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OVE FRANK and DAVID STRAUSS*

Markov Graphs

Log-linear statistical models are used to characterize ran-
dom graphs with general dependence structure and with
Markov dependence. Sufficient statistics for Markov graphs
are shown to be given by counts of various triangles and
stars. In particular, we show under which assumptions the
triad counts are sufficient statistics. We discuss inference
methodology for some simple Markov graphs.

KEY WORDS: Log-linear network model; Markov field;
Graph inference.

1. INTRODUCTION

Random graphs have been used to describe social net-
works and other empirical data structures involving pair-
wise relationships. Some examples are friendships among
children, transactions between bank accounts, and diffu-
sion between neighboring sites in the plane or in space.
See Freeman, Romney, and White (in press) for some
recent studies of various applications.

Much of the literature on random graphs is devoted to
simple probabilistic models having only a few parameters.
A Bernoulli graph, for instance, has n vertices and inde-
pendent edges with a common probability p for all unor-
dered pairs of vertices. Even for random graph models
with a simple probabilistic structure it is often difficult to
determine sampling distributions of common graphical in-
variants and other statistics. Karoriski (1982) reviewed many
probabilistic results for Bernoulli graphs and related models.

Various attempts to model systematic deviations from
some pure randomness model for graphs or digraphs were
discussed and analyzed by Rapoport (1949, 1950, 1957).
See also Rapoport (1979) and Strauss and Freeman (in
press) for recent reviews. Rapoport’s models have param-
eters that can be interpreted as measures of popularity
differentiation and reciprocation in choice structures among
people.

Log-linear graph models with parameters representing
attraction, reciprocity, and other sociometric properties of
networks were investigated by Holland and Leinhardt (1981),
Fienberg, Meyer, and Wasserman (1985), and others. The
basic digraph model of Holland and Leinhardt assumes
that the unordered pairs of vertices have, independently
of each other, no arc, a single arc, or two mutual arcs. This
stochastic independence between dyads is essential for the
analysis and is assumed in all other log-linear graph models
that have been investigated. Wasserman (1980) and others
who considered dynamic changes in graphs used Markov
processes for the transitions, but the Markov dependence
is over time and applies to independent dyads.
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holm, Box 6701, S-113 85 Stockholm, Sweden. David Strauss is Associate
Professor, Statistics Department, University of California, Riverside, CA
92521. The work reported here was initiated while Frank visited the
Statistics Department at the University of California, Riverside, during
the academic year 1982-1983. Partial support was given by the Swedish
Council for Research in the Humanities and Social Sciences.

In many applications it is natural to assume that the
graph reflects some probabilistic interdependencies or in-
teractions that cause the dyads to be dependent. For in-
stance, in communication or flow networks there are in-
teractions due to common sources of information or flow
and due to available paths and capacities. Holland and
Leinhardt (1981) suggested that the triad counts (the num-
bers of different induced subgraphs of order 3) might be
appropriate statistics for log-linear graph models with de-
pendence structures. They did not attempt to verify that
the triad counts can be obtained as sufficient statistics for
graph models with an explicit dependence structure.

Our purpose in this article is to show how assumptions
about the dependence structure lead to various families of
log-linear models for graphs. We will consider network
data comprising information about binary relations be-
tween individuals and, more generally, information about
one or more characteristics of the pairs of individuals. To
describe dependence structures we will use the Hammers-
ley—Clifford theorem (Besag 1974) in much the same way
as it has been used to derive spatial interaction models (see
also Ripley 1981; Speed 1978; Strauss 1977). The concepts
and main results we need are reviewed in the next section.
Section 3 shows how random graphs with a general de-
pendence structure can be described by log-linear proba-
bility models. We generalize the dyad independence models
by introducing the notion of Markov dependency between
dyads. A graph is said to be a Markov graph if only incident
dyads can be conditionally dependent. We find sufficient
statistics of general Markov graphs and of homogeneous
Markov graphs. In Section 4 we discuss statistical inference
for Markov graphs and investigate various inference meth-
ods. In Sections 5 and 6 we develop corresponding ideas
for directed graphs, multiple graphs, and valued graphs.

2. PRELIMINARIES

If N is a finite set we write |N| for its number of elements.
If [IN| = n and k is an integer in the interval [0, n], N* is
the set of all ordered sequences of k elements from N, N®
is the set of all ordered sequences of k distinct elements
from N, and (}) is the set of all k-subsets of N. The numbers
of elements in N¥, N®_ and (}) are n*, n® = n!/(n —
k)!, and (}) = n®/k!, respectively.

A graph G on N is a subset of the set of pairs of elements
in N; G C (¥) for unordered pairs, G C N®@ for ordered
pairs of distinct elements, and G C N? for ordered pairs
of not necessarily distinct elements. The elements of N can
be displayed as points connected by undirected or directed
lines corresponding to the elements of G. The elements in
N, (¥), N®, and N> — N®@ are called vertices, edges, arcs,
and loops, respectively.

