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| ,Contagiéh models

Some large questions concerning network
contagion:

1. For a given spreading mechanism on a given
network, what's the probability that there will be
global spreading?
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1. For a given spreading mechanism on a given
network, what's the probability that there will be
global spreading?

2. If spreading does take off, how far will it go?

3. How do the details of the network affect the
outcome?

4. How do the details of the spreading mechanism
affect the outcome?

5. What if the seed is one or many nodes?

Next up: We'll look at some fundamental kinds of
spreading on generalized random networks.
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For random networks, we know local structure is
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For random networks, we know local structure is
pure branching.
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| For random networks, we know local structure is

pure branching.

Successful spreading is - contingent on single
edges infecting nodes.

Success Failure:
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Focus on binary case with edges and nodes either
infected or not.
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Spreading on Random Networks

For random networks, we know local structure is
pure branching.

Successful spreading is - contingent on single
edges infecting nodes.

Success Failure:

I~ I~

Focus on binary case with edges and nodes either
infected or not.

First big question: for a given network and
contagion process, can global spreading from a
single seed occur?
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 Global spreading condition

| We need to find:
R = the average # of infected edges that one
random infected edge brings about.
Call R the gain ratio.
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~ Global spreading condition
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Define B, as the probability that a node of
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Our global spreading condition is then:

=

>, kP
R:Zk k o (k—1)eBpyi>1.

Case 110f B,y =1 then
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R — A ve s (L SR
2 i
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Our global spreading condition is then:

>\ kP
R:§ ko (ki—1)eBrais> 1.
)

Case 110f B,y =1 then

(k(k—=1))
()

S e
R_;<k> (k—1) > 1

Good: This is just our giant component condition
again.
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 Global spreading condition
Case 2./ T B.i =08 <1 then
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o(k—1)ef>1.

A fraction (1-3) of edges do not transmit infection.
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Resulting degree distribution P,:
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on node’s degree at other end.

Possibility: B, increases with k... unlikely.
Possibility: By, is not monotonic in k... unlikely.
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Cases 3, 4,5, ... Now allow B, to depend on k

Asymmetry: Transmission along an edge depends
on node’s degree at other end.

Possibility: B, increases with k... unlikely.
Possibility: By, is not monotonic in k... unlikely.
Possibility: B, decreases with k... hmmm.

By, \/is a plausible representation of a simple
kind of social contagion.
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COcoNuTS

- Global spfeading condition

Basic Contagion :
Models

Cases 3, 4,5, ... Now allow B, to depend on k Gidkal cutiadbi

condition

Asymmetry: Transmission along an edge depends  social contagion

on node’s degree at other end.
Possibility: B, increases with k... unlikely. i
Possibility: By, is not monotonic in k... unlikely.
Possibility: B, decreases with k... hmmm.

By, \/is a plausible representation of a simple
kind of social contagion.

The story:
More well connected people are harder to
influence.
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- Global spfeéding condition

Example: By, = 1/k.

EINTELR L e e R L
R#;H (k—1)e By, k;(k 1) R

imie

?rl"U

Since R is always less than 1, no spreading can
occur for this mechanism.
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- Global spfeéding condition

Example: By, = 1/k.
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Since R is always less than 1, no spreading can
occur for this mechanism.

Decay of B, is too fast.
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- Global spfeading condition

Example: By, = 1/k.

OokPk e = = .k:Pk.l

R = ; <k> Bk:l i ;(k 1) <k> Lk
ooP 1— P
:z::? e

Since R is always less than 1, no spreading can
occur for this mechanism.

Decay of B, is too fast.
Result is independent of degree distribution.
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Example: By, = H(} — ¢)
where 0 < ¢ < 1is a threshold and H is the
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Example: By, = H(} — ¢)
where 0 < ¢ < 1is a threshold and H is the
Heaviside function®.

Infection only occurs for nodes with low degree.

Call these nodes vulnerables:
they flip when only one of their friends flips.
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- Global spreading condition COcoNuTS
Example: Bkl = H(% b ¢) E/Ia(iijceéomtagiom ;
where 0 < ¢ < 1is athreshold and H is the Global spreading
Heaviside function .

,,,,,,,,,,,,,,, Social Contagion
|

Infection only occurs for nodes with low degree.

Call these nodes vulnerables:
they flip when only one of their friends flips.
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Example: By, = H(} — ¢) Models
where 0 < ¢ < 1is a threshold and H is the Sl e RS
Heaviside function .

Infection only occurs for nodes with low degree.

Call these nodes vulnerables:
they flip when only one of their friends flips.

Social Contagion

R = i kPko(k‘—l)oBkl = i kPko(k‘—l)oH (% += (;5)
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condition:
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COcoNuTS

Basic Contagior -
Models

Global spreading
condition

Social Contagion

sp

Spreac
Physical explanatio

Final size

References

e O
ﬁ UNIVERSITY |9|
il ¥ VERMONT 1O

DA 200f 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

- Global spfeading condition

The uniform threshold model global spreading
condition:

13
kP,

R=) (k—1)e—E>1
= (k)

As ¢ — 1, all nodes become resilient and r» — 0.

As ¢ — 0, all nodes become vulnerable and the
contagion condition matches up with the giant
component condition.
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- Global spfeading condition

The uniform threshold model global spreading
condition:

13
kP,

R=) (k—1)e—E>1
= (k)

As ¢ — 1, all nodes become resilient and » — 0.

As ¢ — 0, all nodes become vulnerable and the
contagion condition matches up with the giant
component condition.

Key: If we fix ¢ and then vary (k), we may see two
phase transitions.
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Global spfeading condition

The uniform threshold model global spreading
condition:

13
kP,

R=) (k—1)e—E>1
= (k)

As ¢ — 1, all nodes become resilient and » — 0.

As ¢ — 0, all nodes become vulnerable and the
contagion condition matches up with the giant
component condition.

Key: If we fix ¢ and then vary (k), we may see two
phase transitions.
Added to our standard giant component

transition, we will see a cut off in spreading as
nodes become more connected.
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Original work:

“A-simple model of global cascades on

Duncan J. Watts,
Proc. Natl. Acad. Sci., 99, 5766-5771,
2002. 131

Mean field Granovetter model — network model
Individuals now have a limited view of the world
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- Threshold model on a network

Interactions between individuals now represented
by a network

Network is sparse
Individual i has k, contacts

Influence on each link is reciprocal and of unit
weight

Each individual ¢ has a fixed threshold ¢,
Individuals repeatedly poll contacts on network
Synchronous, discrete time updating

Individual i becomes active when
number of active contacts a; > ¢,k;
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- Threshold model on a network

Interactions between individuals now represented
by a network

Network is sparse
Individual i has k, contacts

Influence on each link is reciprocal and of unit
weight

Each individual ¢ has a fixed threshold ¢,
Individuals repeatedly poll contacts on network
Synchronous, discrete time updating

Individual i becomes active when
number of active contacts a; > ¢,k;

Activation is permanent (SI)
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‘T‘hreshold Hiote| on 5 natwork

t=1 /VO
0

All nodes have threshold ¢ = 0.2.
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j ‘Threshold Hiote| on 5 natwork
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- Threshold model on a network

t=1 Kv@ t=2 /é, =3
0 ~o

All nodes have threshold ¢ = 0.2.
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The most gu'l‘lible

Recall definition: individuals who can be activated
by just one contact being active are vulnerables.
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3 ‘The most gu'lliblé

Recall definition: individuals who can be activated
by just one contact being active are vulnerables.

