends

Lognormals

Empirical Confusability

References

DA 210f26


http://www.uvm.edu
http://www.uvm.edu/pdodds

PoCS | @poesvox
Lognormals and

~ Averaging lognormals
friends

Lognormals

Empirical Confusability

) i |n£ 2 eferences
P(.’L‘) L / aefat eXp (_( 771,) > dt R
ik xV/ 21t 2t

Insert fabulous calculation (team is spared).
Some enjoyable suffering leads to:

P(z) x z~le~vV2A(nE)?

DA 210f26


http://www.uvm.edu
http://www.uvm.edu/pdodds

,Théset

&

ond

tweak

P(m) o m—le—\/2>\(ln%)2

POCS | @poesvox
Lognormals and
friends g

Lognormals
Empirical Confusability

Random Multiplicative.
Growth Model
Random Growth with

References

D> 220f 26


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://en.wikipedia.org/wiki/Pareto_distribution

3' The second tweak

Pl iec - leV2AIngE)?

Depends on sign of InZ, i.e., whether =z > 1 or
Lozl

PoCS | @pogsvox

Lognormals and
friends

Lognormals
Empirical Confusability
Random Multiplicative
Grow Mode
RardorraLowin WS

References

DA 220f26


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://en.wikipedia.org/wiki/Pareto_distribution

- The second fWéak

P(x) o x-le=V2A(InE)?

Depends on sign of Inz, i.e., whether z > 1 or
z <.

PoCS | @poesvox

Lognormals and
friends

Lognormals
Empirical Confusability

Random Multiplicative
Growth Mode

References

DA 220f26


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://en.wikipedia.org/wiki/Pareto_distribution

' The second tweak fial 2 v
friends

Lognormals

S 2 Empirical Confusability
Plaliecr= ey 220w ~

Random Multiplicative

Depends on sign of Inz, i.e., whether z > 1 or
z <.

References

g1V if Zidl

P
Sz ore Rl

‘Break’ in scaling (not uncommon)

DA 220f26


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://en.wikipedia.org/wiki/Pareto_distribution

- The second tweak gl s o
friends

Lognormals

P(z) x z~temV2AINE)? oo MaK e
Depends on sign of InZ, i.e., whether =z > 1 or
Smh 1 References
- 3

g1V if Zidl

P
St g A

‘Break’ in scaling (not uncommon)
Double-Pareto distribution (&'

DA 220f26


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://en.wikipedia.org/wiki/Pareto_distribution

- The second fWéak

P(x) x x—le—\/2>\(ln%)2

Depends on sign of Inz, i.e., whether z > 1 or
z <.

g1V if Zidl

P
St g A

‘Break’ in scaling (not uncommon)
Double-Pareto distribution (&'

PoCS | @poesvox

Lognormals and
friends

Lognormals

Empirical Confusability

References

DA 220f26


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://en.wikipedia.org/wiki/Pareto_distribution

- The second tweak PoCS | @possvox

Lognormals and
friends

Lognormals

P(z) o« g~ le~V2AIN%)?
Depends on sign of InZ, i.e., whether .z > 1 or
L <L 1 References
Z ;

Bl T

‘Break’ in scaling (not uncommon)
Double-Pareto distribution (&'

First noticed by Montroll and Shlesinger ! &

Later: Huberman and Adamic ™ #: Number of
pages per website

DA 220f26


http://www.uvm.edu
http://www.uvm.edu/pdodds
http://en.wikipedia.org/wiki/Pareto_distribution

PoCS | @pogsvox

Lognormals and
friends

Summary of these exciting developments:

Lognormals

Empirical Confusability

Lognormals and power laws can be awfully similar

References

DA 230f26


http://www.uvm.edu
http://www.uvm.edu/pdodds

Summary of these exciting developments: [ ==
friends

Lognormals
snfusability

Lognormals and power laws can be awfully similar

Random Multiplicative Growth leads to lognormal
distributions

References

DA 230f26


http://www.uvm.edu
http://www.uvm.edu/pdodds

- Summary of these exciting developments:

Lognormals and power laws can be awfully similar

Random Multiplicative Growth leads to lognormal
distributions

Enforcing a minimum size leads to a power law tail

PoCS | @poesvox

Lognormals and
friends

Lognormals

References

DA 230f26


http://www.uvm.edu
http://www.uvm.edu/pdodds

- Summary of these exciting developments:

Lognormals and power laws can be awfully similar

Random Multiplicative Growth leads to lognormal
distributions

Enforcing a minimum size leads to a power law tail

With no minimum size but a distribution of
lifetimes, the double Pareto distribution appears
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- Summary of these exciting developments:

Lognormals and power laws can be awfully similar

Random Multiplicative Growth leads to lognormal
distributions

Enforcing a minimum size leads to a power law tail

With no minimum size but a distribution of
lifetimes, the double Pareto distribution appears

Take-home message: Be careful out there...
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