© 1986 American Statistical Association
Journal of the American Statistical Association
September 1986, Vol. 81, No. 395, Theory and Methods

832



Frank and Strauss: Markov Graphs

Consider a sequence Z = (Z,, . . . , Z,) of m discrete
random variables. Let M = {1, . . . , m} be the index set,
let R; be the range space of Z;, and let R be the range
space of Z. Assume that |R| < «. Denote the probability
function of Z by Pr(Z = z) = P(z) for z € R. The func-
tion P can be defined by

P(z) = clexp Q(z) (2.1)
with
c = ZR exp Q(z) (2.2)

for any real function Q on R. Conversely, any P with
P(z) > 0for z € R can be represented in exponential form
with

Q(z) = log P(z) — log P(z%) (2.3)

for a fixed z* € R. By application of the inclusion—exclu-
sion principle it can be shown that Q(z) is representable
as a sum,

0(2) = 2 Aa(24),

ACM

(2.4)

where z, is the subsequence of z consisting of z; with i €
A. For identifiability of each 1, we must impose certain
side conditions. We will consider two different choices of
constraints.

The first choice is obtained by selecting a fixed element
z* in R and specifying the values of 1,(z,) for all z, with
at least one component z; equal to z;*. This choice is con-
venient and will be adopted if we have binary random
variables. Following Besag (1974) we can without loss of
generality assume that a zero sequence is included in R,
take z* = 0, and set 1,(z,) = 0if z; = O for some i € A.
In the binary case it follows that

j'A(ZA) = Qy H 2z,

i€EA

(2.5)

where «a, is the value of A,(z,) when z; = 1 foralli € A.
The other choice of constraints on 4, is given by

z Au(zy) =0

Z,ER,

(2.6)

for i € A and z € R. This can be shown to imply that

Aa(z4) = 2 (—D"'Qp(25),
BCA

where Op(z5) is the average of Q(z) for z; E R, (i & B).
The function A, is called the A interaction in Z. These
interactions are useful to describe dependence structures
among the random variables in the sequence Z. In fact,
the Hammersley—Clifford theorem (Besag 1974) provides
the important link between dependence structures and in-
teractions. To state this theorem in a form suitable for us
we introduce a dependence graph D on M that defines the
conditional dependencies present among the pairs of ran-
dom variables in Z. D consists of all pairs {i, j} € (3') such
that Z, and Z, are dependent conditional on the rest of Z.

(2.7)
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For example, a sequence (Z,, . . . , Z,) of independent

random variables has a dependence graph D = ¢ that is
empty and a Markov sequence (Z,, . . ., Z,) has a de-
pendence graph D = {{1, 2}, {2, 3}, ..., {m = 1, m}}

consisting of all pairs of nearest neighbors in index space
M. 1t should be noted that the dependence graph D is a
subset of (¥) and its vertex set M is the index set of the
random variables under investigation. A clique of D is a
nonempty subset A of M such that either |[A| = 1or (4) C
D. According to the Hammersley—Clifford theorem 4,(z,) =
0 for all z € R unless A is a clique of D. Thus in the
expansion of Q(z), we need only those A interactions that
correspond to cliques of D.

It is readily seen that for a sequence of independent
random variables (Z,, . . . , Z,) there are only singleton
cliques of D and consequently,

0(z) = i“z")
and

P(z) = ¢ ' ] exp A(z),
i=1
so exp 4,(z;) is proportional to Pr(Z; = z,).
For a Markov sequence (Z,, . . . , Z,,) there are single-
ton cliques and nearest neighbor pair cliques of D, which
implies that

Q(Z) = E_: j'i(zi) + 2_: '{i,l+1(zi7 Zi+1)

and

m m—1
P(z) = C_l[H exp Ai(zi):l [ IT exp 4iii(2, Zi+1)] )
i=1 i=1
so exp 4;(z;) is proportional to Pr(Z; = z;) and exp 4;;.+1(z;,
z;4+,) is proportional to

PI‘(Z,- = Zj, Z,‘+1 = z,‘+1)/Pr(Z,‘ = Z,-)Pr(Z,-H =

3. DEPENDENCE STRUCTURES FOR
RANDOM GRAPHS

Dependence graphs D on a vertex set M can be used to
describe dependence structures of arbitrary sets of random
variables indexed by the elements of M. In particular, if
we choose the random variables as the edge indicators of
a random graph G on a vertex set N, then the index set
of these random variables is the set M = (¥) of possible
edges of G. In fact, if G is a random graph on N = {1,

. ., n}, the edge indicators are given by the elements of
the adjacency matrix of G. The adjacency matrix of G is
a symmetric matrix Y = (Y,,) of binary random variables
defined by

Zi+1)'

Y, =1if{u,v} € G
= ( otherwise

for (u, v) € N* Since Y,, = 0 forv E Nand Y,, = Y,
for (u, v) € N@, there are () random variables Y,, with
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1 = u = v =< n that describe the random graph G. The
dependence graph D of G is a nonrandom graph that spec-
ifies the dependence structure between the () random
variables Y,, (1 = u < v =< n). The vertices of D are the
possible edges of G, that is, the pairs {u, v} € M, and the
edges of D are the pairs of edges of G that are conditionally
dependent. This means that D has an edge between {s, t}
and {u, v} in M iff Y,, and Y,, are dependent conditional
on the rest of Y.