The vulnerability condition for node i: 1/k;, > ¢,.
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; ‘The most 'gu'llibl.e

Recall definition: individuals who can be activated
by just one contact being active are vulnerables.

The vulnerability condition for node i: 1/k;, > ¢,.
Means # contacts k; < |1/¢,].
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- The most 'gu'llibl.e

Recall definition: individuals who can be activated
by just one contact being active are vulnerables.

The vulnerability condition for node i: 1/k;, > ¢,.
Means # contacts k; < |1/¢,].

Key: For global spreading events (cascades) on
random networks, must have a global component
of vulnerables "]
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COcoNuTS

- The most 'gulllible

Basic Contagion :
Models

Recall definition: individuals who can be activated GIAa b
i 5 . o|
by just one contact being active are vulnerables. concEn
Social Contagion

The vulnerability condition for node i: 1/k;, > ¢,. igdeh

Network version

Means # contacts k; < |1/, ]. g

Key: For global spreading events (cascades) on
random networks, must have a global component
of vulnerables "]

For a uniform threshold ¢, our global spreading
condition tells us when such a component exists:

,_
o=
ks

R =
k

1 7 o(k—1)> 1.
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~ Example random network structure:
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Global spreading events on random
networks "~
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Top curve: final fraction
infected if successful.
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 Global spreading events on random
networks "~

1

b

0.8

0.6

0.4

0.2

Top curve: final fraction
infected if successful.

Bottom curve: fractional
size of vulnerable
subcomponent. !
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- Global sprea“di’ng events on random

networks '
1 B r
0.8 -
ﬂ“"»‘
0.6 '\‘
\\
0.4 \
LY
4 o
0.2 %\,
Y
3 °D
0 ‘ . LN
1 2 3 4 5 6
z
z = (k)

Top curve: final fraction
infected if successful.

Middle curve: chance of
starting a global
spreading event
(cascade).

Bottom curve: fractional
size of vulnerable
subcomponent. !
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 Global spreading events on random
networks !

1
b Top curve: final fraction
o8 "~ infected if successful.
a8 u‘\ Middle curve: chance of
N starting a global
™ AN spreading event
02 Ay (cascade).
[y
p . Bottom curve: fractional
12 9 4 5 7% size of vulnerable
2 subcomponent. !
z = (k)

Global spreading events occur only if size of vulnerable
subcomponent > 0.
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Global spreading events on random

networks !
! b
0.8 *‘"'\_\L

0.6

0.4

0.2

z — (k)

Top curve: final fraction
infected if successful.

Middle curve: chance of
starting a global
spreading event
(cascade).

Bottom curve: fractional
size of vulnerable
subcomponent. !

Global spreading events occur only if size of vulnerable
subcomponent > 0.

System is robust-yet-fragile just below upper
boundary [* % 14!
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Global spreading events on random

networks !
! b
0.8 *‘"'\_\L

0.6

0.4

0.2

z — (k)

Top curve: final fraction
infected if successful.

Middle curve: chance of
starting a global
spreading event
(cascade).

Bottom curve: fractional
size of vulnerable
subcomponent. !

Global spreading events occur only if size of vulnerable
subcomponent > 0.

System is robust-yet-fragile just below upper
boundary [* % 14!

‘Ignorance’ facilitates spreading.
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Cascades on random networks

Time to Steady State
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~ Cascades on random networks

50

40

30

20

Time to Steady State

Time taken for cascade
to spread through

network. !'°!

Two phase transitions.
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- Cascades on random networks

50
a
% 40
a .
g 3 i ® Time taken for cascade
b g i to spread through
® " [15]
£ o — network. -
Two phase transitions.
00 1 2 3 a4 5 6
z

| (n.b., z = (k))

Largest vulnerable component = critical mass.
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- Cascades on random networks

50

40

30

20

Time to Steady State

| (n.b., z = (k))

Largest vulnerable component = critical mass.

Now have endogenous mechanism for spreading
from an individual to the critical mass and then

beyond.

Time taken for cascade
to spread through

network. !>

Two phase transitions.
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 Cascade window for random networks

30,
25
20
N 15

cascades

no cascades

0(?05

0.1

0:4514..10.2
¢

0.25

(n.b., z = (k)

Outline of cascade window for random networks.
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COcoNuTS

- Cascade window for random networks
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8 10 References
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Outline

Social Contagion Models

All-to-all networks
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COcoNuTS
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¢, = threshold of an
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- Social Contagion

o o
> ® B

o

Prob(activation)
e

o
N

pe]

Assumes deterministic
response functions

¢, = threshold of an
individual.

f(¢,) = distribution of

thresholds in a population.
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o o o
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Prob(activation)
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o

Social Contagion

o

0.2

04
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0.8

Assumes deterministic
response functions

¢, = threshold of an
individual.

f(¢,) = distribution of
thresholds in a population.
F(¢,) = cumulative
distribution = [**  #(¢!)d¢!

=0
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Social Contagion

o o o
'S > ® B

Prob(activation)

o
N

o

o

0.2

04

0.6

0.8

Assumes deterministic
response functions

¢, = threshold of an
individual.

f(#,) = distribution of
thresholds in a population.
F(¢,) = cumulative
distribution = [ flol)do,

¢.=0
¢, = fraction of people
‘rioting’ at time step ¢.
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‘Sbcial Scfiehc'es‘—.ThreshoId models

At time ¢ + 1, fraction rioting = fraction with

¢* S ¢t'

COcoNuTS

Basic Contagior
Models

Global spreading
condition

Social Contagion
Models

Netw
All-to-all networks

rk version

Physical explanatior

Final size

References

I o
L UNiveRsiTy |g|
$-8 vervont 10

D> 36 of 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

| Sbcial SCiehC:éééThreshold models

At time ¢ + 1, fraction rioting = fraction with

¢* S (bt'

E /0 * f(6.)de,

= F(@)!ff‘ = F(¢y)
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| Sbcial Scienc"eé—.-ThreshoId models

At time ¢ + 1, fraction rioting = fraction with

¢* S ¢t'

ol
ben= | 18046, = P =F0)
0

= Iterative maps of the unit interval [0, 1].

COcoNuTS

Basic Contagior
Models

Global spreading
condition

Social Contagion
Models

Network sion
All-to-all networks

ossibility
obability

e O
ﬁ UNIVERSITY |9|
<8l ¥ VERMONT 10Ol

A 36 0f 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Social Sciencés—ThreshoId models

Action based on perceived behavior of others.

1
A B c
_. 08 2 —. 08
i g
<06 15 L 0§
£ S 1
\g/ 04 =i <04
02) 05 Sltgo ii
o 0 o
0 ¢ 1 0 05 0 05
@ ¢ %

Two states: S and |
Recover now possible (SIS)

¢ = fraction of contacts ‘on’ (e.g., rioting)
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- Social Sciences—Threshold models N

. . . Basic Contagiory*
Action based on perceived behavior of others. MadelL
g 1
i A 28 B c Global spreading
08 2 R ) condition
=) s
. 08 -~ 15 L 06 Social Contagion
& S 1l Models
f_“, 04 Pt iy | — 0.4 Network version
=X c versio
T o o & 02 ii Altto-all networks
b _ o 0 Theory
0 9 1 0 0.5 1 0 0.5 ¥ Spreading possibility
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Two states: S and |
Recover now possible (SIS)
¢ = fraction of contacts ‘on’ (e.g., rioting)

Discrete time, synchronous update (strong
assumption!)
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Social Sciencés—ThreshoId models

Action based on perceived behavior of others.

