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» Micro-to-Macro story with p and v measurable.

2—p _ 1
(1—0p) (1—0p)

» Observe2 <y <oofor0<p<1.
» For p ~ 0 (low innovation rate):

y o~ 2

)

» ‘Wild' power-law size distribution of group sizes,
bordering on ‘infinite’ mean.

» For p ~ 1 (high innovation rate):

¥ 200
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» All elephants have different flavors.
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Micro-to-Macro story with p and v measurable.

2—p _ 1
(1—0p) (1—0p)

Observe 2 < y < oofor0 < p< 1.
For p ~ 0 (low innovation rate):

y o~ 2

2

‘Wild’ power-law size distribution of group sizes,
bordering on ‘infinite’ mean.

For p =~ 1 (high innovation rate):

¥ 200

/

All elephants have different flavors.

Upshot: Tunable mechanism producing a family
of universality classes.
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» Recall Zipf's law: s,. ~ r—¢
(s,. = size of the rth largest group of elephants)
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» Recall Zipf's law: s,. ~ r—¢
(s,. = size of the rth largest group of elephants)
» Wefound o =1/(y—1) so:

» v =2correspondstoa=1

» We (roughly) see Zipfian exponent?”! of o = 1 for
many real systems: city sizes, word distributions,
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» Recall Zipf's law: s,. ~ r—¢
(s,. = size of the rth largest group of elephants)
» Wefound o =1/(y—1) so:

» v =2correspondstoa=1

» We (roughly) see Zipfian exponent?”! of o = 1 for
many real systems: city sizes, word distributions,

» Corresponds to p — 0, low innovation.
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Recall Zipf's law: s,. ~ r—
(s,. = size of the rth largest group of elephants)
We found a =1/(y —1) so:

v =2 correspondstoa =1

We (roughly) see Zipfian exponent *”) of o = 1 for
many real systems: city sizes, word distributions,

Corresponds to p — 0, low innovation.
Krugman doesn't like it)['*! but it's all good.

Still, other quite different mechanisms are
possible...
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v

Recall Zipf's law: s,. ~ r—
(s,. = size of the rth largest group of elephants)
We found a =1/(y —1) so:

v =2 correspondstoa =1

We (roughly) see Zipfian exponent *”) of o = 1 for
many real systems: city sizes, word distributions,

Corresponds to p — 0, low innovation.
Krugman doesn't like it)['*! but it's all good.

Still, other quite different mechanisms are
possible...

Must look at the details to see if mechanism
makes sense... more later.
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We had one other equation:
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<1,t+1_ 1,t>—P_(1_P>1' n

> As before, set N, , = n,t and drop expectations
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nqt
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What about small k?:

We had one other equation:
>

. Nl,t
<N1,t+1 _Nl,t> =p—(1—p)1- ‘

> As before, set N, , = n,t and drop expectations
>
nqt

”1(t+1>—”1t:ﬁ’—(1—0)1'T

ny=p—(1—p)ny
» Rearrange:
ny+(L—pny =p
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3 What aboUt ;rﬁall kP

We had one other equation:
>

. Nl,t
<N1,t+1 _Nl,t> =p—(1—p)1- ‘

> As before, set N, , = n,t and drop expectations
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nqt
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» Rearrange:
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Recall number of distinct elephants = pt.

Fraction of distinct elephants that are unique
(belong to groups of size 1):

Ly 1 pf 1

pto Bt T pf2—p 2—p
(also = fraction of groups of size 1)
For p small, fraction of unique elephants ~ 1/2
Roughly observed for real distributions
p increases, fraction increases

Can show fraction of groups with two elephants
~1/6

Model works well
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SO... Nl,t = nlt = L

2—p
» Recall number of distinct elephants = pt.

