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Principles of Complex Systems, Vols. 1 and 2
CSYS/MATH 6701, 6713

University of Vermont, Fall 2025
“Hey, could we be judged individually?”

Assignment 86

It’s Always Sunny in Philadelphia �: The Gang Goes to Hell, Part I and Part II, S2E12 �

Episode links: IMDB �, Fandom �, TV Tropes �.

Due: Never
https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse/assignments/86/
Some useful reminders:
Deliverator: Prof. Peter Sheridan Dodds (contact through Teams)
Office: The Ether and/or Innovation, fourth floor
Office hours: See Teams calendar
Course website: https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
Overleaf: LATEX templates and settings for all assignments are available at
https://www.overleaf.com/read/tsxfwwmwdgxj.

Some guidelines:

1. Each student should submit their own assignment.

2. All parts are worth 3 points unless marked otherwise.

3. Please show all your work/workings/workingses clearly and list the names of others with
whom you conspired collaborated.

4. We recommend that you write up your assignments in LATEX (using the Overleaf
template). However, if you are new to LATEX or it is all proving too much, you may
submit handwritten versions. Whatever you do, please only submit single PDFs.

5. For coding, we recommend you improve your skills with Python. And it’s going to be a
no for the catachrestic Excel. Please do not use any kind of AI thing unless directed.
The (evil) Deliverator uses (evil) Matlab.

6. There is no need to include your code but you can if you are feeling especially proud.

Assignment submission:

Via Brightspace (which is not to be confused with the death vortex of the same name, just a
weird coincidence). Again: One PDF document per assignment only.
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The questions you don’t have to do!

Assignment questions for PoCSes Past.

Some are open ended madnesses.

1. (9 points overall)

Examine current weightlifting world records for the snatch, clean and jerk, and the
total for scaling with body mass (three regressions).

Do so separately for both women and men’s current world records.

This makes for six regressions.

For weight classes, take the upper limit for the mass of the lifter.1

For the open category (for women and for men), take the mass of the lifter with
the world record. If unknown, omit this one data point.

Wikipedia is an excellent source.

(a) (3 points) Plot each set of data with the best fit regression line along with a
adjacent line indicating the 2/3 fit.
You can do this with just two plots, one for women and one for men, by
plotting the three competitions on each axis.
You can offset the 2/3 line vertically for clarity.

(b) (3 points) How well does 2/3 scaling hold up?
Is 2/3 scaling over, under, or thereabouts?
Optional: support your observation by making mention of the errors reported
by the linear regression method you used.

(c) (3 points) Normalized by the scaling you determine, who holds the overall,
rescaled world record?
Again, there are six of world records.
Normalization here means relative:

100×

(
Mworld record

cMβ
weight class.

− 1

)
,

where c and β are the parameters determined from a linear fit.
1In general, and beyond weightlifting, athletes will try to be at the upper weight limit of their

sport.
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2. Plot time series for the rank of the following baby names in the US over all years
in the census data.

Do so for raw ranks and log10 ranks.

• Shirley.

• Desmond.

• Madison.

• Aiden.

• A name of your choice.

Note that if you plotted relative frequency rather than rank, you would need to
know (or estimate) the overall number of babies born. Ranks are both easy simple
to work with and easy to understand.

3. The complex geographies of fairness, greed, belief.

Let’s start connecting people to places.

Now: Source census population data as a function of location with corresponding
map shape files.

Goal: We will want to be able to connect density of people in regions with density
of specific facilities.

So the shape files should be as usefully fine in scale as possible. For the census,
we have block, block groups, and tracts.

Please do this collectively by discussing and sharing links/data in the assignments
channel on Teams.

Depending on the software you use, much of this data may be well curated.

4. From lectures on Supply Networks:

Show that for large V and 0 < ε < 1/2

minVnet ∝
∫
Ωd,D(V )

ρ ||~x||1−2ε d~x ∼ ρV 1+γmax(1−2ε)

Reminders: we defined Li = c−1
i V γi where γ1 + γ2 + . . .+ γd = 1,

γ1 = γmax ≥ γ2 ≥ . . . ≥ γd., and c =
∏

i ci ≤ 1 is a shape factor.

Assume the first k lengths scale in the same way with γ1 = . . . = γk = γmax, and
write ||~x|| = (x2

1 + x2
2 + . . .+ x2

d)
1/2.
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5. (3 + 3 points) Supply networks and allometry:
This question’s calculation is a specific, exactly-solvable case of the general result
that you may attack (with optional relish and other condiments) in a nearby
question.
Consider a set of rectangular areas with side lengths L1 and L2 such that
L1 ∝ Aγ1 and L2 ∝ Aγ2 where A is area and γ1 + γ2 = 1. Assume γ1 > γ2 and
that ε = 0.
Now imagine that material has to be distributed from a central source in each of
these areas to sinks distributed with density ρ(A), and that these sinks draw the
same amount of material per unit time independent of L1 and L2.

(a) Find an exact form for how the volume of the most efficient distribution
network scales with overall area A = L1L2. (Hint: you will have to set up a
double integration over the rectangle.)

(b) If network volume must remain a constant fraction of overall area, determine
the maximal scaling of sink density ρ with A.

Extra hints:

• Integrate over triangles as follows.
• You need to only perform calculations for one triangle.

x2

1

2

1

1

2

2 2

1

x1

dx1dx2

x2 =
L2

L1

x1

−

L1

2

L2

2

−

L2

2

L1

2

6. Open:
Derive a scaling law for the number of side branches that doesn’t use stream
ordering.
How many parameters do we need? 3?
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7. Come up with a microscopic description of branching river networks that builds
from the outlet of the basin rather than the smallest streams.

For bodies, move from aorta to capillaries.

8. (3 + 3 + 3)

Estimating the rare:

Google’s raw data is for word frequency k ≥ 200 so let’s deal with that issue now.

From Assignment 2, we had for word frequency in the range 200 ≤ k ≤ 107, a fit
for the CCDF of

N≥k ∼ 3.46× 108k−0.661,

ignoring errors.

(a) Using the above fit, create a complete hypothetical Nk by expanding Nk

back for k = 1 to k = 199, and plot the result in double-log space (meaning
log-log space).

(b) Compute the mean and variance of this reconstructed distribution.

(c) Estimate:

i. The hypothetical total number and fraction of unique words in Google’s
data set (think at the species or type level now),

ii. The hypothetical fraction of words that appear once out of all words
(think of words as organisms or tokens here),

iii. And what fraction of total words are left out of the Google data set by
providing only those with counts k ≥ 200 (back to words as organisms
or tokens).

9. Simulate the small-world model and reproduce Fig. 2 from the 1998
Watts-Strogatz paper showing how clustering and average shortest path behave
with rewiring probability p [1].

Please find and use any suitable code online, and feel free to share with each other
via Slack.

Use N = 1000 nodes and k = 10 for average degree, and vary p from 0.0001 to 1,
evenly spaced on a logarithmic scale (there are only 14 values used in the paper).

Here’s the figure you’re aiming for:
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removed from a clustered neighbourhood to make a short cut has, at
most, a linear effect on C; hence C(p) remains practically unchanged
for small p even though L(p) drops rapidly. The important implica-
tion here is that at the local level (as reflected by C(p)), the transition
to a small world is almost undetectable. To check the robustness of
these results, we have tested many different types of initial regular
graphs, as well as different algorithms for random rewiring, and all
give qualitatively similar results. The only requirement is that the
rewired edges must typically connect vertices that would otherwise
be much farther apart than Lrandom.

The idealized construction above reveals the key role of short
cuts. It suggests that the small-world phenomenon might be
common in sparse networks with many vertices, as even a tiny
fraction of short cuts would suffice. To test this idea, we have
computed L and C for the collaboration graph of actors in feature
films (generated from data available at http://us.imdb.com), the
electrical power grid of the western United States, and the neural
network of the nematode worm C. elegans17. All three graphs are of
scientific interest. The graph of film actors is a surrogate for a social
network18, with the advantage of being much more easily specified.
It is also akin to the graph of mathematical collaborations centred,
traditionally, on P. Erdös (partial data available at http://
www.acs.oakland.edu/!grossman/erdoshp.html). The graph of
the power grid is relevant to the efficiency and robustness of
power networks19. And C. elegans is the sole example of a completely
mapped neural network.

Table 1 shows that all three graphs are small-world networks.
These examples were not hand-picked; they were chosen because of
their inherent interest and because complete wiring diagrams were
available. Thus the small-world phenomenon is not merely a
curiosity of social networks13,14 nor an artefact of an idealized

model—it is probably generic for many large, sparse networks
found in nature.

We now investigate the functional significance of small-world
connectivity for dynamical systems. Our test case is a deliberately
simplified model for the spread of an infectious disease. The
population structure is modelled by the family of graphs described
in Fig. 1. At time t ¼ 0, a single infective individual is introduced
into an otherwise healthy population. Infective individuals are
removed permanently (by immunity or death) after a period of
sickness that lasts one unit of dimensionless time. During this time,
each infective individual can infect each of its healthy neighbours
with probability r. On subsequent time steps, the disease spreads
along the edges of the graph until it either infects the entire
population, or it dies out, having infected some fraction of the
population in the process.

p = 0 p = 1 
Increasing randomness

Regular Small-world Random

Figure 1 Random rewiring procedure for interpolating between a regular ring

lattice and a random network, without altering the number of vertices or edges in

the graph. We start with a ring of n vertices, each connected to its k nearest

neighbours by undirected edges. (For clarity, n ¼ 20 and k ¼ 4 in the schematic

examples shown here, but much larger n and k are used in the rest of this Letter.)

We choose a vertex and the edge that connects it to its nearest neighbour in a

clockwise sense. With probability p, we reconnect this edge to a vertex chosen

uniformly at random over the entire ring, with duplicate edges forbidden; other-

wise we leave the edge in place. We repeat this process by moving clockwise

around the ring, considering each vertex in turn until one lap is completed. Next,

we consider the edges that connect vertices to their second-nearest neighbours

clockwise. As before, we randomly rewire each of these edges with probability p,

and continue this process, circulating around the ring and proceeding outward to

more distant neighbours after each lap, until each edge in the original lattice has

been considered once. (As there are nk/2 edges in the entire graph, the rewiring

process stops after k/2 laps.) Three realizations of this process are shown, for

different values of p. For p ¼ 0, the original ring is unchanged; as p increases, the

graph becomes increasingly disordered until for p ¼ 1, all edges are rewired

randomly. One of our main results is that for intermediate values of p, the graph is

a small-world network: highly clustered like a regular graph, yet with small

characteristic path length, like a random graph. (See Fig. 2.)

Table 1 Empirical examples of small-world networks

Lactual Lrandom Cactual Crandom
.............................................................................................................................................................................
Film actors 3.65 2.99 0.79 0.00027
Power grid 18.7 12.4 0.080 0.005
C. elegans 2.65 2.25 0.28 0.05
.............................................................................................................................................................................
Characteristic path length L and clustering coefficient C for three real networks, compared
to random graphs with the same number of vertices (n) and average number of edges per
vertex (k). (Actors: n ¼ 225;226, k ¼ 61. Power grid: n ¼ 4;941, k ¼ 2:67. C. elegans: n ¼ 282,
k ¼ 14.) The graphs are defined as follows. Two actors are joined by an edge if they have
acted in a film together. We restrict attention to the giant connected component16 of this
graph, which includes !90% of all actors listed in the Internet Movie Database (available at
http://us.imdb.com), as of April 1997. For the power grid, vertices represent generators,
transformers and substations, and edges represent high-voltage transmission lines
between them. For C. elegans, an edge joins two neurons if they are connected by either
a synapse or a gap junction. We treat all edges as undirected and unweighted, and all
vertices as identical, recognizing that these are crude approximations. All three networks
show the small-world phenomenon: L ! Lrandom but C q Crandom.