1 25 1
A B c
_. 08 2 —. 08
i g
<06 15 L 0§
£ S 1
\g/ 04 =i <04
02) 05 Sltgo ii
o . 0 o
0 ¢ 1 0 05 1 0 05
@ ¢ %

Two states: S and |
Recover now possible (SIS)
¢ = fraction of contacts ‘on’ (e.g., rioting)

Discrete time, synchronous update (strong
assumption!)

This is a Critical mass model
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- Social Scientes-éThreshoId models

3 1
25
0.8
2k \ b ;
0.6 !
s 3 :
<15 s :
0.4 !
1 [ i
05 0.2} !
CO 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8
Y %

Example of single stable state model
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Implicatcons for collective action theory:
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,‘Sﬁ‘)cial SC|ehéeS;ThreshoId models

; Implications for collective action theory:

1. Collective uniformity = individual uniformity

COCoNUTS =

Basic Contagior? i
Models

Global spreading
condition

Social Contagion
Models

Network version
All-to-all networks

Theory
Spreading possibility
Spreading probability
Physical explanation

Final size

References

U'NTVERSITY
o VERMONT

D> 39 of 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Sbcial Scienc"es‘:—.ThreshoId models

1. Collective uniformity = individual uniformity
2. Small individual changes = large global changes

COcoNuTS

Basic Contagior
Models

Global spreading
condition

Social Contagion
Models

The (o]
ﬁ UNIVERSITY |Q|
<8l ¥ VERMONT 10Ol

D> 39 of 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Sbcial Scienc"es‘:—.ThreshoId models

1. Collective uniformity = individual uniformity
2. Small individual changes = large global changes

COcoNuTS

Basic Contagior
Models

Global spreading
condition

Social Contagion
Models

The (o]
ﬁ UNIVERSITY |Q|
<8l ¥ VERMONT 10Ol

D> 39 of 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

| Sbcial Scienc"esi—.ThreshoId models

1. Collective uniformity = individual uniformity
2. Small individual changes = large global changes

Connect mean-field model to network model.
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- Social ScienCeS-éThreshoId models

1. Collective uniformity = individual uniformity
2. Small individual changes = large global changes

Connect mean-field model to network model.
Single seed for network model: 1/N — 0.
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- Social Sciences—Threshold models

1. Collective uniformity = individual uniformity
2. Small individual changes = large global changes

Connect mean-field model to network model.
Single seed for network model: 1/N — 0.

Comparison between network and mean-field
model sensible for vanishing seed size for the
latter.
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All-to-all versus random networks
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All-to-all networks
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 Threshold cohtagion on random networks

1. The fractional size of the largest subcomponent of
vulnerable nodes, S, -

2. The chance of starting a global spreading event,

Ptrig T Strig-
3. The expected final size of any successful spread,
holl
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COcoNuTS

 Threshold cohtagion on random networks

Basic Contagion -
Models

Global spreading
condition

Social Contagion
Models

1. The fractional size of the largest subcomponent of ...
vulnerable nodes, S,,. 3

2. The chance of starting a global spreading event,

Ptrig Tatrige oA
3. The expected final size of any successful spread, References
holl

n.b., the distribution of S is almost always
bimodal.
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~ Example random network structure:

chit = Qvuln =
critical mass =
global
vulnerable
component
Q'Erig = /
triggering
component
innal T
potential
extent of
spread

) = entire
network

Qe C Qtrig; Qcrit C Qpinai; @nd Q'criga Qfinal C Q.
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Threshold cd:‘n‘tagion on random networks

First goal: Find the largest component of
vulnerable nodes.
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 Threshold cohtagion on random networks

First goal: Find the largest component of
vulnerable nodes.

Recall that for finding the giant component’s size,
we had to solve:

F

v

(@) =zFp (F,(2)) and F, (z) = zFg5 (F, (z))
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 Threshold cohtagion on random networks

First goal: Find the largest component of
vulnerable nodes.

Recall that for finding the giant component’s size,
we had to solve:

F

v

(@) =zFp (F,(2)) and F, (z) = zFg5 (F, (z))

We'll find a similar result for the subset of nodes
that are vulnerable.
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 Threshold cohtagion on random networks

First goal: Find the largest component of
vulnerable nodes.

Recall that for finding the giant component’s size,
we had to solve:

F (z)=zFp(F,(z)) and F, (z) = zFg5 (F,(z))

v

We'll find a similar result for the subset of nodes
that are vulnerable.

This is a node-based percolation problem.
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- Threshold contagion on random networks

First goal: Find the largest component of
vulnerable nodes.

Recall that for finding the giant component’s size,
we had to solve:

F (z)=zFp(F,(z)) and F, (z) = zFg5 (F,(z))

We'll find a similar result for the subset of nodes
that are vulnerable.

This is a node-based percolation problem.

For a general monotonic threshold distribution
f(®), a degree k node is vulnerable with probability
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Threshold cohtagion on random networks

We now have a generating function for the
probability that a randomly chosen node is
vulnerable and has degree k:

Fz(;/um)(fc) = Z PuBiar.
k=0
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 Threshold cohtagion on random networks

We now have a generating function for the
probability that a randomly chosen node is
vulnerable and has degree k:

e
k=0

The generating function for friends-of-friends
distribution is similar to before:

&P (@)

|
o
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COcoNuTS

- Threshold contagion on random networks

Basic Contagion

We now have a generating function for the Models
probability that a randomly chosen node is Slqcklepit g
vulnerable and has degree k: e
Models :
| o o e
FW () = ;} P B, z". 5
The generating function for friends-of-friends
distribution is similar to before: Sl
oo (vuln) (vuln)
F(Vum)@j) e Z @Bklxkfl = %FP ) = %FP ©;(°x) b
> k=0 <k> %FP('%.>I€B:1 FR(I)‘rmﬂo 3

Note that we still have the underlying degree
distribution involved in the denominator.
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- Threshold cdntagion on random networks

Functional relations for component size g.f.'s are
almost the same ...
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Threshold cdntagion on random networks

Functional relations for component size g.f.'s are
almost the same ...
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Threshold cdntagion on random networks

Functional relations for component size g.f.'s are
almost the same ...

F;vuln)(x) ks F}(;/uln)(D +xFl(;/uIn) (Flgvuln)<$))
e — o |

central node

is not
vulnerable

Févuln) (w) i nguln) (F’()vuln) (.I'))
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Threshold cohtagion on random networks

Functional relations for component size g.f.'s are
almost the same ...

F;vuln)(x) ks F}(;/uln)(D +xF1(;’“'”) (Flgvuln)<$))
e — o |

central node
is not
vulnerable

Févuln) (w) g Fl(%/uln)(l) _i_nguin) (F’()vuln) (.I'))
first node
is not
vulnerable
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COcoNuTS

Threshold cohtagion on random networks

Functional relations for component size g.f.'s are R
almost the same ... Models

Global spreading
condition

F;vuln)(x) ks Fl(;/uln)(D +xF1(:\)/uIn) (Flgvuln)<$))
e — o |

Social Contagion

Models
central node A
is not Allto-all retwork
vulnerable Theory

Févuln) (1‘) g Fl(%/uln)(l) _i_nguin) (F’()vuln) (.I'))
first node
is not
vulnerable

Can now solve as before to find

B (vuln)
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- Threshold cdntagion on random networks

Second goal: Find probability of triggering largest
vulnerable component.
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Threshold cdntagion on random networks

Second goal: Find probability of triggering largest
vulnerable component.