» Fraction of distinct elephants that are unique
(belong to groups of size 1):

1 1 pf 1
7N1,t =5 =5
pt p2—p 2—p
(also = fraction of groups of size 1)
» For p small, fraction of unique elephants ~ 1/2

» Roughly observed for real distributions
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t
SO... Nl,t = nlt = L

2—p
» Recall number of distinct elephants = pt.

» Fraction of distinct elephants that are unique
(belong to groups of size 1):

1 1 pf 1
7N1,t =5 =5
pt p2—p 2—p
(also = fraction of groups of size 1)
» For p small, fraction of unique elephants ~ 1/2
» Roughly observed for real distributions

» pincreases, fraction increases
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SO... Nl,t = nlt = L

2—p

v

Recall number of distinct elephants = pt.

Fraction of distinct elephants that are unique
(belong to groups of size 1):

1 1 pf 1
7N1,t = O = 9
pt pE2—0p —p
(also = fraction of groups of size 1)
For p small, fraction of unique elephants ~ 1/2
Roughly observed for real distributions
p increases, fraction increases

Can show fraction of groups with two elephants
~1/6

v

PoCS | @poesvox

Power-Law *
Mechanisms, Pt. 2

Rich-Get-Richer
Mechanism
Simon's Mode

Analysis

Nutshell

Extra

References
»

&

The O]
é UNIVERSITY |9|
il ¥ VERMONT 10

D> 280f88


http://www.uvm.edu
http://www.uvm.edu/%7Epdodds

\ A 4

t
SO... Nl,t = nlt = L

2—p
Recall number of distinct elephants = pt.

Fraction of distinct elephants that are unique
(belong to groups of size 1):

Ly _1pf 1
Y ST
(also = fraction of groups of size 1)
For p small, fraction of unique elephants ~ 1/2
Roughly observed for real distributions
p increases, fraction increases
Can show fraction of groups with two elephants
~1/6
Model works well for large and small &
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t
SO... Nl,t = nlt = L

2—p
Recall number of distinct elephants = pt.

Fraction of distinct elephants that are unique
(belong to groups of size 1):

Ly _1pf 1
Y ST
(also = fraction of groups of size 1)
For p small, fraction of unique elephants ~ 1/2
Roughly observed for real distributions
p increases, fraction increases
Can show fraction of groups with two elephants
~1/6
Model works well for large and small k& #awesome
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- Words:
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Estimate p.; = # unique words/# all words

For Joyce's Ulysses: pes =~ 0.115
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' Evolution of catch phrases:

» Yule's paper (1924) 27!
“A mathematical theory of evolution, based on the
conclusions of Dr . C. Willis, F.R.S.”

» Simon’s paper (1955) *2!:
“On a class of skew distribution functions” (snore)
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' Evolution of catch phrases:

» Yule's paper (1924) 27!
“A mathematical theory of evolution, based on the
conclusions of Dr . C. Willis, F.R.S.”

» Simon’s paper (1955) *2!:
“On a class of skew distribution functions” (snore)

From Simon's introduction:
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» Yule's paper (1924) 27! i
“A mathematical theory of evolution, based on the Ric-Get Richer
conclusions of Dr . C. Willis, F.R.S.” R

» Simon’s paper (1955) *2!: o L
“On a class of skew distribution functions” (snore)

From Simon's introduction:

It is the purpose of this paper to analyse a class of
distribution functions that appear in a wide range of
empirical data
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j Mechanisms, Pt. 2
» Yule's paper (1924) 27! i

“A mathematical theory of evolution, based on the  richcecricher

Mechanism

conclusions of Dr . C. Willis, F.R.S.”
» Simon'’s paper (1955) %3l: s
“On a class of skew distribution functions” (snore)

Optimization

Minimal Cost

From Simon's introduction:

It is the purpose of this paper to analyse a class of

distribution functions that appear in a wide range of
empirical data—particularly data describing W
sociological, biological and economic phenomena. p
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~ Evolution of catch phrases: Bualls o v
j Mechanisms, Pt. 2
» Yule's paper (1924) 27! i

“A mathematical theory of evolution, based on the  richcecricher

Mechanism

conclusions of Dr . C. Willis, F.R.S.”
» Simon'’s paper (1955) %3l: s
“On a class of skew distribution functions” (snore)

Optimization
Minimal Cost

Man rot vs. Simon.