0
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0.8

1

0.0001 0.001 0.01 0.1 1

p

L(p) / L(0)

C(p) / C(0)

Figure 2 Characteristic path length L(p) and clustering coefficient C(p) for the

family of randomly rewired graphs described in Fig. 1. Here L is defined as the

number of edges in the shortest path between two vertices, averaged over all

pairs of vertices. The clustering coefficient C(p) is defined as follows. Suppose

that a vertex v has kv neighbours; then at most kvðkv " 1Þ=2 edges can exist

between them (this occurs when every neighbour of v is connected to everyother

neighbour of v). Let Cv denote the fraction of these allowable edges that actually

exist. Define C as the average of Cv over all v. For friendship networks, these

statistics have intuitive meanings: L is the average number of friendships in the

shortest chain connecting two people; Cv reflects the extent to which friends of v

are also friends of each other; and thus C measures the cliquishness of a typical

friendship circle. The data shown in the figure are averages over 20 random

realizations of the rewiring process described in Fig.1, and have been normalized

by the values L(0), C(0) for a regular lattice. All the graphs have n ¼ 1;000 vertices

and an average degree of k ¼ 10 edges per vertex. We note that a logarithmic

horizontal scale has been used to resolve the rapid drop in L(p), corresponding to

the onset of the small-world phenomenon. During this drop, C(p) remains almost

constant at its value for the regular lattice, indicating that the transition to a small

world is almost undetectable at the local level.

10. (3 + 3 + 3 + 3 + 3 + 3 pts) Generalized entropy and diversity:

For a probability distribution of i = 1, . . . , n entities with the ith entity having
probability of being observed pi, Shannon’s entropy is defined as [2]:
H = −

∑n
i=1 pi ln pi. There are other kinds of entropies and we’ll explore some

aspects of them here.

Let’s use the setting of words in a text (another meaningful framing is abundance
of species in an ecology). So we have word i appearing with probability pi and
there are n words.

Now, a useful quantity associated with any kind of entropy is diversity, D [3].
Given a text T with entropy H, we define D to be the number of words in another
hypothetical text T ′ which (1) has the same entropy, and (2) where all words
appear with equal frequency 1/D. In text T ′, we have pi = 1/D for i = 1, . . . , D.

Diversity is thus a number, and behaves in number-like ways that are more
intuitive to grasp than entropy. (Entropy is still the primary thing here.)

Determine the diversity D in terms of the probabilities {pi} for the following:

(a) Simpson concentration:

S =
n∑

i=1

p2i .

(b) Gini index:

G ≡ 1− S = 1−
n∑

i=1

p2i .

Please note any connections between diversity for the Simpson and Gini
indices.
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(c) Shannon’s entropy:

H = −
n∑

i=1

pi ln pi.

(d) Renyi entropy:

H(R)
q =

1

q − 1

(
− ln

n∑
i=1

pqi

)
,

where q 6= 1.

(e) The generalized Tsallis entropy:

H(T)
q =

1

q − 1

(
1−

n∑
i=1

pqi

)
,

where q 6= 1.
Please note any connections between diversity for Renyi and Tsallis.

(f) Show that in the limit q → 1, the diversity for the Tsallis entropy matches up
with that of Shannon’s entropy.

11. Determine the average value of samples with value k ≥ min kmax to find how the
expected value of kmax (i.e., 〈kmax〉) scales with N .

12. (3 + 3)

Allotaxonometry.

Rank-turbulence divergence (RTD) is defined as:

DR
α (R1 ‖R2) =

∑
τ∈R1,2;α

δDR
α,τ (R1 ‖R2)

=
1

N1,2;α

α + 1

α

∑
τ∈R1,2;α

∣∣∣∣ 1

[rτ,1]
α − 1

[rτ,2]
α

∣∣∣∣1/(α+1)

. (1)

Find the limits of RTD for:

(a) α → 0.

(b) α → ∞.

Leave 1
N1,2;α

as a constant.

13. For finite cutoffs a and b with a � b, which cutoff dominates the expression for
the nth moment as a function of γ and n?

Note: both cutoffs may be involved to some degree.
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14. “Any good idea can be stated in fifty words or less.”—Stanisław Ulam.2

Things have sped up since Ulam made his claim.

The top of the narrative hierarchy:

Read through Anderson’s seminal paper “More is different” [4] and generate three
descriptions of complexification with exactly the following lengths:

(a) 1–3 words,

(b) 4–6 words,

(c) and 7–12 words.

The 1–3 words one: Try to improve on “More is different”.

15. For class discussion, read “Will a large complex system be stable?” by Robert
May [5].

Put together three comments and/or questions.

16. (3 + 3 + 3 + 3) This question is all about pure finite and infinite random networks

We’ll define a finite random network as follows. Take N labelled nodes and add
links between each pair of nodes with probability p.

(a) i. For a random node i, determine the probability distribution for its
number of friends k, Pk(p,N).

ii. What kind of distribution is this?
iii. What does this distribution tend toward in the limit of large N , if p is

fixed?
(No need to do calculations here; just invoke the right Rule of the
Universe.)

(b) Using Pk(p,N), determine the average degree. Does your answer seem right
intuitively?

(c) Show that in the limit of N → ∞ but with mean held constant, we obtain a
Poisson degree distribution.
Hint: to keep the mean constant, you will need to change p.

(d) i. Compute the clustering coefficients C1 and C2 for standard finite
random networks (N nodes).

ii. Explain how your answers make sense.
iii. What happens in the limit of an infinite random network with finite

mean?
2At the very least, Ulam’s claim is self-consistent.
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17. (3 + 3)

Determine the clustering coefficient for toy model small-world networks [1] as a
function of the rewiring probability p. Find C1, the average local clustering
coefficient:

C1(p) =

〈∑
j1j2∈Ni

aj1j2

ki(ki − 1)/2

〉
i

=
1

N

N∑
i=1

∑
j1j2∈Ni

aj1j2

ki(ki − 1)/2

where N is the number of nodes, aij = 1 if nodes i and j are connected, and Ni

indicates the neighborhood of i.

As per the original model, assume a ring network with each node connected to a
fixed, even number m local neighbors (m/2 on each side). Take the number of
nodes to be N � m.

Start by finding C1(0) and argue for a (1− p)3 correction factor to find an
approximation of C1(p).

Hint 1: you can think of finding C1 as averaging over the possibilities for a single
node.

Hint 2: assume that the degree of individual nodes does not change with rewiring
but rather stays fixed at m. In other words, take the average degree of individuals
as the degree of a randomly selected individual.

For what value of p is C1(p)/C1(0) ' 1/2?

Does this seem reasonable given your simulation?

(3 points for set up, 3 for solving.)

18. (3 + 3):

Consider a modified version of the Barabàsi-Albert (BA) model [6] where two
possible mechanisms are now in play. As in the original model, start with m0

nodes at time t = 0. Let’s make these initial guys connected such that each has
degree 1. The two mechanisms are:

M1: With probability p, a new node of degree 1 is added to the network. At time
t+ 1, a node connects to an existing node j with probability

P (connect to node j) =
kj∑N(t)
i=1 ki

(2)

where kj is the degree of node j and N(t) is the number of nodes in the
system at time t.
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M2: With probability q = 1− p, a randomly chosen node adds a new edge,
connecting to node j with the same preferential attachment probability as
above.

Note that in the limit q = 0, we retrieve the original BA model (with the
difference that we are adding one link at a time rather than m here).
In the long time limit t → ∞, what is the expected form of the degree distribution
Pk?
Do we move out of the original model’s universality class?
Different analytic approaches are possible including a modification of the BA
paper, or a Simon-like one (see also Krapivsky and Redner [7]).
Hint: You can attempt to solve the problem exactly and you’ll find an integrating
factor story.
Another hint, moment of mercy: Approximate the differential equation by
considering large t (this will simplify the denominators).
(3 points for set up, 3 for solving.)

19. (3 + 3)
Using Gleeson and Calahane’s iterative equations below, derive the contagion
condition for a vanishing seed by taking the limit φ0 → 0 and t → ∞. In lectures,
we derived the discrete evolution equations for the fraction of infected nodes φt

and the fraction of infected edges θt as follows:

φt+1 = φ0 + (1− φ0)
∞∑
k=0

Pk

k∑
j=0

(
k

j

)
θ j
t (1− θt)

k−jBkj,

θt+1 = G(θt;φ0) = φ0 + (1− φ0)
∞∑
k=1

kPk

〈k〉

k−1∑
j=0

(
k − 1

j

)
θ j
t (1− θt)

k−1−jBkj,

where θ0 = φ0, and Bkj is the probability that a degree k node becomes active
when j of its neighbors are active.
Recall that by contagion condition, we mean the requirements of a random
network for macroscopic spreading to occur.
To connect the paper’s model and notation to those of our lectures, given a
specific response function F and a threshold model, the Bkj are given by
Bkj = F (j/k).
Allow Bk0 to be arbitrary (i.e., not necessarily 0 as for simple threshold functions).
We really only need to understand how θt behaves. Write the corresponding
equation as θt+1 = G(θt;φ0) and determine when

10



(a) G(0; 0) > 0 (spreading is for free).

(b) G(0; 0) = 0 and G′(0;φ0) > 1 meaning φ = 0 is a unstable fixed point.

Here’s a graphical hint for the three cases you need to consider as θ0 → 0:
Success: Sucesss: Fail:

20. (3 + 3 + 3) Optional:

Solve Krapivsky-Redner’s model for the pure linear attachment kernel Ak = k.

Starting point:
nk =

1

2
(k − 1)nk−1 −

1

2
knk + δk1

with n0 = 0.

(a) Determine n1.

(b) Find a recursion relation for nk in terms of nk−1.

(c) Now find
nk =

4

k(k + 1)(k + 2)

for all k and hence determine γ.

21. (3 + 3) Optional:

From lectures:

(a) Starting from the recursion relation

nk =
Ak−1

µ+ Ak

nk−1,

and n1 = µ/(µ+ A1), show that the expression for nk for the
Krapivsky-Redner model with an asymptotically linear attachment kernel Ak

is:
µ

Ak

k∏
j=1

1

1 + µ
Aj

.
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(b) Now show that if Ak → k for k → ∞ (or for large k), we obtain
nk → k−µ−1.

22. (3 + 3 + 3)
From lectures, complete the analysis for the Krapivsky-Redner model with
attachment kernel:

A1 = α and Ak = k for k ≥ 2.

Find the scaling exponent γ = µ+ 1 by finding µ. From lectures, we assumed a
linear growth in the sum of the attachment kernel weights µt =

∑∞
k=1 Nk(t)Ak,

with µ = 2 for the standard kernel Ak = k.
We arrived at this expression for µ which you can use as your starting point:

1 =
∞∑
k=1

k∏
j=1

1

1 + µ
Aj

(a) Show that the above expression leads to

µ

α
=

∞∑
k=2

Γ(k + 1)Γ(2 + µ)

Γ(k + µ+ 1)

Hint: you’ll want to separate out the j = 1 case for which Aj = α.
(b) Now use result that [7]

∞∑
k=2

Γ(a+ k)

Γ(b+ k)
=

Γ(a+ 2)

(b− a− 1)Γ(b+ 1)

to find the connection
µ(µ− 1) = 2α,

and show this leads to
µ =

1 +
√
1 + 8α

2
.

(c) Interpret how varying α affects the exponent γ, explaining why α < 1 and
α > 1 lead to the particular values of γ that they do.

23. Yes, even more on power law size distributions. It’s good for you.
For the probability distribution P (x) = cx−γ, 0 < a ≤ x ≤ b, compute the mean
absolute displacement (MAD), which is given by 〈|X − 〈X〉|〉 where 〈·〉 represents
expected value. As always, simplify your expression as much as possible.
MAD is a more reasonable estimate for the width of a distribution, but we like
variance σ2 because the calculations are much prettier. Really.
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24. In the limit of b → ∞, show that MAD asymptotically behave as:

〈|X − 〈X〉|〉 = 2(γ − 2)(γ−3)

(γ − 1)(γ−2)
a.