According to the Hammersley—Clifford theorem we ob-
tain the following characterization of the probability func-
tion of a general random graph G.

Theorem 1. Any random undirected graph G on N with
dependence structure D has probability

Pr(G) = c7lexp D>, ay, (3.1)
ACG
where c is a normalizing constant given by
c= > exp > a, (3.2)
G ACG
Pr(G)>0

and a, is an arbitrary constant if A is a clique of D and
ay = 0 otherwise.

We note that the formula for Pr(G) is a log-linear model
with parameters «, and sufficient statistics

H Yuv

{u,v}€A

(3.3)

for all A that are cliques of D. Thus the sufficient statistics
are indicators of various subgraphs of G. These subgraphs
will be called sufficient subgraphs.

We also note that if A is a clique of D, then all nonempty
subsets of A are also cliques of D. Thus a maximal clique
A of size r contains 2" — 1 nonempty subsets B C A that
are also cliques of D. The 2" — 1 parameters aj corre-
sponding to these cliques B C A can be considered as a
particular parameterization of a general probability distri-
bution for the r binary random variables Y,, for {u, v} €
A. If the maximal cliques of D are disjoint, then it follows
that a general probability distribution of G is specified by
separate probability distributions of the maximal sufficient
subgraphs of G.

To illustrate these concepts we now consider some ex-
amples.

Example 1. The simplest dependence structure possi-
ble for G is obtained if all edge indicators Y,, are mutually
independent Bernoulli (p,,) for 1 = u < v = n. We call
this G a Bernoulli graph with edge probabilities p,, for 1 <
u < v = n. Then the dependence graph D is empty and
the only cliques are the singleton subsets of M, that is, the
possible edges of G. Theorem 1 yields

Pr(G) = c'exp D a, =c ' J] exp aw,

{u,v}€G {u,v}eG

where

c= 2> II expa,=T[( + exp a,).

GCM {u,v}eG u<v

Joumal of the American Statistical Association, September 1986
Thus

Pr(G) = [ I ((exp e,)/(1 + exp auv))]

{u,v}€G

X [ IT (/@ + exp auv))]
{u,v}¢G
and it follows that

puU = (exp a“u)/(l + exp auv)’
$0 q,, is the log odds of edge {u, v}:

a, = log(puv/(l - puu))'

In this case there are (%) sufficient subgraphs, namely, all
of the possible edges in G.

Example 2. Let G be a random graph on a vertex set
N of six points in the plane, as shown in Figure 1. There
are 15 possible edges in G, and these are the vertices of
the dependence graph D. Assume that the dependence
structure of G specifies that two edges of G are condition-
ally independent if they are not parallel, that is, if they
correspond to two pairs of points in the plane that cannot
be joined by parallel lines. The dependence graph D of G
is shown in Figure 2. In this case there are six disjoint
maximal cliques of D. Three of these have size 4 and three
are singletons. Any nonempty subset of a maximal clique
is a clique, so in total there are 48 cliques, namely, 15 of
size 1, 18 of size 2, 12 of size 3, and 3 of size 4. Theorem
1 yields a representation of Pr(G) with 48 parameters a.
In this case the maximal cliques of D correspond to the
six directions parallel and perpendicular to the sides of the
outer triangle in Figure 1. With independent directions the
general probability distribution of G is obtained from six
independent marginal distributions. Three of these have
four edge indicators for the edges parallel to one side of
the triangle, and three have only one edge indicator for
the edge perpendicular to one of the sides of the triangle.
Three distributions with 2* outcomes and three distribu-
tions with 2 outcomes can be specified with 3(2* — 1) +
3(2 — 1) = 48 parameters in general, which is just what
we obtained by the theorem.

We now introduce a Markov property that will specify
the cliques of D and thus specify the terms in the exponent

Figure 1. The Vertex Set of G in Example 2, Consisting of Six Points
in a Regular Plane Triangular Lattice.



Frank and Strauss: Markov Graphs

835

@ © @
©® © }@
) )

Figure 2. Dependence Graph D of G in Example 2.

of the probability function. We will say that a graph G is
a Markov graph, or has Markov dependence, if D contains
no edge between disjoint sets {s, ¢} and {u, v} in M. This
means that nonincident edges in G are conditionally in-
dependent. This definition of Markov dependence is con-
sistent with the nearest neighbor definition (Besag 1974)
if the nearest neighbors of {u, v} € M are {u, w} and
{v, w} for all w € N different from u and v. Figure 3
illustrates the dependence graph D for a Markov graph of
order n = 4.