From Simon's introduction:

It is the purpose of this paper to analyse a class of
distribution functions that appear in a wide range of
empirical data—particularly data describing W
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Finding the exponent
» Now use the normalization constraint:
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All told:
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Zipfarama via Optimization:

All told;

» Reasonable approach: Optimization is at work in
evolutionary processes

» But optimization can involve many
incommensurate elephants: monetary cost,
robustness, happiness,...

» Mandelbrot's argument is not super convincing

» Exponent depends too much on a loose definition
of cost
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From the discussion at the end of Mandelbrot’s Poweraw
paper: i
» A.S. C.Ross: “M. Mandelbrot states that ‘the Rich-GuGRIcHer
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actual direction of evolution (sc. of language) is, in
fact, towards fuller and fuller utilization of places'.
We are, in fact, completely without evidence as to S

the existence of any ‘direction of evolution’in M Cost.

language, and it is axiomatic that we shall remain PR o i
so. Many philologists would deny that a ‘direction
of evolution’ could be theoretically possible; thus |

We
tchphras

myself take the view that a language develops in S;Zheu
what is essentially a purely random manner.” bt

» Mandelbrot: “As to the ‘fundamental linguistic Ic—oY
units being the least possible differences between hens
pairs of utterances' this is a logical consequence of = "4
the fact that two is the least integer greater than
one.” 4 [Reed
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- More:

Reconciling Mandelbrot and Simon
» Mixture of local optimization and randomness
» Numerous efforts...

1. Carlson and Doyle, 1999:
Highly Optimized Tolerance
(HOT)—Evolved/Engineered Robustness ' !
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» Numerous efforts...

1. Carlson and Doyle, 1999:
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- More:

Reconciling Mandelbrot and Simon

>
>

Mixture of local optimization and randomness
Numerous efforts...

. Carlson and Doyle, 1999:

Highly Optimized Tolerance
(HOT)—Evolved/Engineered Robustness ' !

. Ferrer i Cancho and Solé, 2002:

Zipf's Principle of Least Effort !

D'Souza et al., 2007:
Scale-free networks [?
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- More

Other mechanisms:

» Much argument about whether or not monkeys

typing could produce Zipf's law...

(Miller, 1957) 12V
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- More

Other mechanisms:
» Much argument about whether or not monkeys
typing could produce Zipf's law... (Miller, 1957) %%
» Miller gets to slap Zipf rather rudely in an
introduction to a 1965 reprint of Zipf's
“Psycho-biology of Language” ' 2!
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More

Other mechanisms:

» Much argument about whether or not monkeys
typing could produce Zipf's law... (Miller, 1957) %%

» Miller gets to slap Zipf rather rudely in an
introduction to a 1965 reprint of Zipf's
“Psycho-biology of Language” ' 2!

» Let us now slap Miller around by simply reading
his words out (see next slides):

e BE EE
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More

Other mechanisms:

» Much argument about whether or not monkeys
typing could produce Zipf's law... (Miller, 1957) %%

» Miller gets to slap Zipf rather rudely in an
introduction to a 1965 reprint of Zipf's
“Psycho-biology of Language” ' 2!

» Let us now slap Miller around by simply reading
his words out (see next slides):

= el EEE

» Side note: Miller mentions “Genes of Language.”
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- More

Other mechanisms:

>

>

Much argument about whether or not monkeys
typing could produce Zipf's law... (Miller, 1957) %%

Miller gets to slap Zipf rather rudely in an
introduction to a 1965 reprint of Zipf's
“Psycho-biology of Language” ' 2!