Assumption is first node is randomly chosen.
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 Threshold cohtagion on random networks

Second goal: Find probability of triggering largest
vulnerable component.
Assumption is first node is randomly chosen.
Same set up as for vulnerable component except
now we don't care if the initial node is vulnerable
or not: :

F®(a) = oFp (F;"" (@)

Févuln)(:w = 1 15 Fguln)(1> + nguln) (nguln)<x)>
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 Threshold cohtagion on random networks

Second goal: Find probability of triggering largest
vulnerable component.
Assumption is first node is randomly chosen.
Same set up as for vulnerable component except
now we don't care if the initial node is vulnerable
or not: :

F®(a) = oFp (F;"" (@)

Févuln)(:w g il Fguln)ﬂ) Al xF}(;uln) (Févuln)<x))

Solve as before to find Py = Sy = 1 — Fi 2 (1).
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Outline
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Phy5|cai derlvatlon of pOSS|b|I|ty and probablllty
of global spreading:

&% Possibility: binary indicator of phase. Global spreading
events are either possible or can never happen.
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Possibility: binary indicator of phase. Global spreading
events are either possible or can never happen.

For random networks, global spreading possibility is
understood as meaning a giant component of
vulnerable nodes exists.
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Possibility: binary indicator of phase. Global spreading
events are either possible or can never happen.

For random networks, global spreading possibility is
understood as meaning a giant component of
vulnerable nodes exists.

Next: what's the probability that a randomly infected
node will cause a global spreading event?
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Possibility: binary indicator of phase. Global spreading
events are either possible or can never happen.

For random networks, global spreading possibility is
understood as meaning a giant component of
vulnerable nodes exists.

Next: what's the probability that a randomly infected
node will cause a global spreading event?

Call this Py.
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Possibility: binary indicator of phase. Global spreading
events are either possible or can never happen.

For random networks, global spreading possibility is
understood as meaning a giant component of
vulnerable nodes exists.

Next: what's the probability that a randomly infected
node will cause a global spreading event?

Call this Py.

As usual, it's all about edges and we need to first
determine the probability that an infected edge leads
to a global spreading event.
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Possibility: binary indicator of phase. Global spreading
events are either possible or can never happen.

For random networks, global spreading possibility is
understood as meaning a giant component of
vulnerable nodes exists.

Next: what's the probability that a randomly infected
node will cause a global spreading event?

Call this Py.

As usual, it's all about edges and we need to first
determine the probability that an infected edge leads
to a global spreading event.

Call this Q-
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Possibility: binary indicator of phase. Global spreading
events are either possible or can never happen.

For random networks, global spreading possibility is
understood as meaning a giant component of
vulnerable nodes exists.

Next: what's the probability that a randomly infected
node will cause a global spreading event?

Call this Py.

As usual, it's all about edges and we need to first
determine the probability that an infected edge leads
to a global spreading event.

Call this Q-

Later: Generalize to more complex networks involving
assortativity of all kinds.
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Probab|I|ty an mfected edge leads to a global

spreading event:

= Qurig Must satisfying a one-step recursion relation.
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Probability an infected edge leads to a global
spreading event:

&% Quig Must satisfying a one-step recursion relation.

<= Follow an infected edge and use three pieces:
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Qurig Must satisfying a one-step recursion relation.

Follow an infected edge and use three pieces:

1. Probability of reaching a degree k node is
O, ke
iR
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Qurig Must satisfying a one-step recursion relation.

Follow an infected edge and use three pieces:
1. Probability of reaching a degree k node is
Q, = kP
iR
2. The node reached is vulnerable with probability
Bkl-

COcoNuTS

Basic Contagion -
Models

Global spreading
condition

Social Contagion
Models

Network version
All-to-all network:

Theory
Spreading possibility

Spreac

Physical explanation

The O
ﬁ UNIVERSITY |9|
il ¥ VERMONT 1O

DA 520f 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Qurig Must satisfying a one-step recursion relation.

Follow an infected edge and use three pieces:
1. Probability of reaching a degree k node is

Q, = ELs
(k)

2. The node reached is vulnerable with probability
Bkl-

3. Atleast one of the node’s outgoing edges leads to
a global spreading event = 1 - probability no edges
dose -1l o0,
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Qurig Must satisfying a one-step recursion relation.

Follow an infected edge and use three pieces:

1. Probability of reaching a degree k node is

O, ke
iR

2. The node reached is vulnerable with probability
Bkl-

3. Atleast one of the node’s outgoing edges leads to
a global spreading event = 1 - probability no edges
dose -1l o0,

Put everything together and solve for Q!

kP,
Qtrig:ZJ°Bk1° [1_

- <]€> (1_Qtrig)k_1] s
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Global spreading is possible if the fractional size S,
of the largest component of vulnerables is “giant”.
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Global spreading is possible if the fractional size S,
of the largest component of vulnerables is “giant”.

Interpret S, as the probability a randomly chosen
node is vulnerable and that infecting it leads to a global
spreading event:

Svuln e Zpk o Bkl ' [1 AT (1 £ Qtrig)k] > 0.
k
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Global spreading is possible if the fractional size S,
of the largest component of vulnerables is “giant”.

Interpret S, as the probability a randomly chosen
node is vulnerable and that infecting it leads to a global
spreading event:

Svuln e Zpk J Bkl ' [1 AT (1 £ Qtrig)k] > 0.
k

Amounts to having Qg > 0.
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Global spreading is possible if the fractional size S,
of the largest component of vulnerables is “giant”.

Interpret S, as the probability a randomly chosen
node is vulnerable and that infecting it leads to a global
spreading event:

Svuln o Zpk o Bkl ® [1 AR (1 HeT Qtrig)k] > 0.
k

Amounts to having Qg > 0.

Probability of global spreading differs only in that we
don't care if the initial seed is vulnerable or not:

Ptrig = Strig e Zpk o [1 T (1 A Qtrig)k]
k
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Global spreading is possible if the fractional size S,
of the largest component of vulnerables is “giant”.

Interpret S, as the probability a randomly chosen
node is vulnerable and that infecting it leads to a global
spreading event:

Svuln o Zpk o Bkl ® [1 AR (1 HeT Qtrig)k] > 0.
k

Amounts to having Qg > 0.