How does this compare with the behavior of the variance? (See the last question
of Assignment todo???.)

25. Simon’s model II:

A missing piece from the lectures: Obtain γ in terms of ρ by expanding Eq. ?? in
terms of 1/k. In the end, you will need to express nk/nk−1 as (1− 1/k)θ; from
here, you will be able to identify γ. Taylor expansions and Procrustean truncations
will be in order.

This (dirty) method avoids finding the exact form for nk.

26. A spectacularly optional extra.

Warning:

• Only attempt if using registered safety equipment including welding goggles
and a lead apron.

• Make sure to back up your brain in at least two geographically distant places
beforehand (e.g., on different planets).

Dangerous feature:

• If you make it out, you will be very happy.

In lectures on lognormals and other heavy-tailed distributions, we came across a
super fun and interesting integral when considering organization size distributions
arising from growth processes with variable lifespans.

Show that
P (x) =

∫ ∞

t=0

λe−λt 1

x
√
2πt

exp
(
−
(ln x

m
)2

2t

)
dt

leads to:
P (x) ∝ x−1e

−
√

2λ(ln x
m
)2
,

and therefore, surprisingly, two different scaling regimes. Enjoyable suffering may
be involved. Really enjoyable suffering. But many monks have found a way so you
should follow their path laid out below.

Hints and steps:
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• Make the substitution t = u2 to find an integral of the form (excluding a
constant of proportionality)

I1(a, b) =

∫ ∞

0

exp
(
−au2 − b/u2

)
du

where in our case a = λ and b = (ln x
m
)2/2.

• Substitute au2 = t2 into the above to find

I1(a, b) =
1√
a

∫ ∞

0

exp
(
−t2 − ab/t2

)
dt

• Now work on this integral:

I2(r) =

∫ ∞

0

exp
(
−t2 − r/t2

)
dt

where r = ab.

• Differentiate I2 with respect to r to create a simple differential equation for
I2. You will need to use the substitution u =

√
r/t and your differential

equation should be of the (very simple) form

dI2(r)
dr

= −(something)I2(r).

• Solve the differential equation you find. To find the constant of integration,
you can evaluate I2(0) separately:

I2(0) =

∫ ∞

0

exp(−t2)dt,

where our friend Γ(frac12) comes into play.

A collection of questions from earlier seasons of PoCS, Vol 2 (also variously known as
CoNKs, CocoNuTs, and Complex Networks).

This is all a big soup and some questions may be poorly constructed or repeated.

• The first series of questions will explore real networks by performing some key
measurements introduced in Principles of Complex Systems, Vol. 1.

• For general coherence with other humans, you are encouraged to use Python. Also
very good: Unix command line tools, R, Julia, Matlab. But you can of course use
whatever system you like.

14



• Data is available in two compressed formats:

– Matlab + text (tgz): https://pdodds.w3.uvm.edu/teaching/courses/2025-
2026pocsverse/data/303complexnetworks-data-package.tgz

– Matlab + text (zip): https://pdodds.w3.uvm.edu/teaching/courses/2025-
2026pocsverse/data/303complexnetworks-data-package.zip

and can also be found on the course website (helpfully) under data.

• The main Matlab file containing everything is networkdata_combined.mat.

• For directed networks, the ijth entry of the adjacency matrix represents the
weight of the link from node i to node j. Adjacency matrices for undirected
networks are symmetric.

• For all questions below, treat each network as undirected unless otherwise
instructed.

• For this assignment, convert all weights on links to 1, if the network is weighted.

• You do not have to use Matlab for your basic analyses. Python would be a
preferred route for many.

• The supplied text versions may be of use for visualization using gml.

• The Matlab command spy will give you a quick plot of a sparse adjacency matrix.

• Real data sets used here are taken from Mark Newman’s compilation (and
linked-to sites) at http://www-personal.umich.edu/~mejn/netdata/.

1. Record in a table the following basic characteristics:

• N , the number of nodes;
• m, the total number of links;
• Whether the network is undirected or directed based on the symmetry of the

adjacency matrix;
• 〈k〉, the average degree (〈kin〉 and 〈kout〉 if the network is directed);
• The maximum degree kmax (for both out-degree and in-degree if the network

is directed);
• The minimum degree kmin (for both out-degree and in-degree if the network

is directed).

2. (3+3)
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(a) Plot the degree distribution Pk as a function of k. In the case that Pk versus
k is uninformative, also produce plots that are clarifying. For example,
log10 Pk versus log10 k.
(Note: Always use base 10.)

(b) See if you can characterize the distributions you find (e.g., exponential,
power law, etc.).

3. Measure the clustering coefficient C2 where

C2 =
3× #triangles

#triples
.

For directed networks, transform them into undirected ones first.

One approach is to compute C2 as

C2 =
3× 1

6
TrA3

1
2

(∑
ij[A

2]ij − TrA2
) .

Note: avoiding computing A3 is important and can be done.

4. For each of our main six networks, compute and present distributions of the
shortest path length between all pairs of nodes. Notation: di,j is the shortest
distance between i and j.

Also compute the average shortest path length, 〈d〉.

5. Generate ensembles of random networks of the same ‘size’ as the six networks.
Process 1 random network and then scale up as computing power/time/sanity
permits. 1000 random networks would be good.

Size here means having the same number of nodes and the same number of edges.

As for the real networks, compute the shortest path lengths for these random
networks and present frequency distributions.

6. Determine how well/poorly random networks produce the shortest path
distributions of real world networks.

Using whatever tests you like, show how well both the average shortest path
length and the full distributions compare between the real network and their
random counterparts.

7. Given N labelled nodes and allowing for all possible number of edges m, what’s
the total number of undirected, unweighted networks we can construct?

How does this number scale with N?
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8. Given N labelled nodes and a variable number of m edges, for what value of m do
we obtain the largest diversity of networks? And for this m, how does the number
of networks scale with N?

9. We’ve seen that large random networks have essentially no clustering, meaning
that locally, random networks are pure branching networks. Nevertheless, a finite,
non-zero number of triangles will be present.

For pure random networks, with connection probability p = 〈k〉/(N − 1), what is
the expected total number of triangles as N → ∞?

10. Repeat the preceding calculation for cycles of length 4 and 5 (triangles are cycles
of length 3).

11. Show that the second moment of the Poisson distribution is

〈k2〉 = 〈k〉2 + 〈k〉.

and hence that the variance is σ2 = 〈k〉.

12. We’ve figured out in class that for large enough N (and 〈k〉 fixed), a random
network always has a Poisson degree distribution:

P (k;λ) =
λk

k!
e−λ

where λ = 〈k〉. And as we’ve discussed, we don’t find these networks in the real
world (they don’t arise due to simple mechanisms). Let’s investigate this oddness
a little further.

Compute the expected size of the largest degree in an infinite random network
given 〈k〉 and as a function of increasing sample size N . In other words, in
selecting (with replacement) N degrees from a pure Poisson distribution with
mean 〈k〉, what’s the expected minimum value of the largest degree min kmax?

A good way to compute kmax is to equate it to the value for which we expect 1/N
of our random selections to exceed. (We had a question in 300 along these lines
for power-law size distributions.)

Hint—Of course we’ll be using Stirling’s Approximation.:
http://www.youtube.com/watch?v=uK5yakuX59M

13. Generating functions and giant components: In this question, you will use
generating functions to obtain a number of results we found in class for standard
random networks.
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(a) For an infinite standard random network (Erdös-Rényi/ER network) with
average degree 〈k〉, compute the generating function FP for the degree
distribution Pk.
(Recall the degree distribution is Poisson: Pk = e−〈k〉〈k〉 k/k!, k ≥ 0.)

(b) Show that F ′
P (1) = 〈k〉 (as it should).

(c) Using the joyous properties of generating functions, show that the second
moment of the degree distribution is 〈k2〉 = 〈k〉2 + 〈k〉.

14. (a) Continuing on from Q1 for infinite standard random networks, find the
generating function FR(x) for the {Rk}, where Rk is the probability that a
node arrived at by following a random direction on a randomly chosen edge
has k outgoing edges.

(b) Now, using FR(x) determine the average number of outgoing edges from a
randomly-arrived-at-along-a-random-edge node.

(c) Given your findings above and the condition for a giant component existing
in terms of generating functions, what is the condition on 〈k〉 for a standard
random network to have a giant component?

15. (a) Find the generating function for the degree distribution Pk of a finite random
network with N nodes and an edge probability of p.

(b) Show that the generating function for the finite ER network tends to the
generating function for the infinite one. Do this by taking the limit N → ∞
and p → 0 such that p(N − 1) = 〈k〉 remains constant.

16. (a) Prove that if random variables U and V are distributed over the non-negative
integers then the generating function for the random variable W = U + V is

FW (x) = FU(x)FV (x).

Denote the specific distributions by Pr(U = i) = Ui, Pr(V = i) = Vi, and
Pr(W = i) = Wi.

(b) Using the your result in part (a), argue that if

W =
U∑

j=1

V (j)

where V (j) d
= V then

FW (x) = FU(FV (x)).

Hint: write down the generating function of probability distribution of∑k
j=1 V

(j) in terms of FV (x).
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17. (a) Again, given

W =
U∑
i=1

V (i) with each V (i) d
= V

where we know that
FW (x) = FU (FV (x)) ,

determine the mean of W in terms of the means of U and V .
(b) For W = U + V , similarly find the mean of W in terms of U and V via

generating functions. Your answer should make rather good sense.

18. Consider the family of generalized random networks with

Pk = aδk1 + (1− a)δk3

where 0 ≤ a ≤ 1.
General note: We worked through the a = 1/2 case in class so those notes should
be rather helpful.
Determine the following (3 points each for a–d):

(a) i. The distribution of other friends for a node arrived along a randomly
chosen direction of a randomly chosen edge, Rk.

ii. The generating function FP (x).
iii. The generating function FR(x), both directly from Rk and via

FR(x) = F ′
P (x)/F

′
P (1).

(b) For which values of a a giant component exists, noting the critical value ac if
any phase transition is present.

(c) i. The generating function Fρ(x). Note: Do not expand the form you find.
ii. The probability that a random edge leads to a subcomponent of finite

size, Fρ(1).
(d) i. The generating function Fπ(x).

ii. The fractional size of the largest component S1 = 1− Fπ(1) as a
function of a.

19. By expanding Fρ(x) as a formal power series, find the probabilities that a random
edge leads to components of finite size 1, 2, 3, 4, and 5, all as a function of a.

20. Using Python’s NetworkX (or similar package in any language), simulate random
networks with N = 104 nodes and determine the fractional size of the giant
component as a function of a.
Plot the simulation’s output against your theoretical curve determined in the first
question.
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21. (3 + 3 + 3 + 3)

Generalize the theory for the previous questions and solve for the same quantities
and features in Q1a–Q1d for random networks with:

Pk = aδk1 + (1− a)δkk′

for fixed k′ ≥ 2 with 0 ≤ a ≤ 1.

Modifications:

You will be able to do Q1a and Q1b exactly.

Important: Please minimally set up and then solve Q1c and Q1d numerically
(only) for k′ = 3, . . . , 10.

Put everything on the same plot.

(a) i. The distribution of other friends for a node arrived along a randomly
chosen direction of a randomly chosen edge, Rk.

ii. The generating function FP (x).
iii. The generating function FR(x), both directly from Rk and via

FR(x) = F ′
P (x)/F

′
P (1).

(b) For which values of a a giant component exists, noting the critical value ac if
any phase transition is present.

(c) i. The generating function Fρ(x). Note: Do not expand the form you find.
ii. The probability that a random edge leads to a subcomponent of finite

size, Fρ(1).

(d) i. The generating function Fπ(x).
ii. The fractional size of the largest component S1 = 1− Fπ(1) as a

function of a.