Let us now slap Miller around by simply reading
his words out (see next slides):

= sl EE

Side note: Miller mentions “Genes of Language.”
Still fighting: “Random Texts Do Not Exhibit the
Real Zipf's Law-Like Rank Distribution”!""! by
Ferrer-i-Cancho and Elvevag, 2010.
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The fundamental problem of communication is that of reproducing at one point either exactly or ap-
proximately a message selected at another point. Frequently the messages have meaning; that is they refer
to or are correlated according to some system with certain physical or conceptual entities. These semantic
aspects of communication are irrelevant to the engineering problem. The significant aspect is that the actual Nutshell
message is one selected from a set of possible messages. The system must be designed to operate for each
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INTRODUCTION

The Psycho-Biology of I.anguage is not calculated to please
every taste. Zipf was the kind of man who would take
roses apart to count their petals; if it violates your sense
of values to tabulate the different words in a Shakespearean
sonnet, this is not a book for you. Zipf took a scientist’s
view of language — and for him that meant the statistical
analysis of language as a biological, psychological, social
process. If such analysis repels you, then leave your lan-
guage alone and avoid George Kingsley Zipf like the plague.
You will be much happier reading Mark Twain: “There
are liars, damned liars, and statisticians.” Or W. H. Au-
den: ““Thou shalt not sit with statisticians nor commit a
social science.”

However, for those who do not flinch to sece beauty mur-
dered in a good cause, Zipf's scientific exertions yielded
some wonderfully unexpected results to boggle the mind and
tease the imagination. Language is — among other things
— a biological, psychological, social process; to apply sta-
tistics to it merely acknowledges its essential unpredictabil-
ity, without which it would be useless. But who would have
thought that in the very heart of all the freedom language
allows us Zipf would find an invariant as solid and reliable
as the law of pravitation?
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Put it this way. Suppose that we acquired a dozen mon-
keys and chained them to typewriters until they had pro-
duced some very long and random sequence of characters.
Suppose further that we defined a “word” in this monkey-
text as any sequence of letters occurring between successive
spaces. And suppose finally that we counted the occurrences
of these “words” in just the way Zipf and others counted
the occurrences of real words in meaningful texts. When
we plot our results in the same manner, we will find exactly
the same “Zipf curves” for the monkeys as for the human
authors. Since we are not likely to argue that the poor
monkeys were searching for some equilibrium between uni-
formity and diversity in expressing their ideas, such explana-
tions seem equally inappropriate for human authors.

A mathematical rationalization for this result has been
provided by Benoit Mandelbrot. The crux of it is that if
we assume that word-boundary markers (spaces) are scat-
tered randomly through a text, then there will necessarily
be more occurrences of short than long words. Add to this
fact the further observation that the variety of different
words available increases exponentially with their length
and the phenomenon Zipf reported becomes inescapable: a
few short words will be used an enormous number of times
while a vast number of longer words will occur infrequently
or not at all.

So Zipf was wrong. His facts were right enough, but not
his explanations. In a broader sense he was right, however,
for he called attention to a stochastic process that is fre-
(uently seen in the social sciences, and by accumulating sta-
tistical data that cried out for some better explanation he
challenged his colleagues and his successors to explore an
important new type of probability distribution. Zipf be-
longs among those rare but stimulating men whose failures
are more profitable than most men’s successes.
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So who's fight? .

Bornholdt and Ebel (PRE), 2001:
“World Wide Web scaling exponent from Simon'’s 1955

model” ],

» Show Simon's model fares well.
» Recall p = probability new flavor appears.
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So who's fight? .

Bornholdt and Ebel (PRE), 2001:
“World Wide Web scaling exponent from Simon'’s 1955
model” !,

» Show Simon’s model fares well.

» Recall p = probability new flavor appears.