For general Markov graphs the cliques of D correspond
to sets of edges such that any pair of edges within the set
must be incident. Such sets are just the triangles and stars;
that is, triangles

Toww = f{u, v}, {v, wh, {w, u}}, (u, v, w) € NO, (3.4)
and k-stars
S, = Vo, v} i =1, ..., Kk},

(Vo . . ., ) €E N&*D  (3)5)
for k =1, ..., n — 1. These sufficient subgraphs are

displayed in Figure 4 forn = 4. We note that 7,,, is invari-
ant under permutations of («, v, w). Furthermore, Sopw, =
Suw, and for k > 1§, .., is invariant under permutations
of (v;, . . ., v). Thus there are (%) distinct triangles, (%)
distinct 1-stars, and n(";!) distinct k-stars fork = 2, . . .,

n — 1. In total there are
n—1
n n n—1
5+ G+ 2 )
=n2mt g (’;) - (” ; 1) (3.6)

sufficient subgraphs. Writing @, = a(A), we now intro-
duce the notation

= a(Tuvw)’ a(Svo-“vk)

and obtain the following result from Theorem 1.

Tuow Oupv, = (3.7)

Theorem 2. Any undirected Markov graph has prob-
ability

n-1
Pr(G) = c‘lexp[Z Tuow + 2, 2 a,,o.“,,k/k!] , (3.8
k=1

where the first sum is over {u, v, w} € (}) with T,,,, C G
and the last sum is over (vy, ..., vy) € N**D with
Su-u, & G. This log-linear model has n 2"~!' + (%) —
(*3') parameters and sufficient statistics corresponding to
triangles and stars in G.

It is interesting to note that no tetrads or other induced

3 4
G
3 A
Star of G
Triangle of G

Cliqueof D

Figure 3. A Markov Graph G of Order n = 4 and Its Dependence
Graph D (two illustrations of the correspondence between cliques of D
and sufficient subgraphs of G).
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Figure 4. Sufficient Subgraphs of Markov Graphs of Order n = 4.
subgraphs of higher order are needed. All triads are needed,
though, since we require 1-stars, 2-stars, and triangles.

To simplify the model further and reduce the number of
parameters we introduce a homogeneity condition: that all
isomorphic graphs G have the same probability Pr(G). In
effect, we are assuming that vertices are a priori indistin-

guishable, and we do not introduce parameters specific to
the different vertices. By writing

(3.9)

T = Tuws O = o-vgmvk,
the probability function reduces as follows.
Theorem 3. Any homogeneous undirected Markov graph
has probability

n-1

Pr(G) = c“exp(rt + oksk> , (3.10)
k=1
where ¢ is the number of triangles in G and s; is the number
of k-stars in G.
Here we have sufficient statistics

t= > Y,Y.Y. (3.11)
{u,v,.we®)
and
1
Sk = _k_'- z e YUOUIYU(]Uz Yvovk;
* (vgs.--s v)EN
k=1,...,n -1 (3.12)
and n parameters 7, 0y, . . . , O,_1.

For a simple model, capturing both transitivity and clus-
tering, we may take the special case

(3.13)

where p = g, r = 51,0 = 0y, and s = 5,. We shall refer
to this as the triad model or the pot model. Its sufficient
statistics r, s, and ¢ are the numbers of edges, 2-stars, and
triangles in G. An equivalent set of sufficient statistics is
the set of triad counts of G, that is, the numbers of induced
subgraphs of order 3 and size 0, 1, 2, and 3. These four
triad counts, #, ¢, t, and t;, say, sum to (}), so there is

Prpar(G) = C_lexp{pr + o5 + Tt},

Joumal of the American Statistical Association, September 1986

need for only three of them as sufficient statistics. It can
be easily shown that

t0=(g>—(n—2)r+s—t,

(n — 2)r — 2s + 3t,

4

t2=S_3t, L =t

Triad count statistics for undirected graphs were used by
Frank (1979) and Frank and Harary (1982). If ¢ and 7 are
0, we have a Bernoulli graph with edge probability p =
(exp p)/(1 + exp p). In some cases p is a nuisance param-
eter to be eliminated by conditioning on r. Then we have
the conditional probabilities

Pr,.(G) = c lexp(os + tt) (3.14)

for graphs G with r edges.

In the general homogeneous case the various star pa-
rameters are hard to interpret jointly in view of the multiple
counting. For example, every k-star contains (¥) j-stars for
all j < k. It seems intuitively appealing to replace s, by d,,

the number of vertices in G of degree k, fork =1, . . .,
n — 1. We have
= (}()d,u (3.15)
j=k

If we introduce new parameters

5= (,’c>ak, (3.16)
k=j
we have
n-1
Pr(G) = c‘lexp<rt + 6,-d]) . (3.17)
=1

Here 7 > 0 gives a bias toward transitivity and 7 < 0 against
transitivity. The parameters ¢; control the bias for or against
vertices of degree j.