22. Plan: Work through some random bipartite calculations reproducing a few results
from the classic Newman et al. paper [8]. Our stories are their stars, and our
tropes are their movies.

Please note that we use a different convention for defining certain distributions,
not just notation. It’s a bit confusing. Okay, it’s very confusing.

Here’s a key to help:
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Feature: Our notation: Newman et al. [8]:
First node type, symbol stories, � movies, 0

Second node type, symbol tropes, � actors, 1
Number of type 1 nodes N� M
Number of type 2 nodes N� N

Average affiliations of type 1 nodes 〈k〉
�

ν

Average affiliations of type 2 nodes 〈k〉
�

µ

Affiliation distribution for type 1 nodes P
(�)
k qk

Affiliation distribution for type 1 nodes P
(�)
k pk

P Generating function for type 1 nodes FP (�) g0
P generating function for type 2 nodes FP (�) f0
R generating function for type 1 nodes FP (�) g1
R generating function for type 2 nodes FP (�) f1

Induced P generating function for type 1 nodes F
P

(�)
ind

F0

Induced P generating function for type 2 nodes F
P

(�)
ind

G0

Induced R generating function for type 1 nodes F
R

(�)
ind

F1

Induced R generating function for type 2 nodes F
R

(�)
ind

G1

Note: You can of course use something simple like a and b instead of the film and
lightbulb glyphs. Nevertheless, for notation happiness, feel free to use font
awesome and the following structures:

\usepackage{fontawesome}

%% random biparite networks

\newcommand{\rbone}{\textnormal{\faFilm}}
\newcommand{\rbtwo}{\textnormal{\faLightbulbO}}

\newcommand{\rboneng}{N_{\rbone}}
\newcommand{\rbtwong}{N_{\rbtwo}}

\newcommand{\Prboneind}{P^{(\rbone)}_{\textnormal{ind},k}}
\newcommand{\Prbtwoind}{P^{(\rbtwo)}_{\textnormal{ind},k}}

\newcommand{\Rrboneind}{R^{(\rbone)}_{\textnormal{ind},k}}
\newcommand{\Rrbtwoind}{R^{(\rbtwo)}_{\textnormal{ind},k}}

\newcommand{\Prboneindplain}{P^{(\rbone)}_{\textnormal{ind}}}
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\newcommand{\Prbtwoindplain}{P^{(\rbtwo)}_{\textnormal{ind}}}

\newcommand{\Rrboneindplain}{R^{(\rbone)}_{\textnormal{ind}}}
\newcommand{\Rrbtwoindplain}{R^{(\rbtwo)}_{\textnormal{ind}}}

Show that the triple-triangle clustering coefficient for the induced networks
produced by an arbitrary random bipartite affiliation graph are

C
(�)
2 =

N�

N�

F ′′′
P (�)(1)

F ′′
P

(�)
ind

(1)

and
C

(�)
2 =

N�

N�

F ′′′
P (�)(1)

F ′′
P

(�)
ind
(1)

23. (6 + 6 + 6) Consider the following bipartite affiliation graph degree distributions.

(a) Fixed degree and fixed degree: k� and k�, both at least 1.

(b) Poisson (mean 〈k〉�) and fixed degree (k�):

(c) Poisson and Poisson with mean degrees 〈k〉� and 〈k〉�.

For each case, determine these generating functions: FP (�)(x), FP (�)(x),
FR(�)(x), FR(�)(x), F

P
(�)
ind

(x), F
R

(�)
ind

(x), F
P

(�)
ind
(x), and F

R
(�)
ind
(x).

24. For the three bipartite graphs given above, determine the condition for a giant
component in both induced networks, i.e.,

〈k〉R,�,ind ≡ 〈k〉R,�,ind > 1

where
〈k〉R,�,ind = 〈k〉R,�,ind =

F ′′
P (�)(1)

F ′
P (�)(1)

F ′′
P (�)(1)

F ′
P (�)(1)

=
〈k(k − 1)〉�

〈k〉�
〈k(k − 1)〉�

〈k〉�
.

25. Using whatever network package you like, construct random bipartite affiliation
networks to reproduce Fig. 7 from [8]:
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rz!
!z

z! e
"(e"!"1)#

k!1

z ! zk" $"e"!%k, &89'

where the coefficients ( k
z) are the Stirling numbers of the

second kind $47%

! zk" !#
r!1

k
&"1 'k"r

r!&k"r '! r
z. &90'

D. Simulation results

Random bipartite graphs can be generated using an algo-
rithm similar to the one described in Sec. III B for directed
graphs. After making sure that the required degree distribu-
tions for both actor and movie vertices have means consis-
tent with the required total numbers of actors and movies
according to Eq. &66', we generate vertex degrees for each
actor and movie at random and calculate their sum. If these
sums are unequal, we discard the degree of one actor and one
movie, chosen at random, and replace them with new de-
grees drawn from the relevant distributions. We repeat this
process until the total actor and movie degrees are equal.
Then we join vertices up in pairs.
In Fig. 7 we show the results of such a simulation for a

bipartite random graph with Poisson degree distribution. &In
fact, for the particular case of the Poisson distribution, the
graph can be generated simply by joining up actors and mov-
ies at random, without regard for individual vertex degrees.'
The figure shows the distribution of the number of co-stars
of each actor, along with the analytic solution, Eqs. &89' and
&90'. Once more, numerical and analytic results are in good
agreement.

V. APPLICATIONS TO REAL-WORLD NETWORKS

In this section we construct random graph models of two
types of real-world networks, namely, collaboration graphs
and the world-wide web, using the results of Secs. III and IV

to incorporate realistic degree distributions into the models.
As we will show, the results are in reasonably good agree-
ment with empirical data, although there are some interesting
discrepancies also, perhaps indicating the presence of social
phenomena that are not incorporated in the random graph.

A. Collaboration networks

In this section we construct random bipartite graph mod-
els of the known collaboration networks of company direc-
tors $29–31%, movie actors $15%, and scientists $36%. As we
will see, the random graph works well as a model of these
networks, giving good order-of-magnitude estimates of all
quantities investigated, and in some cases giving results of
startling accuracy.
Our first example is the collaboration network of the

members of the boards of directors of the Fortune 1000 com-
panies &the 1000 US companies with the highest revenues'.
The data come from the 1999 Fortune 1000 $29–31% and in
fact include only 914 of the 1000, since data on the boards of
the remaining 86 were not available. The data form a bipar-
tite graph in which one type of vertex represents the boards
of directors, and the other type the members of those boards,
with edges connecting boards to their members. In Fig. 8 we
show the frequency distribution of the numbers of boards on
which each member sits, and the numbers of members of
each board. As we see, the former distribution is close to
exponential, with the majority of directors sitting on only
one board, while the latter is strongly peaked around ten,
indicating that most boards have about ten members.
Using these distributions, we can define generating func-

tions f 0(x) and g0(x) as in Eq. &23', and hence find the
generating functions G0(x) and G1(x) for the distributions
of numbers of co-workers of the directors. We have used
these generating functions and Eqs. &72' and &81' to calculate
the expected clustering coefficient C and the average number
of co-workers z in the one-mode projection of board direc-
tors on a random bipartite graph with the same vertex degree
distributions as the original dataset. In Table I we show the
results of these calculations, along with the same quantities

FIG. 7. The frequency distribution of numbers of co-stars of an
actor in a bipartite graph with "!1.5 and !!15. The points are
simulation results for M!10 000 and N!100 000. The line is the
exact solution, Eqs. &89' and &90'. The error bars on the numerical
results are smaller than the points.

FIG. 8. Frequency distributions for the boards of directors of the
Fortune 1000. Left panel: the numbers of boards on which each
director sits. Right panel: the numbers of directors on each board.
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Consider this to be P
(�)
ind,k, the probability a trope shares appears alongside k other

tropes in stories.
Parameters: N� = 104, N� = 105, 〈k〉� = 15, and 〈k〉� = 1.5.

26. Plot the induced distribution P
(�)
ind,k, the probability a story is connected to k other

stories through shared tropes.

27. (optional)
Derive equation 89 in [8] for the degree distribution:

P
(�)
ind,k =

(〈k〉�)k

k!
e〈k〉�(e−〈k〉

�−1)

k∑
i=1

{
k

i

}[
〈k〉� e−〈k〉

�

]i
,

where {
k

i

}
=

i∑
j=1

(−1)i−j

j!(i− j)!
jk

is the Stirling number of the second kind.

28. (optional) Add the theoretical curve obtained above to the plot you generated
before that.
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29. Data snaring and wrangling:
Find two (2) interesting, large network data sets online. The networks may be
weighted or not, directed or undirected.
Transform each network’s representation into row, column, and weight vectors as
per the first assignment. The row vector contains the node at the start of an
edge, the column vector the ends, and the weights, well, the weight of the edge.
Include a one line description for each network along with a link to the data source.
This time round, if you haven’t already, please give NetworkX a shot too.
Please submit your data via email with the subject heading
“CocoNuTS: Network submission for “Hey, could we be judged individually?””.
In the next assignment, we’ll examine all submitted networks. Possibly.
For questions 30–35:
Consider the simple spreading mechanism on generalized random networks for
which each link has a probability β ≤ 1 of successfully transmitting a disease.
We assume that this transmission probability is tested only once: either a link will
or will not be able to send an infection one way or the other (this is a bond
percolation problem). We’ll call these edges ‘active.’
Denote the degree distribution of the network as Pk and the corresponding
generating function as FP . In class, we wrote down the probability that a node
has k active edges as

P̃k = βk

∞∑
i=k

(
i

k

)
(1− β)i−kPi.

30. Given a random network with degree distribution Pk, find FP̃ , the generating
function for P̃k, in terms of FP .

31. Find the generating function for R̃k, the analogous version of Rk, the probability
that a random friend has k other friends.

32. For standard random (ER) networks, use your results from the preceding questions
to find the critical value of 〈k〉 above which global spreading occurs.

33. Find an expression connecting the three quantities β, the average degree 〈k〉, and
the size of the giant component S̃1.

34. What is the slope of the S̃1 curve near the critical point for ER networks?

35. Using whichever method you find most exciting, plot how S̃1 depends on 〈k〉 for
β = 1, β = 0.8, and β = 0.5.
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36. Using either generating function methods (original) or the physical approach
(better) from slides on contagion, reproduce the following pieces from Watts’s
2002 paper [9] on global cascades on random networks:

(a) The cascade windows diagram in Fig. 1.

(b) The vulnerable and triggering component curves in Fig. 2b.

Note 1: Only the vulnerable component was determined theoretically in [9]. The
slides go further and determine the triggering component’s size.

Note 2: This question is all theory but you will need to solve the second and third
problems numerically.

37. Using Gleeson and Calahane’s iterative equations below, derive the contagion
condition for a vanishing seed by taking the limit φ0 → 0 and t → ∞.

φt+1 = φ0 + (1− φ0)
∞∑
k=0

Pk

k∑
j=0

(
k

j

)
θ j
t (1− θt)

k−jBkj,

θt+1 = φ0 + (1− φ0)
∞∑
k=1

kPk

〈k〉

k−1∑
j=0

(
k − 1

j

)
θ j
t (1− θt)

k−1−jBkj,

where θ0 = φ0, and Bkj is the probability that a degree k node becomes active
when j of its neighbors are active.

Recall that by contagion condition, we mean the requirements of a random
network for macroscopic spreading to occur.

To connect the paper’s model and notation to those of our lectures, given a
specific response function F and a threshold model, the Bkj are given by
Bkj = F (j/k).

Allow Bk0 to be arbitrary (i.e., not necessarily 0 as for simple threshold functions).

Here’s a graphical hint for the three cases you need to consider as θ0 → 0:
Success: Sucesss: Fail:
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38. Derive equation 4 in Gleeson and Cahalane (2007) [10]:

C` =
∞∑

k=`+1

∑̀
j=0

(
k − 1

`

)(
`

j

)
(−1)`+j kPk

〈k〉
F

(
j

k

)
.

