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The growth dynamics of complex systems often exhibit statistical regularities involving power-law relation-
ships. For real finite complex systems formed by countable tokens (animals, words) as instances of distinct
types (species, dictionary entries), an inverse power-law scaling S ∼ r−α between type count S and type rank
r, widely known as Zipf’s law, is widely observed to varying degrees of fidelity. A secondary, summary
relationship is Heaps’ law, which states that the number of types scales sublinearly with the total number of
observed tokens present in a growing system. Here, we propose an idealized model of a growing system that (1)
deterministically produces arbitrary inverse power-law count rankings for types and (2) allows us to determine
the exact asymptotics of the type-token relationship. Our argument improves upon and remedies earlier work.
We obtain a unified asymptotic expression for all values of α, which corrects the special cases of α = 1 and
α � 1. Our approach relies solely on the form of count rankings, avoids unnecessary approximations, and does
not involve any stochastic mechanisms or sampling processes. We thereby demonstrate that a general type-token
relationship arises solely as a consequence of Zipf’s law.
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Introduction. Universal statistical regularities play a central
role in the study of complex systems. Prominent examples
are power-law relationships, such as Zipf’s law for word
frequencies [1,2], observed across human [3] and animal [4]
communication. For language, Zipf’s law states that the count
of a word in a text decreases with its rank r as Sr,α ∼ r−α ,
originally with α � 1. While arguments about the empirical
validity and mechanistic origins of Zipf’s law have remained
contentious for the better part of a century [5–10], count
rankings adhering approximately to an inverse power law
have been observed across systems of all kinds, including
ecological systems [5,11], complex networks [12,13], and
socioeconomic systems [14–17].

Another well-known scaling regularity is Heaps’ law
[18–20], which describes how the vocabulary count N of a
text grows with its total length t as Nt,β ∼ tβ , with 0 < β < 1.
Like Zipf’s law, type-token scaling has been found to gen-
eralize beyond language and has been reported to hold in,
for example, chemoinformatics [21], computer code [22], and
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urban systems [23]. The type-token relationship is a summary
one, as it carries far less information than count ranking
that records not just type ranks but the names of the types
themselves. The fact that Zipf’s and Heaps’ laws are empiri-
cally observed to hold simultaneously has motivated interest
in whether or not a fundamental relationship between them
exists in finite, real systems. Previous works have developed a
range of frameworks to relate both scaling laws, for example,
by empirical observation [24], proposing specific language
models [25,26], growth dynamics [27], sampling mechanisms
[28,29], or assuming in advance their simultaneous validity
[30]. Lü et al. [31], whose work we improve upon, found that
the scaling relation between the two exponents in the infinite
system count limit is given by

β =
{

1, for α � 1,

1/α, for α > 1.
(1)

In this work, we derive a complete asymptotic type-token
relationship for idealized growing finite systems, valid for any
value of the scaling exponent 0 � α < ∞. We employ the
Euler-Maclaurin expansion based on a simple growth model
to improve the description of the α = 1 and α � 1 regimes.
Our formulation corrects earlier approximations and returns
the scaling form of Heaps’ law in specific limits. Our approach
is independent of the underlying mechanisms of the system,
provides an excellent fit to our growing system model, and of-
fers further insight into the growth dynamics of real systems.

2643-1564/2026/8(1)/L012029(5) L012029-1 Published by the American Physical Society

https://orcid.org/0000-0002-1472-9260
https://orcid.org/0000-0002-0008-3673
https://orcid.org/0000-0003-1973-8614
https://ror.org/00pfxsh56
https://ror.org/02gfc7t72
https://ror.org/03e10x626
https://ror.org/0155zta11
https://ror.org/0155zta11
https://ror.org/01arysc35
https://crossmark.crossref.org/dialog/?doi=10.1103/q9w5-7k3j&domain=pdf&date_stamp=2026-02-02
https://doi.org/10.1103/q9w5-7k3j
https://creativecommons.org/licenses/by/4.0/


ROSILLO-RODES, HÉBERT-DUFRESNE, AND DODDS PHYSICAL REVIEW RESEARCH 8, L012029 (2026)

Model of an idealized growing system. We consider an
idealized growing system comprising countable tokens as
instances of types. We set aside physical mechanisms and
consider a system emerging in time as follows. The system
grows in discrete time so that there are t total tokens at time
t = 1, 2, 3, . . ., and such that the count of the rth type is