4. INFERENCE FOR MARKOV GRAPHS

Standard likelihood techniques for the Markov models
are not immediately applicable because of the complicated
functional dependence of the normalizing constant ¢ on the
parameters. If the number of vertices is less than, say, six
it is feasible to evaluate ¢ by direct enumeration; otherwise
fitting the model to data can be a difficult problem. In this
section we indicate some possible approaches.

For illustration we consider first the clustering model

Pr,(G) = exp(os)/c(o), 4.1

where s is the number of 2-stars in G. The normalizing
constant c(c) is 2 exp(os), the sum being over all graphs
with n vertices and r edges. Thus we have a triad model
conditioned by r with clustering parameter ¢ and transi-
tivity parameter 7 = 0. It is straightforward to show that
the cumulant generating function of s is

K, (0) = log ¢(0 + o) — log c(o). 4.2)
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Setting ¢ = 0 gives us the Taylor expansion of log c,

©

log c(0) — log c(0) = > w,0'/i!,

i=1

(4.3)

where the k; are the null cumulants of s. By writing m =
(3), we have

K, = EO(S) = n(3)r(2)/2m(2)’

K, = vary(s) = 2m(n — 2)(2n — 5)r®/m®

+ {% ,,(3)(% n® — 1) - 2m(n — 2)(2n - 5)}

(©)
r
X —— — Kk,

e (4.4)

and so on.
The maximum likelihood estimator & is a root of

s = (d/do)log c(o). 4.5)

The right side is E,(s) under the model (4.1). Since the
distributions of s are stochastically ordered by o, & is
unique.

In general it is impossible to evaluate c or its derivatives
exactly. In fact, (4.2) shows that c(o) involves all of the
null cumulants of s. In statistical mechanics, where con-
stants such as c are known as partition functions, there is
an extensive literature on series expansions, and in the
literature on inference for exponential families of distri-
butions a variety of approximations to the normalizing
function have been discussed. For some references, see,
for instance, Ruelle (1969), Strauss (1975; in press), Pick-
ard (1977), and Ogata and Tanemura (1984).

In principle the best way to estimate o is from a plot of
E,(s) against o, as in Figure 5. This figure, based on graphs
with n = 12 vertices and r = 33 edges, shows a charac-
teristic sigmoid shape. We obtained such plots by simulat-

ing many random realizations and averaging the s values
Eqls)
T
220 1
A=(a,E
200 - (a,Eq(s)
B=(a, K1+K2 a)
180 1
0 ST =(a,xq)
110'0 T T T T >
-2 -1 0 1 2 a

Figure 5. Expected Number of 2-Stars for the Clustering Model (4.1)
With n = 12 Vertices and r = 33 Edges.
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at each of a number of values of ¢. The simulations were
performed by a method of Strauss (in press), which is an
adaptation of the Metropolis procedure (Hammersley and
Handscomb 1964). In general we have to choose a fixed
value of ¢ and find the average number 5 of 2-stars for a
large number of simulated graphs with the same numbers
of vertices and edges as the data. This should be repeated
for different values o to obtain a curve 5 = f(¢). From
this curve the unknown parameter ¢ is estimated by the
value ¢ that corresponds to the number s of 2-stars in the
data, that is, s = f(6). To form the likelihood function
evaluated at 6 and to perform likelihood ratio tests we
need an unbiased estimator of 1/¢(&). This can be achieved
by simulating a large number of graphs for the value & and
taking the average over these of exp(—4s). This average
can be shown to be an unbiased estimator of ¢(0)/c(4).

In practice the construction of the (o, E,(s)) curve seems
too large a task for routine data analysis and, therefore,
we now turn to simpler methods of estimating o.

For sufficiently small & we can approximate c(a) by ne-
glecting terms of order &> or higher. Then from (4.1) the
normal equation for this “truncated” estimator of ¢ is

(4.6)

6 = (s — K1)k,

where x, and k, are given by (4.4). The bias of the estimator
may be examined with the help of a plot such as Figure 5.
It may be seen, for instance, that the proportional expected
bias E{(¢6 — o)/o} is given by the ratio AB:BC in the
figure. In this case the bias is serious for |o| > .2.

Another method of estimation that can be applied for
the Markov models is logit regression. We now illustrate
this method by estimating the triad model (3.13) with pa-
rameters p, o, and 7. Let Y be the adjacency matrix of G
and set

P,, = Pr(Y,, = 1| rest of Y). 4.7)
We have
P, =Pr(G = G; |G = GjorG = Gp)
Pr(G = G})/[Pr(G = Gi) + Pr(G = Gg)],
(4.8)

where G, and G}, denote G with edge {u, v} removed and
added, respectively. It follows that

logit P,, = log[P,,/(1 — P,)]
log Pr(G = G},) — log Pr(G = G,)

(4.9)

= pruv + O-Suv + Ttuw

where r,,, 5.,, and t,, are the increments in r, s, and ¢ when
G is changed from G, to G},. Obviously r,, = 1, and the
parameters p, o, and 7 appear as regression coefficients in
a logit regression of Y,, on s,, and ¢,,, as follows:

logit E(Y,, | restof Y) = p + as,, + t,. (4.10)

The estimates, which we denote by j, G, and 7, are thus
easily obtained; indeed, routines are available in standard
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packages. The BMDP package, for example, minimizes
> WY — Pu)?, (4.11)

u<v
where the weight W, is 1/P,,(1 — P,,), the reciprocal of
the conditional variance of Y,,.