39. (9 pts)

(a) Derive equation 6 in Gleeson and Cahalane (2007), which is a second order
approximation to the cascade condition for vanishing seeds.
Here’s an example of how this must work:

(b) Hence reproduce the dashed analytic curve shown in Figure 1 of their paper.
(c) Explain why there are jumps in the cascade window outline that do not occur

at reciprocals of the integers.

40. (6 pts)

(a) By numerically finding the fixed points of θt+1 = G(θt; 0), reproduce Figure
3 in Gleeson and Cahalane (2007):

Figure 2!a" shows ! on Poisson random graphs with
thresholds drawn from a Gaussian distribution of mean R and
standard deviation "=0.2. Unlike the assumption in #13$ that
F!0"=0, a Gaussian distribution necessarily implies the pres-
ence of negative-valued thresholds among the population, so
F!0"#0. Negative-threshold agents act as a natural seed,
since they activate regardless of the states of their neighbors.
The presence of these innovators #13$ allows us to set !0
=0 in this case. The extended cascade condition !6" again
gives a good approximation to the discontinuous ! transition
at high z values. Figure 2!b" focuses on the low-z transition
and highlights the existence of a discontinuous transition in z
for certain threshold distributions. This is qualitatively dif-
ferent from the previously-studied case #13$ where only con-
tinuous low-z transitions were found.

Bifurcation analysis of Eq. !2" elucidates this result. In
Fig. 3 we plot the roots of the fixed-point equations G!q"
−q=0 !recall that !0=0 here; extension to nonzero !0 is
straightforward" as functions of z, for different values of the
mean threshold R. Thick solid and dashed lines denote stable
and unstable fixed points respectively #24$. The PAP means
the value of q$ achieved at a given z is that of the lowest
stable branch above q=!0. The occurrence of triple roots as
R is increased causes the smooth low-z transition seen in Fig.
3!a" to become discontinuous #as shown by the thin solid line
in Fig. 3!b"$, as previously seen in the numerical simulations
of Fig. 2!b". The discontinuous low-z transition occurs for
R#Rc, where the critical coordinates !Rc ,zc" and the value
q=qc where the triple root appears are found by numerical

root finding for the system of three equations q=!0
+ !1−!0"G!q", !1−!0"G!!q"=1, and G"!q"=0. For "=0.2
this yields !Rc ,zc"= !0.3543,3.136"; this point is marked with
an arrow in Fig. 2!a". We remark that the discontinuous tran-
sition from q$%1 to q$%0 #which induces a similar transi-
tion in ! through Eq. !1"$ occurs due to a saddle-node bifur-
cation #24$. This behavior is quite generic, occurring for a
wide variety of parameters, with the exception of the special
case studied by Watts. For !0=0 and F!0"=0 as in #13$, the
coefficient C0 is zero and the fixed-point equation always has
a root at q=0, with transcritical bifurcations on the q=0 line
giving rise to the observed transitions. However, any nonzero
seed size replaces the transcritical bifurcations with saddle-
node bifurcations as described above. We have confirmed the
accuracy of these results #and Eq. !1"$ against numerical
simulations on other configuration model network topologies
#1$, including power-law degree distributions !with exponen-
tial cutoff": pk%k−& exp!−k /'" #17$.

We turn now to the derivation of Eqs. !1"–!3". Our ana-
lytical approach is based on methods introduced by Dhar et
al. to study the zero-temperature random-field Ising model
on Bethe lattices #22$. The RFIM is a spin-based model of
magnetic materials, and its zero-temperature limit has been
extensively studied as a model for systems exhibiting hyster-
esis and Barkhausen noise #21$. A Bethe lattice of coordina-
tion number z !for integer z" is an infinite tree where every
node has exactly z neighbors. Dhar et al. derive analytical
results valid on Bethe lattices, but their numerical simula-
tions show that the theory also applies very accurately to
random graphs where every node has exactly z neighbors,
provided that short-distance loops are rare. To analyze Watts’
model we extend the approach of #22$ in two ways. First, we
consider treelike random graphs with arbitrary degree distri-
butions, rather than the Bethe lattices of #22$. Second, we
account for the PAP, which is the essential difference be-
tween Watts’ update rule and standard RFIM dynamics. This
difference between the update rules is crucial to our deriva-
tion of the !0 dependence of the activated fraction !.

We begin by replacing the given random graph !with de-
gree distribution pk" by a tree structure. The top level of the
tree is a single node with degree k, and this is connected to
its k neighbors at the next lower level of the tree. Each of
these nodes is in turn connected to ki−1 neighbors at the next
lower level, where ki is the degree of node i. The degree
distribution of the nodes in the tree is given by p̃k= !k /z"pk,
which is the distribution for the number of nearest neighbors
in a connected graph #1,25$. To find the final density ! of
active nodes, we label the levels of the tree from n=0 at the
bottom, with the top node at an infinitely high level !n
→$". Define qn as the conditional probability that a node on
level n is active, conditioned on its parent !on level n+1"
being inactive. Consider updating a node on level n+1, as-
suming that the nodes on all lower levels have already been
updated. With probability p̃k the chosen node has k neigh-
bors: one of these is its parent !on level n+2", and the re-
maining k−1 are its children !on level n". Since a fraction !0
of nodes were initially set to be active, there is a probability
!0 that we have chosen one of these nodes. In this case the
state of the node remains unchanged. On the other hand, with
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FIG. 3. !Color online" Bifurcation diagrams as described in text
for dependence of q$ on z for "=0.2 and !0=0 at R= !a" 0.35, !b"
0.371, and !c" 0.375.
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(b) Also plot G(θt; 0) for an average threshold φ∗(= R) of 0.371 for
〈k〉(= z) = 1, 2, 3, . . . , 10.
Add the cobweb diagram for a φ0 = 0 seed.
Do this by creating a recursive plotting script in matlab, for example.
You can use the following Matlab scripts/data as a basis, and most of the
work is done. You’ll need to improve the plots with some labels, and
interpret them properly. The first function calls the other two.
https://pdodds.w3.uvm.edu//share/matlab/Gfunction.m
https://pdodds.w3.uvm.edu//share/matlab/gleeson_{f}ig3_{0}2.mat
https://pdodds.w3.uvm.edu//share/matlab/cobweb3.m

(c) Discuss how the stable points move with 〈k〉.

Note: φ∗ = 0.371 matches plot (b) in Figure 3 of [10].

41. We’ve figured out in class that for large enough N (and 〈k〉 fixed), a random
network always has a Poisson degree distribution:

P (k;λ) =
λk

k!
e−λ

where λ = 〈k〉. And as we’ve discussed, we don’t find these networks in the real
world (they don’t arise due to simple mechanisms). Let’s investigate this oddness
a little further.

Compute the expected size of the largest degree in an infinite random network
given 〈k〉 and as a function of increasing sample size N . In other words, in
selecting (with replacement) N degrees from a pure Poisson distribution with
mean 〈k〉, what’s the expected minimum value of the largest degree min kmax?

A good way to compute kmax is to equate it to the value for which we expect 1/N
of our random selections to exceed. (We had a question in 300 along these lines
for power-law size distributions.)

Hint—Of course we’ll be using Stirling’s Approximation.:
http://www.youtube.com/watch?v=uK5yakuX59M

42. In 1-d, consider a population density ρ(x) = cx−γ for x ≥ 1 and γ > 2 (note that
c = γ − 1).

Find the ideal distribution for N sources where N is large.

Hint: draw yourself a clear picture of what’s going on.

Hint: guess the form of the locations of the centers and work from there.

Also: Feel free to do some numerics to see how things work.
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43. Repeat the above treatment for ρ(x) = λe−λx for x ≥ 0.

44. Yes, even more on power law size distributions. It’s good for you.

For the probability distribution P (x) = cx−γ, 0 < a ≤ x ≤ b, compute the mean
absolute displacement (MAD), which is given by 〈|X − 〈X〉|〉 where 〈·〉 represents
expected value. As always, simplify your expression as much as possible.

MAD is a more reasonable estimate for the width of a distribution, but we like
variance σ2 because the calculations are much prettier. Really.

45. In the limit of b → ∞, show that MAD asymptotically behave as:

〈|X − 〈X〉|〉 = 2(γ − 2)(γ−3)

(γ − 1)(γ−2)
a.

How does this compare with the behavior of the variance? (See the last question
of Assignment todo???.)

46. Using the CCDF and standard linear regression, measure the exponent γ − 1 as a
function of the upper limit of the scaling window, with a fixed lower limit of
kmin = 200.

Please plot γ as a function of kmax, including 95% confidence intervals.

Note that the break in scaling should mess things up but we’re interested here in
how stable the estimate of γ is up until the break point.

Comment on the stability of γ over variable window sizes.

Pro Tip: your upper limit values should be distributed evenly in log space.

47. (3 + 3 + 3)

Estimating the rare:

Google’s raw data is for word frequency k ≥ 200 so let’s deal with that issue now.

From Assignment 2, we had for word frequency in the range 200 ≤ k ≤ 107, a fit
for the CCDF of

N≥k ∼ 3.46× 108k−0.661,

ignoring errors.

(a) Using the above fit, create a complete hypothetical Nk by expanding Nk

back for k = 1 to k = 199, and plot the result in double-log space (meaning
log-log space).

(b) Compute the mean and variance of this reconstructed distribution.

(c) Estimate:
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i. the hypothetical fraction of words that appear once out of all words
(think of words as organisms here),

ii. the hypothetical total number and fraction of unique words in Google’s
data set (think at the species level now),

iii. and what fraction of total words are left out of the Google data set by
providing only those with counts k ≥ 200 (back to words as organisms).

48. Starting from here: http://mskcc.convio.net/pdf/cycle_{f}or_{s}urvival/cfs_
{c}ancer_{f}act_{s}heet1.pdf, explore the “rare are legion” aspect of
heavy-tailed distributions for cancer.

49. Explain the scaling of RPM for engines.

50. Zombies!

(Optional. But taking practical precautions for your survival in the event of a
global zombie attack is not optional.)

Network version of the SZR model:

Based on the work of Munz et al. [11], we will model Zombie attacks on
generalized random networks (the paper is here).

There are three states: S, susceptible, Z, zombie, and, R, removed.

For the random mixing model studied by Munz et al., the differential equations are

dS
dt

= θ − βSZ − δS,

dZ
dt

= βSZ + ζR− αSZ,

and dR
dt

= δS + αSZ − ζR,

where

θ is the birth rate of new susceptibles;

β is the rate at which susceptibles who bump into zombies become zombies

δ is the background, non-zombie related death rate for susceptibles;

ζ is the rate at which the dead (removed) are resurrected as zombies;

and α is the rate at which susceptibles defeat zombies (through traditional
methods shown in movies).

For our purposes, consider a random network with degree distribution Pk

containing completely susceptible individuals and discrete time updates. We’ll now
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think of the parameters above as probabilities, and ignore birth and death
processes (θ = δ = 0).
We’ll further assume that if a susceptible takes out a zombie, the latter cannot
resurrect. So this means there’s a fourth category, let’s call it D for definitely
dead.
Assume that in each time step, all edges convey interactions, meaning each
individual interacts with each of their neighbors.
Under what conditions (Pk and spreading parameters) will local zombification be
guaranteed to take off (i.e., grow exponentially, at least in the short term), given
one randomly chosen individual becomes the first zombie?
(The long term dynamics will likely be complicated so we will focus on the initial
dynamics.)
See http://www.wired.com/wiredscience/2009/08/zombies/ for more
information/enjoyment.