Probability of global spreading differs only in that we
don't care if the initial seed is vulnerable or not:

Ptrig = Strig e Zpk o [1 T (1 A Qtrig)k]
k

As for Syyin, Pyig is non-zero when Qg > 0.
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Connection to generating function results:

&2 We found that £ (1)—the probability that a random
edge leads to a finite vulnerable component—satisfies

Ff()vuln)(l) = Fguln)(l) g F}(_){/uln) (Ff()vulm(l)) ;

3o SN b
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We found that F"" (1)—the probability that a random
edge leads to a finite vulnerable component—satisfies

Févum)(l) = FgUIm(l) g Fl(c\c/um) (ngum)(l)) ;

Weset FMV(1) =1 — Qurig and deploy

FY (@) = 3% 5B By, 251 to find
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We found that F"" (1)—the probability that a random
edge leads to a finite vulnerable component—satisfies

Févuln)(l) = e

FgUIm(l) g Fl(%/uln) (Févuln)(1)> F

Weset FMV(1) =1 — Qurig and deploy
Be'Ued 0 B WE TG find

(e o)
1_Qtrig = 1_2

k=0

(k)

kP,
sl T WD
<k§> k1l

o)

kP,

5 (k)

Bkl (1 =0 Qtrig) i :
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We found that F"" (1)—the probability that a random
edge leads to a finite vulnerable component—satisfies

Févum)(l) = Fguln)u) g FJ(E\:IUIm (ngum)(l)) ;

Weset FMV(1) =1 — Qurig and deploy
PO (p) = 32 kB, B gk-1 1o find

k=0 (k)

o~ kP = kP, k—1
1_Qtrig:1_z kkBk1+Z kkBkl (1_Qtrig) :

=0 (B =0 (k)

Some breathless algebra it all matches:

Qtrig = }2::0 % e Bkl ® [1 i (1 oF Qtrig)kil] "
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[ ~ Fractional size of the largest vulnerable Closoreie ¥
|

- component:
Basic Contagiori
&% The generating function approach gave MAde .
Svuln =1-— F7(1-VUIn)(1) where Global spreading

condition

F7(rvuln)(1) = uh F}(;/uln)(l) e e F}(;/uln) (FéVUIn)(l)) ; iﬂoocéaellgontagion.
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| - Fractional size of the largest vulnerable
component:

The generating function approach gave
Seun =1 — FY" (1) where

F;vuln)(l) i Fl(;/uln)(l) s Fl(;/uln) (Févuln)(1)> I

Again using FY"'™ (1) =1 — Qurig along with
FYIY () = Yo Py By, wehave:

1 _Svuln e ZPkBkl g ZPkBkl <1 _Qtrig)k :

k=0 k=0

3o SN b
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The generating function approach gave
Seun =1 — FY" (1) where

F7(Tvuln)(1) i Fl(;/uln)<1> s Fl(;/uln) (Févuln)(1)> i

Again using FY"'™ (1) =1 — Qurig along with
FYIY () = Yo Py By, wehave:

L riouin = 1= ZPkBkl g ZPkBkl <1 _Qtrig)k :

k=0 k=0

Excited scrabbling about gives us, as before:

Swn = Z By B {1 o (1 7 Qtrig)k] :
k=0
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G
=
;
|

Trlggerlng probablllty for smgle seed global

spreadlng events:

<= Slight adjustment to the vulnerable component
calculation.
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P < R
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oL
Basic Contagiory:*

<% Slight adjustment to the vulnerable component Models
calculation. Global spreading
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Slight adjustment to the vulnerable component
calculation.

Spig=1— F\"8) (1) where
B e (e

We play these cards: Fy""" (1) = 1 — Qg and
Fp(z) =Y, Pyz* to arrive at

& k
1_Strigzl_"E Pk(l_Qtrig) :
k=0

More scruffing around brings happiness:

Strig 7 ]ipk {1 i (1 T Qtrig)k] H
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Connection to simple gain ratio argument:

<& Earlier, we showed the global spreading condition
follows from the gain ratio R > 1:
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follows from the gain ratio R > 1:

R:Z@.(k—l).3k1>1.
el

We would very much like to see that R > 1 matches up
With Qg > 0.
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Earlier, we showed the global spreading condition

follows from the gain ratio R > 1:

We would very much like to see that R > 1 matches up
With Qg > 0.

It really would be just so totally awesome.
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Earlier, we showed the global spreading condition

follows from the gain ratio R > 1:

Z kPk B

o B, >1.

We would very much like to see that R > 1 matches up
With Qg > 0.

It really would be just so totally awesome.

Must come from our basic edge triggering probability
equation:

Qtrig . Qtrig)k_l] 3

:Z]zgkoBklo[l—(l
k
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Earlier, we showed the global spreading condition

follows from the gain ratio R > 1:

Z kPk B

o B, >1.

We would very much like to see that R > 1 matches up
With Qg > 0.

It really would be just so totally awesome.

Must come from our basic edge triggering probability
equation:

kP
Qtrigzz o ’Bkl L4 [1—(1_Qtrig>k_1] J
k

(k)

When does this equation have a solution 0 < Qg < 1?7

COcoNuTS

Basic Contagion :
Models

Global spreading
condition

Social Contagion
Models

Network version

The O
ﬁ UNIVERSITY |9|
il ¥ VERMONT 1O

DA 57 of 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

Earlier, we showed the global spreading condition

follows from the gain ratio R > 1:

o B, >1.

We would very much like to see that R > 1 matches up
With Qg > 0.

It really would be just so totally awesome.

Must come from our basic edge triggering probability
equation:

:ZkPkOBk10[1—<1

Qtrig <k’>

T Qtrig)k_l] s

When does this equation have a solution 0 < Qg < 1?7

We need to find out what happens as Qy; — 0.
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A Possibility of a
Global Spreading Event
Microsopic physically C
D i motivated
escription derivations

Probability of a

B Global Spreading Event
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For Quig — 07, equation tends towards

Qtrig e Z

k

kP,

()

eBpio[l—(1-(k—1)Qug+-)]
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For Quig — 07, equation tends towards

kP,
Qurig = zk: %) e B e [1+ <1+( 1)Quig + )]

kP,
& Qtrig o g <k.>k ® Bkl o (k b 1)Qtrig

kB,
1= —2e(k—1)e By,
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For Quig — 07, equation tends towards

O Z kP, oDy, [I+ <1+( 1)Quig + )]
k

(k)

kP,
= Qtrig T ; <k_>k * By e (k- 1)Qtrig

kP,
PNy e B

Only defines the phase transition points (i.e., R = 1).
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For Quig — 07, equation tends towards

O Z kP, oDy, [I+ (1+( 1)Quig + )]
k

(k)

kP,
= Qtrig T ; <k_>k * By e (k- 1)Qtrig

kP,
PNy e B

Only defines the phase transition points (i.e., R = 1).

Inequality?
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Again take Qg — 07, but keep next higher order term:

Qurig = Ek: ’zg’f.BM. [1 = (1 — (k= 1)Quig + (k s 1>Q?ﬁg>]



Again take Qg — 07, but keep next higher order term:

Qurig = Ek: ]z;}%Bkl‘ [1+ (ZJF(I" = 1)Qtrig7<kg 1)Qt2rig>}



Again take Qg — 07, but keep next higher order term:

Qurig = Ek: ]z;}%Bkl‘ [1+ (ZJF(I" = 1)Qtrig7<kg 1)Qt2rig>}

57 Qtrig = ; % e Bkl O [(k i 1)Qtrig e (k ; 1>Qt2rig}



Again take Qg — 07, but keep next higher order term:

Qurig = Ek: ]z;}%Bkl‘ [1+ (ZJF(I" = 1)Qtrig7<kg 1)Qt2rig>}

57 Qtrig = ; % e Bkl O [(k i 1)Qtrig e (k ; 1>Qt2rig}

ﬁ;%'(k—D'Bm = 1+zk:k;]§>kBk1<kgl>Qtrig



Again take Qg — 07, but keep next higher order term:

C>2trig E Z k<1]:>k .Bkl [/1/+ (IJF(k 3 1)Qtrig*<kg 1)Qt2rig>:|
w7 Qtrig = ; k;gk e Bkl G [(k A7 1)Qtrig SHE (k ; 1>Qt2rig}

ﬁ;%'(k—D'Bm = 1+zk:k;]§>kBk1<kgl>Qtrig

We have Qg > 0if 3 kPko(k 1o Bt



Again take Qg — 07, but keep next higher order term:

Qurig = Z ]z;k eB) e V+ (1+(k - 1)Qtrig*(kzg 1)Qt2rig>:|

w7 Qtrig = ; k;gk e Bkl G [(k A7 1)Qtrig SHE (k ; 1>Qt2rig}

ﬁ;%'(k—D'Bm = 1+zk:k;]f>kBk1<k;1>Qtrig

We have Qg > 0if 3 kPko(k 1o Bt

Repeat: Above is a mathematical connection between
two physically derived equations.