Sr,t,α = ⌊
1
2 + Gt,αr−α

⌋
, (2)

where α > 0, �·� is the floor operator, converted to a round-
to-the-nearest-integer operator by the addition of 1/2, and
Gt,α is a growth factor that we define below. We indicate
count by S, which stands for the more general conception of
size. For α = 0, Sr,t,0 = 1 for 1 � r � t and 0 otherwise. By
construction, types remain ordered in count ranking according
to their arrival time. When the rth type’s count Sr,t,α first
rounds up to 1 (i.e., reaches 1/2), we may consider the type
as being created or uncovered. At any time t , there will be
a finite number Nt,α of types with one or more tokens in the
system, Nt,α being also the rank of the most recently arrived
type. Because the system is a realized entity, we call Sr,t,α

a count-ranking rather than a count-rank distribution, which
misimplies, for our model, a sampling process.

The growth factor Gt,α � 0 “grows” the system in a step-
wise fashion so that

t =
∞∑

r=1

⌊
1

2
+ Gt,αr−α

⌋
. (3)

Equation (3) means that, for a given value of t , there will
be an increasingly small range of values of Gt,α for which t
tokens are present in the system. Also, not all individual token
counts t are achievable, because two types can reach a half-
integer simultaneously.

Now, while our idealized system can be easily grown com-
putationally, the floor operator prevents ready analysis. We
approximate the count ranking of our model as

Sr,t,α =
{

S1,t,αr−α, for 1 � r � Nt,α,

0, for r > Nt,α.
(4)

Counts are now fractional, and we determine S1,t,α below.
We note that in some limits, the approximation may not allow
us to capture the idealized system, particularly as α → 0,
because the continuous form smooths over the discrete, step-
wise growth that dominates when the count hierarchy flattens,
causing the approximate scaling to fail to represent the actual
ranked increments. Nevertheless, we will be able to satisfac-
torily connect count-rank scaling to type-token scaling.

To maintain the connection to our idealized base model, we
enforce two conditions. First, when a type first appears, it has
a count of 1. Setting rank r to Nt,α in Eq. (4), we have

SNt,α ,t,α = 1 = S1,t,αN−α
t,α , (5)

which means

S1,t,α ∼ Nα
t,α. (6)

Second, we must have the sum of fractional counts equal to
time t , so

t =
N∑

r=1

Sr,t,α ∼ Nα
t,αH (α)

Nt,α
, (7)

where

H (a)
n =

n∑
k=1

k−a (8)

is the nth generalized harmonic number of order a. Equa-
tion (7) implicitly gives us what we call the type-token
relationship, i.e., how the number of distinct types Nt,α grows
with the overall number tokens, t . We may approximate the
harmonic sum in Eq. (7) by its integral form,

H (α)
Nt,α

∼
∫ Nt,α

z=1
z−αdz, (9)

so we would arrive at

t ∼ Nα
t,α

1 − α

[
N1−α

t,α − 1
]
. (10)

Equation (10) coincides with the result obtained by Lü
et al. in Ref. [31], where the authors derive the connection
between the number of distinct types and the total number
of tokens by transforming their count ranking into a size-
frequency distribution (which has exponent γ = 1 + 1/α) and
approximating H (α)

Nt,α
by Eq. (9). Here, we have achieved a

direct and compact derivation that proceeds exclusively from
the count-rank representation.

However, Eq. (10) is incorrect for large α, and the error is
in the integral approximation of Eq. (9) (which we explain
below). We return to Eq. (7), and instead use the Euler-
Maclaurin expansion [32] of H (α)

Nt,α
for α 	= 1, i.e.,

H (α)
Nt,α

= N1−α
t,α

1 − α
+ ζ (α) + 1

2
N−α

t,α

− α

12
N−α−1

t,α + O
(
N−α−2

t,α

)
. (11)

We now have

t � Nt,α

1 − α
+ Nα

t,αζ (α) + 1

2
− α

12Nt,α
+ O

(
1

N2
t,α

)
, (12)

which, to leading order, yields

t ∼ 1

1 − α
Nt,α + ζ (α)Nα

t,α, (13)

where ζ (α) is the Riemann zeta function for α > 1 and its
analytical continuation for α < 1. In Figs. 1(a)–1(f), we show
how Eq. (13) fits the behavior of Eq. (7) for five example
values of α. As we show in the following, we can invert the
limiting form of Eq. (13) for certain values and ranges of α

and compute Nt,α (t ) as a function of t .
Limiting behavior. For large t and Nt,α , we can express

Eq. (13) in simpler forms for the three regimes of α 
 1,
α � 1, and α � 1.