51. (12 pts) Consider a family of undirected random networks with degree distribution

Pk = cδk1 + (1− c)δk3,

where δij is the Kronecker delta function, and where c is a constant to be
determined below. Also allow nodes to be correlated according to the following
node-node mixing probabilities.
Conditional probability version, P (k |k′ ):

P (1 | 1) = 1

2
(1 + r),

P (3 | 1) = 1

2
(1− r),

P (1 | 3) = 1

2
(1− r),

and P (3 | 3) = 1

2
(1 + r).

where −1 ≤ r ≤ 1 is the family’s tunable parameter.
Newman’s correlation probability version:

E = [eij] =

[
e00 e02
e20 e22

]
=

1

4

[
(1 + r) (1− r)

(1− r) (1 + r)

]
where eij is the probability that a randomly chosen edge connects a node of degree
i+ 1 an a node of degree j + 1, and only the non-zero values of E are shown.
For the following questions, you can use either formulation.
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(a) Determine c so that purely disassortative networks are achievable if r is
tuned to -1.

(b) Determine which networks in this family have a giant component. In other
words, find the values of r for which a giant component exists.
Note which value (or values) of r mark a phase transition.

(c) Analytically determine the size of the giant component as a function of r.

(d) Determine the size of the largest component containing only degree 3 nodes
as a function of r.
Hint: allow degree 3 nodes to be always vulnerable (β3i = 1 for i = 0, 1, 2,
and 3) and degree 1 nodes to be never vulnerable (β1i = 0 for i = 0 and 1).

52. Spreading on assortative networks: Starting from

θj,t+1 = Gj(~θt) = φ0 + (1− φ0)×

∞∑
k=1

ej−1,k−1

Rj−1

k−1∑
i=0

(
k − 1

i

)
θ i
k,t(1− θk,t)

k−1−iBki.

show the matrix for which we must have the largest eigenvalue greater than 1 for
spreading to occur is

∂Gj(~0)

∂θk,t
=

ej−1,k−1

Rj−1

(k − 1)(βk1 − βk0).

53. Show that for uncorrelated networks, i.e, when ejk = RjRk, the above condition
collapses to the standard condition

∞∑
k=1

(k − 1)
kPk

〈k〉
(βk1 − βk0) > 1.

54. (3 + 3 + 3) Optional:

Solve Krapivsky-Redner’s model for the pure linear attachment kernel Ak = k.

Starting point:
nk =

1

2
(k − 1)nk−1 −

1

2
knk + δk1

with n0 = 0.

(a) Determine n1.

(b) Find a recursion relation for nk in terms of nk−1.
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(c) Now find
nk =

4

k(k + 1)(k + 2)

for all k and hence determine γ.

55. (3 + 3) Optional:

From lectures:

(a) Starting from the recursion relation

nk =
Ak−1

µ+ Ak

nk−1,

and n1 = µ/(µ+ A1), show that the expression for nk for the
Krapivsky-Redner model with an asymptotically linear attachment kernel Ak

is:
µ

Ak

k∏
j=1

1

1 + µ
Aj

.

(b) Now show that if Ak → k for k → ∞ (or for large k), we obtain
nk → k−µ−1.

56. (3 + 3 + 3) Optional:

From lectures, complete the analysis for the Krapivsky-Redner model with
attachment kernel:

A1 = α and Ak = k for k ≥ 2.

Find the scaling exponent γ = µ+ 1 by finding µ. From lectures, we assumed a
linear growth in the sum of the attachment kernel weights µt =

∑∞
k=1 Nk(t)Ak,

with µ = 2 for the standard kernel Ak = k.

We arrived at this expression for µ which you can use as your starting point:

1 =
∞∑
k=1

k∏
j=1

1

1 + µ
Aj

(a) Show that the above expression leads to

µ

α
=

∞∑
k=2

Γ(k + 1)Γ(2 + µ)

Γ(k + µ+ 1)

Hint: you’ll want to separate out the j = 1 case for which Aj = α.
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(b) Now use result that [7]
∞∑
k=2

Γ(a+ k)

Γ(b+ k)
=

Γ(a+ 2)

(b− a− 1)Γ(b+ 1)

to find the connection
µ(µ− 1) = 2α,

and show this leads to
µ =

1 +
√
1 + 8α

2
.

(c) Interpret how varying α affects the exponent γ, explaining why α < 1 and
α > 1 lead to the particular values of γ that they do.

57. (10 pts) What is the clustering coefficient C for a standard random network with
degree distribution Pk? Compute C for the following two cases:
(a) N is finite and links between nodes exist with probability p.
(b) The random network is infinite with mean degree 〈k〉 = z.

Use the definition C =
3#triangles

#triples , or equivalently, that C is the probability that
if a is connected to b and c, then b and c are connected.
(c) What’s the interpretation for the local structure of infinite random networks
given your answer to (b)?

58. (25 pts) Generating functions and giant components. In this question, you will use
generating functions to obtain a number of results we found in class for standard
random networks.
(a) For an infinite standard random network with average degree 〈k〉 = z,
compute the generating function for the degree distribution Pk.
(Recall the degree distribution is Poisson: Pk = e−zz k/k!, k ≥ 0.)
(b) Using your answer to (a) and the joyous properties of generating functions,
show that 〈k〉 = z and that the degree variance is 〈k2〉 = z2 + z.
(c) Find the generating function for the {q̃k}, where qk is the probability that a
node arrived at by following a random direction on a randomly chosen edge has k

outgoing edges.
(d) Using your result for (c), determine the average number of outgoing edges
from a randomly-arrived-at-along-a-random-edge node.
(e) Based on (d), what is the condition on z for a standard random network to
have a giant component?
(Hint: you need to find for what values of z, a randomly chosen neighbor will, on
average, have at least one other neighbor.)
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59. (15 pts) In Krapivsky and Redner’s treatment of growing random network for
linear attachment kernels, they assumed

∑∞
k=1 nkAk = µt and found that µ must

be such that

1 =
∞∑
k=1

k∏
j=1

(
1 +

µ

Aj

)−1

.

(a) Show that when the attachment kernel is purely linear, Aj = j, and when
µ = 2, the above equation above is satisfied.

(b) Bonus question territory: Krapivsky and Redner also looked at the specific
attachment kernel A1 = α and Ak = k for k > 1, where α > 0. They determined
that the resulting degree distribution has a power-law tale obeying k−γ where
γ = (3 +

√
1 + 8α)/2.

Using this modified linear attachment kernel, show that µ(µ− 1) = 2α.

60. (20 pts)

Aspects of Kleinberg’s search problem in one dimension:

Consider N nodes connected in a 1-d line graph (i.e., a sequence of N nodes lying
on a line, with adjacent nodes connected), labelled i = 1 to N .

Take our starting node to be at one end of the line, say i = 1, and the target node
to be at the other end, i = N .

Let node i = 1 have exactly one long distance link (i.e., a shortcut link).

In attempting to construct a searchable network, we add a link from our start
node i = 1 to another node j = 2, . . . , N with probability cr−α, where c is a
constant of proportionality and r = j − i is the distance between i and j.
(Normally, we add links to all nodes but for this question, we’re only interested in
what happens with the first step from i = 1.)

(a) Compute the constant of proportionality c (Hint: the sum over the
probabilities of attaching to all other nodes must be unity; use an integral
approximation again.)

(b) Show that for α = 1, the chance of the link from node i = 1 reaching a node
at position j ≥ N/2 is on the order of 1/ lnN . (This effectively means that
by moving along the line starting at i, we should find a shortcut to the other
half of the line within a factor of lnN steps. This is pretty good.)

(c) For α > 1, show that the probability of i having a shortcut to the other half
of the line decays as an inverse power of N . (This means that our shortcut is
likely too close to i and won’t help us jump to the other half of the line.)
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(d) If α < 1, our shortcut will link to the other half of the line with a finite,
constant probability, independent of N for large N . So what’s the drawback
here?

61. More of a note:

• Newman[12]:
C3 =

6× #triangles
#ordered pairs

• Now count each triple twice

• Same as C2 but interpretation is different

• Probability that a friend of i’s friend is also i’s friend.

• C1 = probability that two friends of a randomly chosen node are connected

• C2 = probability that two nodes are connected given they have a friend in
common.

• C3(= C2) = probability that a node’s friend of a friend is also a friend of
that node.

• For sparse networks, C1 tends to discount highly connected nodes.

• While C1 is a measure of clustering, it doesn’t quite as simple interpretation
as C2.

• Some variability in which measure is used in the literature.

• Not always clear which one is being used...

62. Generating functions and giant components: In this question, you will use
generating functions to obtain a number of results we found in class for standard
random networks.

(a) For an infinite standard random network (Erdös-Rényi/ER network) with
average degree 〈k〉, compute the generating function FP for the degree
distribution Pk.
(Recall the degree distribution is Poisson: Pk = e−〈k〉〈k〉 k/k!, k ≥ 0.)

(b) Show that F ′
P (1) = 〈k〉 (as it should).

(c) Using the joyous properties of generating functions, show that the second
moment of the degree distribution is 〈k2〉 = 〈k〉2 + 〈k〉.

(d) Find the generating function for the degree distribution Pk of a finite random
network with N nodes and an edge probability of p.
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(e) Show that the generating function for the finite ER network tends to the
generating function for the infinite one. Do this by taking the limit N → ∞
and p → 0 such that p(N − 1) = 〈k〉 remains constant.

63. (a) Continuing on from Q1 for infinite standard random networks, find the
generating function FR(x) for the {Rk}, where Rk is the probability that a
node arrived at by following a random direction on a randomly chosen edge
has k outgoing edges.

(b) Now determine the average number of outgoing edges from a
randomly-arrived-at-along-a-random-edge node.

(c) Given your findings above, what is the condition on 〈k〉 for a standard
random network to have a giant component?
(Hint: you need to find for what values of 〈k〉, a randomly chosen neighbor
will, on average, have at least one other neighbor.)

64. Consider the simple spreading mechanism on generalized random networks for
which each link has a probability β ≤ 1 of successfully transmitting a disease.

We assume that this transmission probability is tested only once: either a link will
or will not be able to send an infection one way or the other (this is a bond
percolation problem). We’ll call these edges ‘active.’

Denote the degree distribution of the network as Pk and the corresponding
generating function as FP . In class, we wrote down the probability that a node
has k active edges as

P ′
k = βk

∞∑
i=k

(
i

k

)
(1− β)i−kPi.

(a) Given a random network with degree distribution Pk, find FP ′ , the
generating function for P ′

k, in terms of FP .

(b) Find the generating function for R′
k, the analogous version of Rk, the

probability that a random friend has k other friends.

65. (a) For standard random networks, use your results for Q3 to find an expression
connecting β, the average degree 〈k〉, and the size of the giant component
S ′
1.

(b) What is slope of the S ′
1 curve near the critical point for ER networks?

(c) Using whichever method you find most exciting, plot how S ′
1 depends on 〈k〉

for β = 1, β = 0.8, and β = 0.5.
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66. Consider a network with a degree distribution that obeys a power law and is
otherwise random.

Assume that the network is drawn from an ensemble of networks which have N

nodes whose degrees are drawn from the probability distribution Pk = ck−γ where
k ≥ 1 and 2 < γ < 3.

(a) Estimate min kmax, the approximate minimum of the largest degree in the
network, finding how it depends on N . (Hint: we expect on the order of 1 of
the N nodes to have a degree of min kmax or greater.)

(b) Determine the average degree of nodes with degree k ≥ min kmax to find
how the expected value of kmax scales with N .

Repeats:

I. Supply networks and allometry:

Consider a set of rectangular areas with side lengths L1 and L2 such that L1 ∝ Aγ1

L2 ∝ Aγ2 where A is area and γ1 + γ2 = 1. Assume γ1 > γ2.

Now imagine that material has to be distributed from a central source in each of these
areas to sinks distributed with density ρ(A), and that these sinks draw the same amount
of material per unit time independent of L1 and L2.

1. Find an exact form for how the volume of the most efficient distribution network
scales with overall area A = L1L2. (Hint: you will have to set up a double
integration over the rectangle.)

2. If network volume must remain a constant fraction of overall area, determine the
maximal scaling of sink density ρ with A.