Again take Qg — 07, but keep next higher order term:

Qurig = Z ]z;k eB) e [1+ (1+(k - 1)Qtrig*(kzg 1)Qt2rig):|

kP, k—
= Qtrig = Z <k>k ® Bkl e [(k 3 1)Qtrig o ( 2 1>Qt2rig}

k

ﬁ;%'(k—D'Bm = 1+zk:k2]f>kBk1<kgl>Qtrig

We have Qg > 0if 3 kPko(k 1o Bt

Repeat: Above is a mathematical connection between
two physically derived equations.

From this connection, we don’t know anything about a
gain ratio R or how to arrange the pieces.



Outline

Theory

Final size

COcoNuTS % *

Basic Contagioni i
Models

Global spreading
condition

Social Contagion
Models

Network version
All-to-all networks

Theory
Spreading possibility
Spreading probability
Physical explanation
i

References

e O
UNIVERSITY
“ VERMONT 10|

2 61o0f 87



http://www.uvm.edu
http://www.uvm.edu/~pdodds

Threshold cdn’tagion on random networks

Third goal: Find expected fractional size of spread.
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Threshold cdntagion on random networks

Third goal: Find expected fractional size of spread.
Not obvious even for uniform threshold problem.
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 Threshold cohtagion on random networks

Third goal: Find expected fractional size of spread.

Not obvious even for uniform threshold problem.

Difficulty is in figuring out if and when nodes that
need > 2 hits switch on.

Problem solved for infinite seed case by Gleeson
and Cahalane:

“Seed size strongly affects cascades on random
networks,” Phys. Rev. E, 2007. !
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- Threshold contagion on random networks

Basic Contagion
Models

Third goal: Find expected fractional size of spread. o7 preeers

Not obvious even for uniform threshold problem. ol conasion
Difficulty is in figuring out if and when nodes that
need > 2 hits switch on. Theory,
Problem solved for infinite seed case by Gleeson S e
and Cahalane: s
“Seed size strongly affects cascades on random Relercritey

networks,” Phys. Rev. E, 2007. "

Developed further by Gleeson in “Cascades on
correlated and modular random networks,” Phys.
Rev. E, 2008.
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,‘E>H<pectéd size of spread

Idea:

<> Randomly turn on a fraction ¢, of nodes at time ¢t = 0
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Q E>‘<pected size Of.spread

Randomly turn on a fraction ¢, of nodes attime ¢t =0

Capitalize on local branching network structure of
random networks (again)

Now think about what must happen for a specific node
i to become active at time ¢:
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' Expected size Of.spread

Randomly turn on a fraction ¢, of nodes attime ¢t =0

Capitalize on local branching network structure of
random networks (again)

Now think about what must happen for a specific node
i to become active at time ¢:

e t = 0: ¢ is one of the seeds (prob = ¢,)
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 Expected size of.spread

Randomly turn on a fraction ¢, of nodes attime ¢t =0

Capitalize on local branching network structure of
random networks (again)

Now think about what must happen for a specific node
i to become active at time ¢:

e t = 0: ¢ is one of the seeds (prob = ¢,)

e t = 1: ¢ was not a seed but enough of ¢'s friends
switched on at time ¢ = 0 so that ¢'s threshold is now
exceeded.
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 Expected size of.spread

Basic Contagion :
Models

Randomly turn on a fraction ¢, of nodes attime ¢t =0

Global spreading
condition

Capitalize on local branching network structure of
. Social Contagion
random networks (again) Models

Network version

Now think about what must happen for a specific node AL Rl
i to become active at time ¢:

e t = 0: ¢ is one of the seeds (prob = ¢,)

e t = 1: ¢ was not a seed but enough of ¢'s friends
switched on at time ¢ = 0 so that ¢'s threshold is now
exceeded.

e t = 2: enough of ¢'s friends and friends-of-friends
switched on at time ¢ = 0 so that ¢'s threshold is now
exceeded.
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 Expected size of spread

Basic Contagion

2 i Models
Randomly turn on a fraction ¢, of nodes attime ¢t =0
Global spreading
s g > it
Capitalize on local branching network structure of o “m
. S Contagi
random networks (again) P

Network version

Now think about what must happen for a specific node e i
i to become active at time ¢:

e t = 0: ¢ is one of the seeds (prob = ¢,)

e t = 1: ¢ was not a seed but enough of ¢'s friends References
switched on at time ¢ = 0 so that ¢'s threshold is now
exceeded.

e t = 2: enough of ¢'s friends and friends-of-friends
switched on at time ¢ = 0 so that ¢'s threshold is now
exceeded.

e ¢t = n: enough nodes within n hops of ¢ switched on at &
t = 0 and their effects have propagated to reach . E’W@“&?&"}i 14
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3 E>‘<pected size bf.spread

Calculations presume nodes do not become
inactive (strong restriction, liftable)
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' Expected size Of.spread

Calculations presume nodes do not become
inactive (strong restriction, liftable)

Not just for threshold model—works for a wide
range of contagion processes.
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 Expected size of.spread

Calculations presume nodes do not become
inactive (strong restriction, liftable)

Not just for threshold model—works for a wide
range of contagion processes.

We can analytically determine the entire time
evolution, not just the final size.
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COcoNuTS

 Expected size of spread

Basic Contagion

Models

Global spreading
Ca|CU|at|0ns presume nodes do not become condition
inactive (strong restriction, liftable) ey
Not just for threshold model—works for a wide i
range of contagion processes. Theory

We can analytically determine the entire time
evolution, not just the final size.

We can in fact determine
Pr(node of degree k switches on at time t).
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 Expected size of spread

Calculations presume nodes do not become
inactive (strong restriction, liftable)

Not just for threshold model—works for a wide
range of contagion processes.

We can analytically determine the entire time
evolution, not just the final size.

We can in fact determine
Pr(node of degree k switches on at time t).

Even more, we can compute: Pr(specific node i
switches on at time ¢).
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 Expected éize of spread

Calculations presume nodes do not become
inactive (strong restriction, liftable)

Not just for threshold model—works for a wide
range of contagion processes.

We can analytically determine the entire time
evolution, not just the final size.

We can in fact determine
Pr(node of degree k switches on at time t).

Even more, we can compute: Pr(specific node i
switches on at time ¢).