Naturally (4.10) is not a standard logit model, since the
values Y,, are conditioned on other values in Y. The method
is in fact analogous to the ‘“‘pseudolikelihood” estimation
procedure developed by Besag (1974) for binary lattice
models. Nevertheless, our limited experiences suggest that
the method has promise; in fact, it seems to give estimates
rather similar to those obtained by maximum likelihood.
It is not clear what choice of weights in (4.11) is optimal.
We found that the BMDP weighting tends to underestimate
lo| or |z|; this is hardly surprising, since when these are
large the values P,, are close to 0 or 1, and this gives large
values of W,,. We have preferred the unweighted version
of (4.11), with W,, = 1 for u < v, and have used it in
various experiments. One is described forthwith. We also
illustrate the method with an application to real data.

In one experiment, to compare the logit regression es-
timator 7 with the maximum likelihood estimator 7 we
generated random graphs of order n = 30, using the pat
model with p = ¢ = 0 and various values of 7. Using a
procedure similar to the one that generated the curve in
Figure 5, we approximated E. ¢ as a function of 7. The result
is shown in Figure 6. The maximum value of ¢ correspond-
ing to a complete graph is (¥) = 4,060, and it can be seen
that for 7 > .2 a nearly complete graph can be expected.
For such 7 values one cannot hope for any estimation method
to be successful. Similar remarks apply to the case of low
7 values, such as 7 < —.15. The maximum likelihood es-
timate % corresponding to an observed value of ¢ can be
approximated by simply reading off the abscissa of the
point at height ¢ on the curve in Figure 6.

At each of several 7 values we generated four inde-
pendent realizations of the model and found the logit

Ec(h)
4000 1
3200 7
2400 A

1600 -

800 1

0 T T T
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Table 1. Numbers of Triangles t, Logit Regression Estimates 7, and
Maximum Likelihood Estimates  Obtained in Four Independent
Realizations of a Random Graph of Order 30

T t T 7
-.20 173 -.17 -.18
87 -.26 -.30
138 -.22 -.20
90 -.34 -.35
-.10 206 -.12 -1
121 -.16 -.22
188 -.14 -.14
119 -.15 -.22
0 531 .00 .00
619 .01 .02
645 .01 .02
452 .00 -.01
.05 1291 .06 .05
1324 .05 .05
1525 .06 .06
1137 .05 .05
.10 2621 .09 .09
3266 A1 RA
3371 A1 A1
3169 10 A1
15 3789 14 .16
3707 13 .13
3914 15 A7
3680 13 13

NOTE: The graphs are generated according to a transitivity model for various values of the
parameter t.

regression estimates 7 together with approximate maxi-
mum likelihood estimates . The results are shown in Table
1. As expected, neither method works well at t = —.20,
and even at t = —.10 the curve of Figure 6 is too flat for
reliable estimation. For the other 7 values both of the es-
timators do quite well. At least in this experiment, the logit
regression estimator seems to be a satisfactory substitute
for the computationally burdensome maximum likelihood
estimator.

We conclude this section with an application of logit

-0.4 -0.3 -0.2

»
T T L

=01 0 0.1 02 T

Figure 6. Expected Number of Triangles for a Transitivity Model With n = 30 Vertices.
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123456 78 9 10 11 12 13 14 15 16 17 18
1x 11 1 1

2 x1 1111 1 1 1

3 11111 1

4 x 1 11 1

5 x 11

6 x 1 1 1 1

7 X 1 1

8 x 1 1 1 1 1 1

9 x 1 1 1 1 1 1 1
10 x 1 1 1 1 1 1
11 x 1 1
12 x 1 1
13 x 1 1
14 X
15 X 1 1
16 1 1
17 1
18 X

Figure 7. Symmetrized Version of Sampson Monastery Data (indi-
cators of some positive influence between the two members of a pair).

regression to the Sampson monastery data. Following Fien-
berg et al. (1985) we form an 18 X 18 table, the entries
of which indicate the level of positive influence expressed
between the pairs of monks. For simplicity we deal with a
symmetrized table, where the entries indicate the existence
of positive influence in at least one direction between the
monks in the pair (see Fig. 7). There are 61 ones and 92
zeros among the (%) = 153 pairs.

To fit a general triad model with parameters p, o, and
7 we applied the logit regression approach. We computed
., and t,, for each of the 153 pairs {u, v} in Figure 7 and
ran the logit regression option of the BMDP package. The
results were

j=-.10, &=-23 i=.97. (412

The interpretation is complicated by the strong positive
correlations between r, s, and ¢, but the rather large 7 value
evidently suggests a tendency toward transitivity of positive
influence.