First, for α 
 1, Eq. (12) yields

t ∼ 1

1 − α
Nt,α, (14)

because N1
t,α � Nα

t,α and lim
α→0

ζ (α) = −1/2.

Second, for α → 1, we use the approximations

Nα
t,α → Nt,α[1 − (1 − α) ln Nt,α + O((1 − α)2)] (15)
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FIG. 1. Comparison between data discretely generated using the harmonic sum in Eq. (7) and the results yielded both by the expansion in
Eq. (13) and by Eq. (10) for different values of α. In panel (c), Eq. (20) for α = 1 is used to solve the divergence. In panels (e) and (f), we
show the deviation of Eq. (10) from the data in the α � 1 regime.

and

(1 − α)ζ (α) → −1 + γ0(1 − α) + O((1 − α)2), (16)

where γ0 � 0.577 is the Euler-Mascheroni constant. Substi-
tuting Eqs. (15) and (16) into Eq. (13), we have for α → 1
that

t ∼ Nt,α (ln Nt,α + γ0). (17)

By next using the leading term of the asymptotic form of the
Lambert W function, we obtain

Nt,α ∼ t

ln t + γ0 − ln (ln t + γ0)
. (18)

Finally, for α � 1, the exponential term in Eq. (13) domi-
nates, and because ζ (α) → 1, the limiting behavior is given
by

t ∼ Nα
t,α. (19)

We observe that in the regime in which α � 1, Eq. (10)
incorrectly gives t → (α − 1)−1Nα

t,α , which is off from the
actual behavior of Eq. (7) by a factor (α − 1)−1. The reason
for the error is that the first term of H (α)

Nt,α
is 1, independent

of α, but the steep decay for high α means that the integral
approximation of Eq. (10) estimates it as 1/(α − 1). For steep
enough power laws, as in panels (e) and (f) of Fig. 1 for
α = 10 and α = 15, this represents nearly an order of magni-
tude underestimation of the system size t required to observe
Nt,α types, demonstrating that the integral approximation is
insufficient for concentrated systems. There is evidence of
physical systems that feature size rankings with α � 1, such

as music [33], book sales, or personal wealth [2]. Note that we
maintain (α − 1)−1 instead of α−1 to match our simulations
for these values of α.

The above-derived limiting forms of Eq. (13) for large t
and Nt,α can be summarized as

t ∼

⎧⎪⎨
⎪⎩

1
1−α

Nt,α, for α 
 1,

Nt,α (ln Nt,α + γ0), for α = 1,

Nα
t,α, for α � 1,

(20)

and

Nt,α ∼

⎧⎪⎨
⎪⎩

(1 − α)t, for α 
 1,

t/[ln t + γ0 − ln (ln t + γ0)], for α = 1,

t1/α, for α � 1.

(21)

While Eq. (13) fits the behavior correctly for α 	= 1, the ap-
plicability of the simpler expressions for the limits in Eqs. (20)
and (21) depends on the range of α, as we demonstrate in
Fig. 2.

Discussion. In this work, we have presented a simple
derivation of the asymptotic behavior of the type-token rela-
tionship for growing systems with inverse power-law count
rankings. Our expression for the number of tokens t (equiv-
alently system size) as a function of the number of distinct
types Nt,α in Eq. (13) fully captures large system behavior
for all α � 0. Our results extend and correct those of Lü
et al. [31], achieving a more accurate approximation while
only requiring count ranking. Importantly, because our results
follow from an idealized growing model, Eq. (13) is inde-
pendent of the underlying mechanism that drives real system
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FIG. 2. Goodness of the fit of the expansion in Eq. (13) and
the approximations in Eq. (20). The data used for the fit corre-
spond to 103 points for Nt,α ∈ [1, 103], computed using the sum
in Eq. (7).

growth. As can be visually appreciated in Figs. 1(a)–1(f),
a linear approximation of the type-token relation in log-log
space provides an accurate graphical description for any value
of α, provided that the system size t is sufficiently large. This
observation, as discussed in Ref. [31], clarifies why Heaps’
law so frequently appears in empirical studies.

Our results demonstrate that Heaps’ law is not an inde-
pendent phenomenon, or one dependent on stochastic growth,
but is rather an emergent statistical relationship of growing
systems with inverse power-law count rankings.
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