Asynchronous updating can be handled too.
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Pleasantness:

&% Taking off from a single seed story is about
expansion away from a node.

< Extent of spreading story is about contraction at a
node.
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 Expected size of spread
| Notation:
¢+ = Pr(a degree k node is active at time t).
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~ Expected size of spread
Notation:
¢+ = Pr(a degree k node is active at time t).

Notation: B, ; = Pr (a degree k node becomes
active if j neighbors are active).

Our starting point: ¢y, o = ¢q.
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 Expected size of.spread

Notation: : i
¢+ = Pr(a degree k node is active at time ¢). ViR
Notation: B,,; = Pr (a degree k node becomes SitalonEer
active if j neighbors are active). Sodial Contagii
Our starting point: ¢, o = ¢o. MOdC'S
(%)¢d (1 — ¢o)*~7 = Pr (j of a degree k node’s THbory

neighbors were seeded at time ¢t = 0).
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 Expected size of spread
Notation:
¢+ = Pr(a degree k node is active at time #).

Notation: B, ; = Pr (a degree k node becomes
active if j neighbors are active).

Our starting point: ¢, o = ¢;.
(%)¢d (1 — ¢o)*~7 = Pr (j of a degree k node’s
neighbors were seeded at time ¢t = 0).

Probability a degree k node was a seed att =0 is
o (as above).

COcoNuTS

Basic Contagion :
Models

Global spreading
condition

Social Contagion
Models

Network version

o-all network:
Theory
Eora
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 Expected size of spread
Notation:
¢+ = Pr(a degree k node is active at time #).

Notation: B, ; = Pr (a degree k node becomes
active if j neighbors are active).

Our starting point: ¢, o = ¢;.

(%)¢d (1 — ¢o)*~7 = Pr (j of a degree k node’s
neighbors were seeded at time ¢t = 0).

Probability a degree k node was a seed att =0 is
o (as above).

Probability a degree k£ node was notaseed att =0
is (1 — ¢g).
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Global spreading
condition
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Network version
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COcoNuTS

Expected size of spread

Notation: : i
o1+ = Pr(a degree k node is active at time ¢). Mideh . T
Notation: B, ; = Pr (a degree k node becomes SitalonEer
active if j neighbors are active). Sodial Contagidn
Our starting point: ¢, o = ¢o. MOdC'
(%)¢d (1 — ¢o)*~7 = Pr (j of a degree k node’s Trkory
neighbors were seeded at time ¢ = 0). S L
Probability a degree k node was a seed att = 0 is
b, (as above). References
Probability a degree k£ node was notaseed att =0

is (1 — ¢g).

Combining everything, we have:

k

r,1 =00 + (1 Z() (1— o)™ By;. ‘
£ B 9
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‘ E>‘<pected size Of.spread

For general t, we need to know the probability an
edge coming into a degree k node attime ¢ is
active.

COcoNuTS

Basic Contagior :
Models

Global spreading
condition

Social Contagion
Models

Network version

All-to-all network:

The O
ﬁ UNIVERSITY |9|
2l VERMONT |0

DA 70 of 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

' Expected size Of.spread

For general t, we need to know the probability an
edge coming into a degree k node attime ¢ is
active.

Notation: call this probability 6,.
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 Expected size of.spread

For general t, we need to know the probability an
edge coming into a degree k node attime ¢ is
active.

Notation: call this probability 6,.

We already know 6, = ¢,.
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COcoNuTS

Expected size of spread
For general t, we need to know the probability an

Basic Contagion

edge coming into a degree k node at time ¢ is Models

aCtlve. G\ob{a‘r\ spreading
conaition

Notation: call this probability 6,. Sotial Lot

We already know 6, = ;. S

Story analogous to ¢ = 1 case. For specific node i: >
Theory

k;
bitr1 = %o + Z( ) (I 00k jBk:ij‘
j=0
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COcoNuTS

Expected size of spread

For general t, we need to know the probability an

Basic Contagion

edge coming into a degree k node at time ¢ is Models

actlve. G\OLTT\ spreading
conaition

Notation: call this probability 6,. sotial Cantaand

Models

We already know 6, = ¢,.
Story analogous to ¢ = 1 case. For specific node i: S

Theory
Eora

k,
bs,e41 = o + (1 — o) Z( ) T 0 59B,
6 J

Average over all nodes with degree k to obtain
expression for ¢, ;:

) k
b1 = o+ (L—¢0) ZPkZ(> 179)7]37@3

k=0 7=0
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COcoNuTS

Expected size of spread

For general t, we need to know the probability an

Basic Contagion

edge coming into a degree k node at time ¢ is Models
actlve. G‘Obﬁr‘ spreading
Notation: call this probability 6,. sotial Cantaand

Models

We already know 6, = ¢,.
Story analogous to ¢ = 1 case. For specific node i:

Theory
Eora

k;
Piex1 = ¢0 + (1 — @g) Z( ) 1—9)LjBkij.
G J

Average over all nodes with degree k to obtain
expression for ¢, ;:

oo k
Pir1 = Po+(1—¢g) Z Z( ) (et ) ’JB,W

Jj=0

The O]
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COcoNuTS

Expected size of spread

For general t, we need to know the probability an

Basic Contagion

edge coming into a degree k node at time ¢ is Models

actlve. G\OLTT\ spreading
conaition

Notation: call this probability 6,. sotial Cantaand

Models

We already know 6, = ¢,.
Story analogous to ¢ = 1 case. For specific node i: S

Theory
Eora

k,
bs,e41 = o + (1 — o) Z( ) T 0 59B,
6 J

Average over all nodes with degree k to obtain
expression for ¢, ;:

oo k
Pir1 = Po+(1—¢g) Z Z( ) (et ) ’JB,W

Jj=0
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Expected size Of.spread

01 = ¢ot+

o fj
k=1

2( - )pd =004,
7=0

P = @, = Pr (edge connects to a degree k node).

Z"“ ! piece gives Pr (degree node k activates if j
of |ts k — 1 incoming neighbors are active).

¢ and (1 — ¢,) terms account for state of node at
time t = 0.
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Expected size of.spread

01 = ¢ot+

o fj
k=1

2( - )pd =004,
7=0

P = @, = Pr (edge connects to a degree k node).

Zk ! piece gives Pr (degree node k activates if j
of |ts k — 1 incoming neighbors are active).

¢ and (1 — ¢,) terms account for state of node at
time t = 0.

See this all generalizes to give 0, , in terms of 0, ...

COcoNuTS

Basic Contagion -
Models

Global spreading
condition

Social Contagion
Models

Network version
All-to-all network:

Theory

The O
ﬁ UNIVERSITY |9|
il ¥ VERMONT 1O

DA 710f87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

3 E>‘<pecte:d size bf.spread

Two pieces | rst n nodes
101 = ?9
exogenous
kP k1 3
+(1—¢0);Tk—>“ ) ( i 10/(1—0,)k=1-1B, ;
social effects
2, ¢t+1 i

) k :
by +(=40) > P (D)0F1—0)-3By,

exogenous

social effects
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Comparison between theory and
simulations

15/ (a)

0.2

0.3

From Gleeson and

Cahalane /!

Pure random networks
with simple threshold
responses

R = uniform threshold
(our ¢,); z = average
degree; p = ¢iq =0,
Ni=10°.

o = 10 i 2,
andii0:=
Cascade window is for
by = 1072 case.
Sensible expansion of
cascade window as ¢,
increases.
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Notes:

Retrieve cascade condition for spreading from a
single seed in limit ¢, — 0.