» Alta Vista(4 crawls in approximately 6 month

period in 1999 give p ~ 0.10
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» Cite direct measurement of v at the time: 2.1 + 0.1
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Recent evidence for Zipf's law... REfCpORIS
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FIG. 1 (color online). (Color Online) Log-log plot of the

number of packages in four Debian Linux Distributions with

more than C in-directed links. The four Debian Linux

Distributions are  Woody (19.07.2002) (orange diamonds),

Sarge (06.06.2005) (green crosses), Etch (15.08.2007) (blue

circles), Lenny (15.12.2007) (black+’s). The inset shows the Nutshell

" maximum likelihood estimate (MLE) of the exponent u together

TT T %% & - with two boundaries defining its 95% confidence interval (ap- Extra

= threshold proximately given by 1 = 2/,/n, where n is the number of data

points using in the MLE), as a function of the lower threshold.
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Maillart et al., PRL, 2008:

FIG. 1 (color online). (Color Online) Log-log plot of the
number of packages in four Debian Linux Distributions with
more than C in-directed links. The four Debian Linux
Distributions are  Woody (19.07.2002) (orange diamonds),
Sarge (06.06.2005) (green crosses), Etch (15.08.2007) (blue
circles), Lenny (15.12.2007) (black+’s). The inset shows the
maximum likelihood estimate (MLE) of the exponent u together
with two boundaries defining its 95% confidence interval (ap-
proximately given by 1 = 2/./i, where n is the number of data
points using in the MLE), as a function of the lower threshold.
The MLE has been modified from the standard Hill estimator to
take into account the discreteness of C.

“Empirical Tests of Zipf's Law Mechanism in Open
Source Linux Distribution” !
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So who's right? |
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FIG. 2. Left panel: Plots of AC versus C from the Etch release

(15.08.2007) to the latest Lenny version (05.05.2008) in double
logarithmic scale. Only positive values are displayed. The linear
regression AC = R X C + C, is significant at the 95% confi-
dence level, with a small value Cy = 0.3 at the origin and R =
0.09. Right panel: same as left panel for the standard deviation of

AC.

» Rough, approximately linear relationship between

C number of in-links and AC.
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Sowho's right? .

Nutshell:

» Simonish random ‘rich-get-richer’ models agree in
detail with empirical observations.

» Power-lawfulness: Mandelbrot's optimality is still
apparent.

» Optimality arises for free in Random Competitive
Replication models.
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Krugman and Simon

» “The Self-Organizing Economy” (Paul Krugman,
1996) "7

» Krugman touts Zipf's law for cities, Simon’s model
» “Déja vu, Mr. Krugman” (Berry, 1999)
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Others are also hot happy:

Krugman and Simon

» “The Self-Organizing Economy” (Paul Krugman,
1996) '

» Krugman touts Zipf's law for cities, Simon’s model
» “Déja vu, Mr. Krugman” (Berry, 1999)
» Substantial work done by Urban Geographers
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From Berry !

» Déja vu, Mr. Krugman. Been there, done that. The
Simon-ljiri model was introduced to geographers
in 1958 as an explanation of city size distributions,
the first of many such contributions dealing with
the steady states of random growth processes, ...
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- Who needs a hug?

From Berry !

» Déja vu, Mr. Krugman. Been there, done that. The
Simon-ljiri model was introduced to geographers
in 1958 as an explanation of city size distributions,
the first of many such contributions dealing with
the steady states of random growth processes, ...

» Butthen, | suppose, even if Krugman had known
about these studies, they would have been
discounted because they were not written by
professional economists or published in one of
the top five journals in economics!
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Who needs a hu.g?

From Berry !

» ... [Krugman] needs to exercise some humility, for
his world view is circumscribed by folkways that
militate against recognition and acknowledgment
of scholarship beyond his disciplinary frontier.
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3 Who needs a h:u.g?

From Berry !

» ... [Krugman] needs to exercise some humility, for
his world view is circumscribed by folkways that
militate against recognition and acknowledgment
of scholarship beyond his disciplinary frontier.

» Urban geographers, thank heavens, are not so
afflicted.
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