II. Size-density law:

In two dimensions, the size-density law for distributed source density D(~x) given a sink
density ρ(~x) states that D ∝ ρ2/3. We showed in class that an approximate argument
that minimizes the average distance between sinks and nearest sources gives the 2/3
exponent.

1. Repeat this argument for the d-dimensional case and find the general form of the
exponent β in D ∝ ρβ.
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• We will explore real networks throughout the course performing some key
measurements introduced in Principles of Complex Systems.

• you are encouraged to use Python (along with, for example, NetworkX or
graph-tools).

• Data is available in two compressed formats:

– Matlab + text (tgz): https://pdodds.w3.uvm.edu/teaching/courses/2025-
2026pocsverse/data/303complexnetworks-data-package.tgz

– Matlab + text (zip): https://pdodds.w3.uvm.edu/teaching/courses/2025-
2026pocsverse/data/303complexnetworks-data-package.zip

and can also be found on the course website (helpfully) under data.

• The main Matlab file containing everything is networkdata_combined.mat.

• For directed networks, the ijth entry of the adjacency matrix represents the
weight of the link from node i to node j. Adjacency matrices for undirected
networks are symmetric.

• For all questions below, treat each network as undirected unless otherwise
instructed.

• For this assignment, convert all weights on links to 1, if the network is weighted.

• You do not have to use Matlab for your basic analyses. Python would be a
preferred route for many.

• The supplied text versions may be of use for visualization using gml.

• The Matlab command spy will give you a quick plot of a sparse adjacency matrix.

• Real data sets used here are taken from Mark Newman’s compilation (and
linked-to sites) at http://www-personal.umich.edu/~mejn/netdata/.

1. Record in a table the following basic characteristics:

• N , the number of nodes;

• m, the total number of links;

• Whether the network is undirected or directed based on the symmetry of the
adjacency matrix;

• 〈k〉, the average degree (〈kin〉 and 〈kout〉 if the network is directed);
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• The maximum degree kmax (for both out-degree and in-degree if the network
is directed);

• The minimum degree kmin (for both out-degree and in-degree if the network
is directed).

2. (3+3)

(a) Plot the degree distribution Pk as a function of k. In the case that Pk versus
k is uninformative, also produce plots that are clarifying. For example,
log10 Pk versus log10 k.
(Note: Always use base 10.)

(b) See if you can characterize the distributions you find (e.g., exponential,
power law, etc.).

3. Measure the clustering coefficient C2 where

C2 =
3× #triangles

#triples
.

For directed networks, transform them into undirected ones first.
One approach is to compute C2 as

C2 =
3× 1

6
TrA3

1
2

(∑
ij[A

2]ij − TrA2
) .

Note: avoiding computing A3 is important and can be done.

• We will explore real networks throughout the course performing some key
measurements introduced in Principles of Complex Systems.

• you are encouraged to use Python (along with, for example, NetworkX or
graph-tools).

• Data is available in two compressed formats:

– Matlab + text (tgz): https://pdodds.w3.uvm.edu/teaching/courses/2025-
2026pocsverse/data/303complexnetworks-data-package.tgz

– Matlab + text (zip): https://pdodds.w3.uvm.edu/teaching/courses/2025-
2026pocsverse/data/303complexnetworks-data-package.zip

and can also be found on the course website (helpfully) under data.

• The main Matlab file containing everything is networkdata_combined.mat.
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• For directed networks, the ijth entry of the adjacency matrix represents the
weight of the link from node i to node j. Adjacency matrices for undirected
networks are symmetric.

• For all questions below, treat each network as undirected unless otherwise
instructed.

• For this assignment, convert all weights on links to 1, if the network is weighted.

• You do not have to use Matlab for your basic analyses. Python would be a
preferred route for many.

• The supplied text versions may be of use for visualization using gml.

• The Matlab command spy will give you a quick plot of a sparse adjacency matrix.

• Real data sets used here are taken from Mark Newman’s compilation (and
linked-to sites) at http://www-personal.umich.edu/~mejn/netdata/.

1. Okay, let’s get back to the 6 networks we explored in the first assignment.
Questions 2 through 4 will focus on them.
Measure the degree-degree assortativity. This is the standard Pearson correlation
coefficient and the focus is on links, and then the nodes at the end of each link.
For undirected networks, we need to think about how we choose the ordering of
an edge’s two degrees when we perform the correlation. Which degree goes first?
Or should we include both orderings? How about randomly choosing the ordering?
Does it matter?
For directed networks, various correlations are possible (in-in, in-out, etc.). For
this question, measure the correlation of the in-degree of the source node and the
out-degree of the destination node for each link.

2. Produce plots of the adjacency matrices.

3. Using a network visualization tool of your choice, produce plots of the networks (if
possible, depending on size).
For the smaller ones, please label the nodes numerically.

4. (3 + 3)
Consider a modified version of the Barabàsi-Albert (BA) model [6] where two
possible mechanisms are now in play. As in the original model, start with m0

nodes at time t = 0. Let’s make these initial guys connected such that each has
degree 1. The two mechanisms are:
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M1: With probability p, a new node of degree 1 is added to the network. At time
t+ 1, a node connects to an existing node j with probability

P (connect to node j) =
kj∑N(t)
i=1 ki

(3)

where kj is the degree of node j and N(t) is the number of nodes in the
system at time t.

M2: With probability q = 1− p, a randomly chosen node adds a new edge,
connecting to node j with the same preferential attachment probability as
above.

Note that in the limit q = 0, we retrieve the original BA model (with the
difference that we are adding one link at a time rather than m here).

In the long time limit t → ∞, what is the expected form of the degree distribution
Pk?

Do we move out of the original model’s universality class?

Different analytic approaches are possible including a modification of the BA
paper, or a Simon-like one (see also Krapivsky and Redner [7]).

Hint: You can attempt to solve the problem exactly and you’ll find an integrating
factor story.

Another hint, moment of mercy: Approximate the differential equation by
considering large t (this will simplify the denominators).

(3 points for set up, 3 for solving.)

5. Optional:

Watch “Remedial Chaos Theory.”

Community, S3E04.

https://en.wikipedia.org/wiki/Remedial_Chaos_Theory

6. Tokunaga’s law is statistical but we can consider a rigid version. Take T1 = 2 and
RT = 2 and draw an example network of order Ω = 4 with these parameters.

Please take some effort to make your network look somewhat like a river network.

7. Show Rs = R`. In other words show that Horton’s law of stream segments
matches that of main stream lengths, and do this by showing they imply each
other.
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8. Tokunaga’s law implies Horton’s laws:
In lectures, we established the following:

nω = 2nω+1︸ ︷︷ ︸
generation

+
Ω∑

ω′=ω+1

Tω′−ω nω′︸ ︷︷ ︸
absorption

From here, derive Horton’s law for stream numbers: nω/nω+1 = Rn, where
Rn > 1 and is independent of ω, and find Rn in terms of Tokunaga’s two
parameters T1 and RT .

9. Show Rn = Ra by using Tokunaga’s law to find the average area of an order ω
basin, 〈a〉ω, in terms of the average area of basins of order 1 to ω − 1.
(In lectures, we use Horton’s laws to roughly demonstrate this result.)
Here’s the set up:

Using the Tokunaga picture, we see a basin of order ω can be broken down into
non-overlapping sub-basins.
Connect 〈a〉ω to the average areas of basins of lower orders as follows:

〈a〉ω = 2 〈a〉ω−1 +
ω−1∑
ω′=1

Tω,ω′ 〈a〉ω′ + 2δ 〈s〉ω .

The first term on the right hand side corresponds to the two ‘generating’ streams
of order ω − 1. The second term (the sum) accounts for side streams entering the
sole order ω stream segment in the basin. And the last term gives the contribution
of ‘overland flow,’ i.e., flow that does not arrive in the main stream segment
through a stream. The length scale δ is the typical distance from stream to ridge.
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10. For river networks, basin areas are distributed according to P (a) ∝ a−τ .

Determine the exponent τ in terms of the Horton ratios Rn and Rs.

Guide:

Follow the same procedure shown in lectures for P (`) ∝ `−γ.

In class, we derived P (`) ∝ `−γ starting from Horton’s laws (see the section of
scaling relations in the slides on Branching Networks II. In doing so, we started
with the following observation:

P>(`ω) =
N>(`ω; ∆)

N>(0;∆)

where N>(`ω; ∆) was the number of sites with main stream length > `ω.

Now, we can equally well use the right hand side to count the number of sites
with drainage area exceeding aω. So,

P>(aω) ∝
(
Rn

Rs

)−ω

= e−ω ln(Rn/Rs).

Our task is now to wrangle the right hand side so that we see it in terms of aω.

11. Derive Murray’s law.

Per lectures, find the minimum rate of energy expenditure working from the
assertion that:

P = Pdrag + Pmet = Φ2 8η`

πr4
+ cmetr

2`,

where met stands for metabolic.

We are interested in how P varies with the tube radius r.

Per lectures, we defined the ‘parent’ branch’s radius as rparent, and the ‘offspring’
branches as having radii roffspring1 and roffspring2 (which need not be the same).

Show that minimizing energy expenditure leads to r3parent = r3offspring1 + r3offspring2.

Note that in the LATEX settings for assignments, various derivative notations are
included.

Here, you will want to use partial derivatives, and here’s a start.

Note the code-like formatting as expounded on here �. Far easier to create, edit,
debug, read.
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∂P
∂r

= ∂
∂r

(
Φ2 8η`

πr4
+ cmetr

2`
)

1 $
2 \ partialdiff {P}{r}
3 =
4 \ partialdiff {}{r}
5 \ left (
6 \Phi^{2}
7 \frac{
8 8 \eta \ell
9 }{

10 \pi r^{4}
11 }
12 +
13 c_{\textnormal{met}}
14 r^{2}
15 \ell
16 \right)
17 $

12. Derive the equivalent of Murray’s law for branching networks where material
moves by diffusion. Perhaps surprisingly, this connects the inner workings of
insects, electrical networks, and search on networks.
For diffusion, the impedance of a vessel is now Z = cdiff`r

−2 where cdiff is a
constant, ` is vessel length, and r is vessel radius.
In terms of general impedance, the expression for the rate of energy expenditure is:

P = Pdrag + Pmet = Φ2Z + cmetr
2`.

13. Now derive the generalized version of Murray’s law for a generalized impedance
Z = cimp`r

−2α, where cimp is a general impedance constant, ` is vessel length, and
r is vessel radius.
We can assume α > 0 as impedance should decrease with wider vessels.
We choose r−2α because cross sectional area πr2 can be considered the essential
parameter here, and because we skipped to the end of the book and decided to
rewrite the start.

14. Murray’s law for real data.
See if you can track down a data set for real branching networks where Murray’s
law might reasonably apply, and then test how well Murray’s law holds up.
Could be blood vessels, trees, … [13, 14, 15].
As always, you are welcome to collaborate. Feel free to share data sets on Teams.
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15. (3 + 3)

Let’s start on trying to reproduce reproduce Bohn and Magnasco’s Figs. 2a and
2b in [16].

A profound physical result. For movement of stuff, when should networks exist?

Preliminary work:

• Construct an adjacency matrix for the underlying hexagonal lattice where the
side number of nodes is a variable n.

• Plot the n = 8 version to match with the grids underlying the figures below.

the potential at the nodes by solving the system of linear
equations ik !

P
lRkl"Uk #Ul$, then the currents through

the links Ikl are determined. We use these currents to
determine a first approximation of the optimal conductiv-
ities on the basis of the scaling relation. Then, the currents
are recalculated with this set of conductivities, and the
scaling relation is reused for the next approximation.
These steps are repeated until the values have converged.
We check by perturbing the solution that it actually is a
minimum of the dissipation, which was always the case.

For all !> 1, independently of the initial conditions, the
same conductivity distribution is obtained, which con-
forms to the analytical result of [6]: there exists a unique
minimum which is therefore global.