Depends on map 0,., = G(6; ¢g).
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- Notes:

Retrieve cascade condition for spreading from a
single seed in limit ¢, — 0.

Depends on map 0,., = G(6; ¢g).
First: if self-starters are present, some activation is
assured:

kP,
(k)

.Bk:O > 0.

G(0;9g) = i
k=1

meaning B, > 0 for at least one value of k£ > 1.
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Notes:

Retrieve cascade condition for spreading from a
single seed in limit ¢, — 0.

Depends on map 0,., = G(6; ¢g).

First: if self-starters are present, some activation is
assured:

(o @]

¢0:Z

.Bk:O > 0.

meaning B, > 0 for at least one value of k£ > 1.

If 8 =0 is a fixed point of G (i.e., G(0; ¢y) = 0) then
spreading occurs for a small seed if
& kP,
== —_ e k - ]_ [ ] B > ].

Insert question from assignment 10 (£
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 Notes:

If G(0; ¢g) > 0, spreading must occur because
some nodes turn on for free.

If G has an unstable fixed point at § = 0, then
cascades are also always possible.

COcoNuTS

Basic Contagior
Models

Global spreading
condition

Social Contagion
Models

Network vers

Theory

Spreading possibility

probability
P xplanatio

e O
ﬁ UNIVERSITY |Q|
<8l ¥ VERMONT 10Ol

D 75 0f 87


http://www.uvm.edu
http://www.uvm.edu/~pdodds

- Notes:

If G(0; ¢g) > 0, spreading must occur because
some nodes turn on for free.

If G has an unstable fixed point at § = 0, then
cascades are also always possible.

Cascade condition is more complicated for ¢, > 0.
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- Notes:

If G(0; ¢g) > 0, spreading must occur because
some nodes turn on for free.

If G has an unstable fixed point at § = 0, then
cascades are also always possible.

Cascade condition is more complicated for ¢, > 0.

If G has a stable fixed point at 8 = 0, and an
unstable fixed point for some 0 < 4, < 1, then for
0, > 0., spreading takes off.
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- Notes:

If G(0; ¢g) > 0, spreading must occur because
some nodes turn on for free.

If G has an unstable fixed point at § = 0, then
cascades are also always possible.

Cascade condition is more complicated for ¢, > 0.

If G has a stable fixed point at 8 = 0, and an
unstable fixed point for some 0 < 4, < 1, then for
0, > 0., spreading takes off.

Tricky point: G depends on ¢, so as we change
®o, We also change G.
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01 = G(0; do)

0, 0

Given 64(= ¢g), 0, Will be the nearest stable fixed
point, either above or below.

n.b., adjacent fixed points must have opposite stability
types.
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O141 = G(65; o)

0, 0

Given 64(= ¢g), 0, Will be the nearest stable fixed
point, either above or below.

n.b., adjacent fixed points must have opposite stability
types.

Important: Actual form of G depends on ¢,,.
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Br41 = G(6r: o
01 = G(6;; do)

0, 0 6.

Given 64(= ¢g), 0, Will be the nearest stable fixed
point, either above or below.

n.b., adjacent fixed points must have opposite stability
types.

Important: Actual form of G depends on ¢,,.
Important: ¢, can only increase monotonically so ¢,

must shape G so that ¢, is at or above an unstable
fixed point.
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Important: ¢, can only increase monotonically so ¢,
must shape G so that ¢, is at or above an unstable
fixed point.
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Given 64(= ¢g), 0, Will be the nearest stable fixed
point, either above or below.

n.b., adjacent fixed points must have opposite stability References
types.
Important: Actual form of G depends on ¢,,.

Important: ¢, can only increase monotonically so ¢,
must shape G so that ¢, is at or above an unstable
fixed point.

First reason: ¢, > ¢. 4 e
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From Gleeson and
Cahalane !

Now allow thresholds
to be distributed
according to a
Gaussian with mean R.

R =0.2,0.362, and
0.38; .= 0.2
$o = 0 but some nodes

have thresholds < 0 so
effectively ¢, > 0.
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From Gleeson and
Cahalane !

Now allow thresholds
to be distributed
according to a
Gaussian with mean R.

R =0.2,0.362, and
0.38; 6= 0.2

¢y = 0 but some nodes
have thresholds < 0 so
effectively ¢, > 0.
Now see a (nasty)

discontinuous phase
transition for low (k).
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Plots of stability points
foré =G0 05
n.b.: 0 is not a fixed
point here: 6, =0
always takes off.

Top to bottom: R =
0.35, 0.371, and 0.375.

Saddle node
bifurcations appear
and merge (b and ).
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Time-dependent solutions

Synchronous update

Done: Evolution of ¢, and 6, given exactly by the
maps we have derived.
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j ‘Time-depende’nt solutions

Done: Evolution of ¢, and 6, given exactly by the
maps we have derived.

Update nodes with probability «.
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| Time-dependent solutions

Done: Evolution of ¢, and 6, given exactly by the
maps we have derived.

Update nodes with probability «.

As o — 0, updates become effectively
independent.
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Done: Evolution of ¢, and 6, given exactly by the Models
maps we have derived.

0-all network:

Theory

Update nodes with probability «.

As a — 0, updates become effectively
independent.

Now can talk about ¢(t) and 6(t).
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, Nutshell:

<% Solid dive into understanding contagion on generalized
random networks.
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Solid dive into understanding contagion on generalized
random networks.

Threshold model leads to idea of vulnerables and a
critical mass. 16 8l
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Solid dive into understanding contagion on generalized
random networks.

Threshold model leads to idea of vulnerables and a
critical mass. 16 8l

Generating function approaches provided first
breakthroughs and gave possibility and probability of
spreading. [0 16
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Solid dive into understanding contagion on generalized
random networks.

Threshold model leads to idea of vulnerables and a
critical mass. 16 8l

Generating function approaches provided first
breakthroughs and gave possibility and probability of
spreading. ' 16

Later: A probabilistic, physical method solved the

whole story for a fractional seed—final size, dynamics,
[7, 6]

Much can be generalized for more realistic kinds of
networks: degree-correlated, modular, bipartite, ...
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Solid dive into understanding contagion on generalized

random networks.

Threshold model leads to idea of vulnerables and a
critical mass. 16 8l

Generating function approaches provided first
breakthroughs and gave possibility and probability of
spreading. ' 16

Later: A probabilistic, physical method solved the

whole story for a fractional seed—final size, dynamics,
[7, 6]

Much can be generalized for more realistic kinds of
networks: degree-correlated, modular, bipartite, ...

The single seed contagion condition and triggering
probability can be fully developed using a physical
story. > 7!
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Solid dive into understanding contagion on generalized

random networks.

Threshold model leads to idea of vulnerables and a
critical mass. 16 8l

Generating function approaches provided first
breakthroughs and gave possibility and probability of
spreading. ' 16

Later: A probabilistic, physical method solved the

whole story for a fractional seed—final size, dynamics,
[7, 6]

Much can be generalized for more realistic kinds of
networks: degree-correlated, modular, bipartite, ...

The single seed contagion condition and triggering
probability can be fully developed using a physical
story. > 7!

Many connections to other kinds of models: Voter
models, Ising models, ...
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