Testing the adequacy of (4.12) is not simple; in partic-
ular, likelihood ratio tests are not available because the
Y,, values are binary. One way of checking the fit is to see
how well the Y,, values are predicted by the discriminant
function

p+ &s + It (4.13)
with a suitable cut point. We find that 119 of the 153 Y,,,
values are correctly predicted. This should be compared
with the fact that 92 of the 153 Y,, values can be correctly
predicted by the constant 0, which is the best prediction if
o = 1 = 0, that is, if we have a Bernoulli graph. Thus the
odds of correct prediction increases from 92/61 = 1.5 to
119/34 = 3.5 by including ¢ and 7 in the model.

5. DEPENDENCE STRUCTURES FOR DIRECTED
RANDOM GRAPHS

We now consider directed graphs and give characteri-
zations that are analogous to those for undirected graphs
given in Section 3. This will show what kinds of sufficient
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statistics are useful and will provide the formalism needed
for embedding dyad independence models and simple Mar-
kov models in larger classes of models that might be useful
for testing goodness of fit. We comment briefly on some
natural embeddings of this kind but present no inferential
methods here. Such work is in progress. A particularly
interesting consequence of our results is that it is possible
to state what model assumptions are required to legitimate
inference methods based on triad counts in digraphs. Triad
count statistics have been much used with no recourse to
an appropriate theoretical framework.

Let G be a directed graphonaset N = {1, ..., n} of
n individuals; that is, G C N®. The adjacency matrix Y =
(Y,,) is defined by

YM v

1if (u,v) € G

0 otherwise

(5.1)

for (u, v) € N@,

The dependence structure of a random directed graph
G is given by a graph D on M = N®@, which has an edge
between (s, ¢) and (u, v) in M iff Y;, and Y,, are dependent
conditional on the rest of Y. Thus the vertices of D are all
of the possible arcs in G, and the edges in D correspond
to the conditionally dependent pairs of arcs in G. Accord-
ing to the Hammersley—-Clifford theorem we have the fol-
lowing characterization of the probability structure of G.

Theorem 4. Any random directed graph G on N with
dependence structure D has probability

Pr(G) = c lexp D, ay,

ACG

(5.2)

where c is a normalizing constant and «, is an arbitrary
constant if A is a clique of D and a, = 0 otherwise.

This log-linear model has parameters a, and sufficient
statistics

H Yuu

(u,v)EA

(5.3)

for all A that are cliques of D. The sufficient statistics are
indicators of subgraphs in G that are called sufficient
subgraphs.

A directed graph G is said to be a Markov graph if its
dependence graph D has edges only between these pairs
(s, ¢) and (u, v) with an individual in common. Thus there
is conditional dependence only between incident arcs of
G. The cliques of D are now found to be the subsets of M
that correspond to arcs, mutual arcs (2-cycles), stars of
order 3 or more, and triangles of various kinds. The suf-
ficient subgraphs of G are displayed in Figure 8, forn = 4.

Set RY = {(u, v)}, RQ = {(u, v), (v, u)}, and let
T®, for k = 1, ..., 7 denote the seven nonisomorphic
triangles on {u, v, w}. Let ¢/, denote a star with center
Vo having in-arcs from the first i vertices and out-arcs to
the last j vertices in (v, . . . , v). If Kk < i + j there are
i + j — k mutual arcs between v, and each one of vy_;,,

., ;. The star S{), is invariant against permutations
of (vy, . . ., ), permutations of (v;+1, . - . , V), and,
if Kk <i + j, permutations of (vy_;+1, . . . , U;). Let m, be
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Figure 8. Sufficient Subgraphs of Directed Markov Graphs of Order
n=4.

the number of permutations of (u, v, w), leaving T®),
invariant.

There are n® arcs, (3) mutual arcs, n(";')3* stars of
order k + 1fork = 2,...,n — 1, and 27(%) triangles.
In total the number of sufficient subgraphs is equal to

o{a) + 73]+ 2ol L

=n@ 1 - 1) + 27(’3’) -~ 3(3) . (54

The parameters corresponding to these subgraphs are de-
noted by

© = aRE), k=12,

oD, = a(SE0,), k=2,...,n-1,
@, = ao(T®,), k=1,...,7. (5.5)

We obtain the following result from Theorem 4.
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Theorem5.  Any directed Markov graph has probability

2
Pr(G) = c“exp[z > p®k
k=1

+ (k= D)k - DG+ j — k)!
+ i Z Tl(jf))w/nk] ’

where the first unspecified sum is over (u, v) € N@ with
R{® C G, the second unspecified sum is over o, - . .,
v) € N“*D with S¢7), C G, and the last unspecified sum
is over (u, v, w) € N® with T%, C G. This log-linear

model has
aml _ n\ _ L(n
n(4 1) + 27(3) 3<2>

parameters and sufficient statistics corresponding to arcs,
mutual arcs, stars of order 3 or more, and triangles of seven
kinds.
We note that the Holland-Leinhardt model is obtained
by setting all ¢ and 7 parameters equal to 0, p@ = p, and
W= + B, + 0withZ a, =2, = 0, so that there
are 2n free parameters and sufficient statistics correspond-
ing to out-degrees, in-degrees, and total number of mu-
tuals.
By assuming homogeneity and putting

k=12,

(5.6)

(5.7)

o = ol
aijk = agin'-i-)‘uk’
OsiskOsj<kk=<i+jk=2,...
k=1,...,7,

we see that the number of parameters is reduced to
n—1
9+2(k+2>=5+("+2>, (5.9)
& 2 3

and we obtain the following result.