Furthermore, the distribution of "kl is ‘‘smooth,’’ vary-
ing only on a ‘‘macroscopic scale,’’ as show in Fig. 2(a).
No formation of any particular structure occurs. However,
the conductivity distribution is not isotropic. We can inter-
pret the conductivity distribution as a discrete approxima-
tion of a continuous, macroscopic conductivity tensor (see
also [10]). The smooth aspect of the distribution is con-
served while approaching ! ! 1 while the local anisotropy
increases, while the values of all "kl remain finite, even if
they get very small. For ! ! 1:5 and Ndia ! 15, the con-
ductivity distribution spreads already over eight decades
and becomes still broader as ! ! 1%, in which limit the
number of iteration steps diverges as the minima becomes
less and less steep.

! ! 1 presents a marginal case. The results of the
simulation suggest that the minimum is highly degenerate;
i.e., there are a large number of conductivity distributions
yielding the same minimal dissipation.

For !< 1, the output of the relaxation algorithm is
qualitatively different [Fig. 2(b)]. A large number of con-
ductivities converge to zero so that no loop remains. The
highly redundant network is transformed to a spanning
tree topology and the currents are canalized in a hierarch-
ical manner. This, too, is predicted by the analytical results
[6]. In contrast to !> 1, the conductivity distribution
cannot be interpreted as a discrete approximation of a
conductivity tensor: for Ndia ! 1, the structure becomes
fractal.

For different initial conditions, the relaxation algorithm
yields trees with different topologies: each local minima in
the high-dimensional and continuous space of conductiv-
ities f"klg corresponds to a different tree topology. To find
the global minima with !< 1, we search consequently in
the (exponentially large) space of tree topologies using a
Monte Carlo algorithm. (We start with some initial tree and
then switch links without creating loops and without dis-
connecting a part of the network.) Note that for a tree
topology, the currents do not depend on the values "kl
and, using the scaling relation, one may directly write
down the dissipation rate for a given tree; the iterative
relaxation is not necessary here. This regime has been
widely explored in the context of river networks
[4,5,13,15], mainly for a set of parameters that corre-
sponds, in our case, to ! ! 0:5. An example of a resulting
minimal dissipation tree structure is given in Fig. 2(c).
Note also, that the scaling relations can be seen as some
kind of erosion model: the more currents flows through a
link, the better the link conducts [4].

The qualitative transition is reflected also quantitatively
in the value of the minimal dissipation [Fig. 3(a)]. The
points for !> 1 were obtained with the relaxation algo-
rithm, the points !< 1 by optimizing the tree topologies
with a Monte Carlo algorithm. For ! ! 1, Jmin=Jhomo !
1 by definition; for ! ! 0, Jmin=Jhomo ! 0, because the
vanishing "kl allow the remaining "kl ! 1.

Figure 3(b) shows the behavior of minimal dissipation
rate close to ! ! 1. For ! smaller than 1, the relaxation
method only furnishes a local minimum, the Monte Carlo
algorithm searching for the optimal tree topologies gives
lower dissipation values. The different values correspond-
ing to different realization indicate that the employed
Monte Carlo method does not find the exact global min-
ima. For !> 1, the optimal tree obtained by the
Monte Carlo algorithm is not the optimal solution since
the absolute and only minima has loops. The dissipation
rate which results from the relaxation algorithm is then, of
course, lower than the dissipation of any tree. While the
curve is continuous, the crossover at ! ! 1 shows a clear
change in the slope of Jmin"!$. One could interpret this
behavior as a second order phase transition. (The change in
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FIG. 2. Examples of the optimized conductivity distributions obtained by the relaxation method for (a) ! ! 2:0 and (b) ! ! 0:5. For
!< 1, the relaxation leads in general only to a local minimum. The global minimum can be approached by searching in the space of
tree topologies. The result for ! ! 0:5 is shown in (c). The arrows indicate the localized inlet.
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16. (3 + 3) Reproduce Bohn and Magnasco’s Figs. 2a and 2b in [16]:

the potential at the nodes by solving the system of linear
equations ik !

P
lRkl"Uk #Ul$, then the currents through

the links Ikl are determined. We use these currents to
determine a first approximation of the optimal conductiv-
ities on the basis of the scaling relation. Then, the currents
are recalculated with this set of conductivities, and the
scaling relation is reused for the next approximation.
These steps are repeated until the values have converged.
We check by perturbing the solution that it actually is a
minimum of the dissipation, which was always the case.

For all !> 1, independently of the initial conditions, the
same conductivity distribution is obtained, which con-
forms to the analytical result of [6]: there exists a unique
minimum which is therefore global.

Furthermore, the distribution of "kl is ‘‘smooth,’’ vary-
ing only on a ‘‘macroscopic scale,’’ as show in Fig. 2(a).
No formation of any particular structure occurs. However,
the conductivity distribution is not isotropic. We can inter-
pret the conductivity distribution as a discrete approxima-
tion of a continuous, macroscopic conductivity tensor (see
also [10]). The smooth aspect of the distribution is con-
served while approaching ! ! 1 while the local anisotropy
increases, while the values of all "kl remain finite, even if
they get very small. For ! ! 1:5 and Ndia ! 15, the con-
ductivity distribution spreads already over eight decades
and becomes still broader as ! ! 1%, in which limit the
number of iteration steps diverges as the minima becomes
less and less steep.

! ! 1 presents a marginal case. The results of the
simulation suggest that the minimum is highly degenerate;
i.e., there are a large number of conductivity distributions
yielding the same minimal dissipation.

For !< 1, the output of the relaxation algorithm is
qualitatively different [Fig. 2(b)]. A large number of con-
ductivities converge to zero so that no loop remains. The
highly redundant network is transformed to a spanning
tree topology and the currents are canalized in a hierarch-
ical manner. This, too, is predicted by the analytical results
[6]. In contrast to !> 1, the conductivity distribution
cannot be interpreted as a discrete approximation of a
conductivity tensor: for Ndia ! 1, the structure becomes
fractal.

For different initial conditions, the relaxation algorithm
yields trees with different topologies: each local minima in
the high-dimensional and continuous space of conductiv-
ities f"klg corresponds to a different tree topology. To find
the global minima with !< 1, we search consequently in
the (exponentially large) space of tree topologies using a
Monte Carlo algorithm. (We start with some initial tree and
then switch links without creating loops and without dis-
connecting a part of the network.) Note that for a tree
topology, the currents do not depend on the values "kl
and, using the scaling relation, one may directly write
down the dissipation rate for a given tree; the iterative
relaxation is not necessary here. This regime has been
widely explored in the context of river networks
[4,5,13,15], mainly for a set of parameters that corre-
sponds, in our case, to ! ! 0:5. An example of a resulting
minimal dissipation tree structure is given in Fig. 2(c).
Note also, that the scaling relations can be seen as some
kind of erosion model: the more currents flows through a
link, the better the link conducts [4].

The qualitative transition is reflected also quantitatively
in the value of the minimal dissipation [Fig. 3(a)]. The
points for !> 1 were obtained with the relaxation algo-
rithm, the points !< 1 by optimizing the tree topologies
with a Monte Carlo algorithm. For ! ! 1, Jmin=Jhomo !
1 by definition; for ! ! 0, Jmin=Jhomo ! 0, because the
vanishing "kl allow the remaining "kl ! 1.

Figure 3(b) shows the behavior of minimal dissipation
rate close to ! ! 1. For ! smaller than 1, the relaxation
method only furnishes a local minimum, the Monte Carlo
algorithm searching for the optimal tree topologies gives
lower dissipation values. The different values correspond-
ing to different realization indicate that the employed
Monte Carlo method does not find the exact global min-
ima. For !> 1, the optimal tree obtained by the
Monte Carlo algorithm is not the optimal solution since
the absolute and only minima has loops. The dissipation
rate which results from the relaxation algorithm is then, of
course, lower than the dissipation of any tree. While the
curve is continuous, the crossover at ! ! 1 shows a clear
change in the slope of Jmin"!$. One could interpret this
behavior as a second order phase transition. (The change in
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FIG. 2. Examples of the optimized conductivity distributions obtained by the relaxation method for (a) ! ! 2:0 and (b) ! ! 0:5. For
!< 1, the relaxation leads in general only to a local minimum. The global minimum can be approached by searching in the space of
tree topologies. The result for ! ! 0:5 is shown in (c). The arrows indicate the localized inlet.
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Steps are given below but please read through the paper to understand how they
set things up.

The full team is encouraged to work together on Teams.

(a) Done (previous assignment): Construct an adjacency matrix A representing
the hexagonal lattice used in [16]. Plot this adjacency matrix.

(b) Run a minimization procedure to construct Figs. 2a and 2b which
correspond to γ = 2 and γ = 1/2. Steps:
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i. Set each link’s length to 1 (the dkl). The goal then reduces to
minimizing the cost

C =
∑
k,l

|Ikl|Γ

where Ikl is the current on link kl and Γ = 2γ/(γ + 1).
ii. Place a current source of nominal size i0 at one node (as indicated in

Fig. 2 above).
iii. All other nodes are sinks, drawing a current of

ik = − i0
Nnodes−1

.

iv. Suggest setting i0 = 1000 (arbitrary but useful value given the size of
the network).

v. Generate an initial set of random conductances for each link, the {κkl}.
From the paper, these must sum to some global constraint as

K =

(∑
k,l

κγ
kl

)1/γ

.

This constraint is meant to represent a limitation on the amount of
material that can be used to build the network.
Note: There seems to be no reason not to set K = 1. However, taking
the initial value of K determined by the initial set of random
conductances would work.
To our notational peril, we now have a lot of k types on deck.

vi. Solve the following to determine the potential U at each node, and
hence the current on each link using:

ik =
∑
l

κkl(Uk − Ul),

and then
Ikl = κkl(Ul − Uk).

Note: the paper erroneously has Ikl = Rkl(Ul − Uk) below equation 4;
there are a few other instances of similar miswritings of Rkl instead of
κkl.

vii. Now, use scaling in equation (10) to compute a new set of {κkl} from
the Ikl. Everything boils down to

κkl ∝ |Ikl|−(Γ−2),

where the constant of proportionality is determined by again making
sure Kγ =

∑
k,l κ

γ
kl.
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Some help—Let’s sort out the key equation:

ik =
∑
l

κkl(Uk − Ul).

Each time we loop around through this equation, we know the ik and the κkl

and must determine the Uk. In matrixology, we love A~x = ~b problems so
let’s see if we can fashion one:

ik =
∑
l

κkl(Uk − Ul)

=
∑
l

κklUk −
∑
l

κklUl

= Uk

∑
l

κkl −
∑
l

KklUl

= λkUk − [K~U ]k

where we have set λk =
∑

l κkl, the sum of the kth row of the matrix K. We
now construct a diagonal matrix Λ with the λk on the diagonal, and obtain:

~i = (Λ− K) ~U.

The above is in the form A~x = ~b so we can solve for ~U using standard
features of R, Matlab, Python, … (hopefully).

17. Surface area of allometrically growing LoveMinecraftian organisms:

Let’s consider animals as parallelepipeds (e.g., the well known box cow), with
dimensions L1, L2, and L3 and volume V = L1 × L2 × L3.

Let’s assume length Li scales with volume as Li = c−1
i V γi where the exponents

satisfy γ1 + γ2 + γ3 = 1 and the ci are prefactors such that c1 × c2 × c3 = 1. Let’s
also arrange our organisms so that γ1 ≥ γ2 ≥ γ3.

(a) Show that the scalings Li = c−1
i V γi mean that indeed L1 × L2 × L3 = V .

(b) Write down the γi corresponding to isometric scaling.

(c) Calculate the surface area S of our imaginary blockular beings for general
allometric scaling of the sides.

(d) Show how S behaves as V becomes large (i.e., which term(s) dominate).

(e) Which sets of γi give the fastest and slowest possible scaling of S as a
function of V ?
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Relevant tarot cards, for your consideration:
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