,no— 17
(5.8)

— k
T = Tl(w)wy

Theorem 6. Any homogeneous directed Markov graph
has probability

2
Pr(G) = c‘lepr:Z DTk
k=1

n—-1 k k 7
+222mmﬁ2ud,6m
k=2i=0j=k—i k=1
where r, is the number of arcs in G, r, is the number of
mutual arcs in G, s, is the number of stars of order k +
1 having i in-arcs and j out-arcs in G, and ¢, is the number
of triangles of type k in G. The number of parameters and
sufficient statistics is 5 + (*}2).
If we assume g,, = 0 for k > 2, so that only 15 param-
eters remain, we see that the sufficient statistics are the
numbers of arcs, mutual arcs, stars of different kinds of
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Figure 9. Triads in Directed Graphs.

order 3, and triangles of different kinds. An equivalent set
of statistics is the set of triad counts, that is, the numbers
of induced subgraphs of order 3 of all possible kinds. There
are 16 different kinds of triads (displayed in Figure 9) and
their counts sum to (3), so there is need for only 15 of
them as sufficient statistics. Triad count statistics in di-
rected graphs have been used by Frank (1978), Holland
and Leinhardt (1981), and others, and it is interesting to
note that these statistics are sufficient for a directed ho-
mogeneous Markov graph having no parameters for stars
of order 4 or more. If parameters are included also for
stars of order 4, then the number of parameters increases
from 15 to 25, and this should provide a natural extension
of the triad count model within the class of Markov graphs.

6. DEPENDENCE STRUCTURES FOR COLORED
RANDOM GRAPHS

The results in Sections 3 and 5 can be extended to cover
the case of a matrix Y = (Y,,) of not necessarily binary
random variables. We will sketch some results without going
into details of proof. We can think of Y as a network data
matrix giving multiplicities, capacities, flows, or some other
quantities defined on the arcs in a directed graph. We will
assume that there are finitely many distinct values on Y,,,,
and we will call these values colors and label them O, . . . ,
r. The matrix Y gives a random coloring of a complete
graph on N. For short we will call Y a colored graph on
N. The conditional dependence structure in Y will be given
by a dependence graph D on M = N®. According to the
Hammersley—Clifford theorem we obtain the following
theorem.

Theorem 7. Any randomly colored graph Y on N with
dependence structure D has probability

Pr(Y = y) = ¢ lexp 2 Aa(¥a),

ACM

(6.1)
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where c is a normalizing constant given by
c=Sexp Y A(ya) 62)
y ACM
and 4, are functions satisfying
2 Aa(ya) =0 (6.3)
Yu=0

for any (u, v) € A if A is a clique of D and A,4(y4) = 0
otherwise.

The random coloring is said to be a Markov coloring if
the colors of any two nonincident arcs are independent
conditional on the colors of the other arcs in M. Thus the
dependence graph D of a Markov coloring is identical to
a dependence graph of a directed Markov graph as defined
in the previous section and we have the same cliques as
there. The number of parameters needed is found to be

nl(r + 1)X-D — 1] + (g)r3(r + 2)3

- (;)r(r +2). (6.4)

Under homogeneity the number of parameters can be shown
to be reduced to

ﬂo+mo+§mm, (6.5)

where
fr) = (r* + 3r)/2 and
g(r) = (rS + 6r° + 12r* + 11r° + 812 + 4r)/6  (6.6)

are the numbers of p and 7 parameters and

hi(r) = Z 2

(r— 1 +k—i)
i=0 j=k—i k—i

r—1+k—-j\(rP-1+i+j—-k
X( k —j )( i+j-k )(6'7)
is the number of ¢ parameters for k-stars.

If we restrict the model by assuming no ¢ parameters
for k > 2, then the number of parameters is

f(r) + g(r) + hyr)

= (r® + 6r° + 15r* + 2313 + 26r* + 19r)/6. (6.8)

In particular, for » = 1 we retain 15 parameters corre-
sponding to the 16 triads in Figure 8. For r = 2 we obtain
137 parameters, which can be shown to correspond to 138
different triads in directed graphs with 3 arc colors. Thus
it is obvious that homogeneity alone is not sufficient to
provide convenient models for valued graphs.

[Received October 1983. Revised November 1985.]
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