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On Periodic Points
By M. ARTIN* and B. MAZUR**

An important part of the qualitative theory of dynamical systems, and of
diffeomorphisms, is the detailed study of periodic orbits. Much work is de-
voted to demonstrating in specific cases such as the three-body problem that
infinitely many periodic orbits exist [12].

Consider an arbitrary map f: X — X, where X is a topological space.
Denote by N,(f) the number of isolated periodic points of f, of period v (i.e.,
the number of isolated fixed points of f7).

We are interested in studying the rate of growth of N,(f) (as v varies
through the positive integers). Let us say that N,(f) grows at most exponen-
tially if there is a constant ¢ = ¢(f) < + o, such that

N(f)=¢ forally=>1.

Let M be a compact differential manifold (without boundary). Let F'*(M)
be the space of C* mappings of M into itself, given the C* topology.
Using algebraic approximation techniques of Nash [8], we prove:

THEOREM. There is a dense subset &, C F'*(M) such that if f€&,, then
N(f) grows at most exponentially.

A map f: M— M is numerically stable if there is a neighborhood f € U C &,
such that

N,(f) = Ny(9) forallgeU,v=1.

The structurally stable diffeomorphisms of Smale [11] are clearly numeri-
cally stable.

An immediate corollary of the theorem is that, if f: M — M is numerically
stable, then N,(f) grows at most exponentially.. (It is a happy fact that
structurally stable maps, so intractible from a direct geometric point of view,
are by their very definition amenable to approximation procedures.) This
should be compared with the following corollary of the work of Smale [12],
which gives a very sizeable class of diffeomorphisms (D, in Smale’s terminology)
an exponential lower estimate as well. In particular, Smale’s class D, includes
the structurally stable diffeomorphisms possessing a homoclinic point, so we
may state.

* This research was partially supported by NSF grant GP-379.
*#* This research was partially supported by NSF grant GP-1217, and by a grant from the
Sloan Foundation.
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PROPOSITION (Smale). Let : M — M be a structurally stable diffeomor-
phism (C*) possessing a homoclinic point of order N. Then, thereisanl =1
such that:

N,(p') = N forally=0.

PROOF. Let us first state that a structurally stable diffeomorphism is in
the subspace D, F'(M) as required in the hypothesis of Smale’s theorem
[12, Theorem B]. This follows from [12, 9.1], and (2.6). Consequently, by the
conclusion of Smale’s theorem, T' (for some I > 0) is equivalent to a shift
automorphism of order N on some subset of M. Let us count periodic points
of a shift automorphism on the set of doubly infinite N-imals:

(...y...’a_w...,ao’al,...,a)\,...).

Clearly such an N-imal is periodic of period v under the shift automorphism
if and only if it is, naively, periodic of period v. There are precisely N* such
N-imals. The proposition follows.

Combining lower and upper estimates we may say that, if f: M — M is a
structurally stable diffeomorphism possessing a homoclinic point of order
N =1, then there is a constant ¢ = ¢(f) < + o, and an integer | = 1 such
that

1< N N(fH) ¢ forally = 1.

Structurally stable diffeomorphisms possessing homoclinic points have been
constructed on S” (p > 1) (Smale, not yet published) and else where. A most
interesting example is the following (see [1], [11]). Let L be a linear transfor-
mation on the plane R*in SL(2; Z) (i.e., which induces an automorphism of the
integral lattice Z°> C R?) with an eigenvalue of absolute value greater than 1.
Then L induces a diffeomorphisms @, of the torus T? = R?%Z*. This diffeo-
morphism @, is structurally stable, possesses homoclinic points of order N > 1,
and has a dense set of periodic points.

Let us look more closely at these diffeomorphisms. Our condition on the
eigenvalues of L implies that they are both real. Assume for simplicity, that
they are positive.

We may identify R? in a natural way with the tangent space to any point
x T2 If x is a periodic point of period v of ®,, then under the above identi-
fication, the differential of (®,)” is given simply by the linear transformation,
L*, From this we deduce

(i) Every periodic point of @, is elementary (since the eigenvalues of L”
are all absolute value different from 1).

(ii) The (Lefschetz) indices of the fixed points of (®;)* are all equal. (The
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index of an elementary fixed point « is computable from the differential of the
map at 2, and the differentials of (¢,)” at the fixed points are all equal.) After
(i), (ii) the Lefschetz fixed point formula applies to establish

(%) +N(p) = 2 — Tr(L) .

But since the eigenvalues of L are positive, Tr(L*) is a positive integer greater
than 1, so we may sharpen (*) to yield:

() Ny(py) = Tr(L*) — 2.
If we form the function

&(s) = exp( — —W}
where s is a complex variable, we obtain

{(s) =1 — s)*/det 1 — s-L)

which coincides with the zeta function introduced by Lang [6].
Define the zeta function of any map f as

9 = exp (55, DT

Our main theorem then states that {; has a non-zero radius of convergence
about s = 0 if f€§,.

Let us remark that if V is an algebraic variety defined over a finite field
F,, and X = V is the set of points of V over the algebraic closure; f: X — X
the map induced from the ¢ power map on coordinates (with respect to some
projective imbedding of V defined over F),), the above zeta function of f is
precisely the classical zeta function of V.

There are a few directions in which one might hope to improve our result:

1. Let f: M — M be an arbitrary differentiable map whose periodic points
are all transversal. (M compact without boundary.) Does the exponential
upper bound hold for N,(f)?

2. Let fe&;. Is {s(s) an algebraic function of s?

3. Let V be a differentiable vector field on a compact manifold M. Denote
by N,(V) the number of isolated periodic orbits of V, period less than or equal
toy. Does N,(V) grow at most exponentially for some reasonable, dense class
of vector fields V? (In particular, for Nash vector fields? Notice that if this
theorem is proven for any dense set of vector fields, it is also true for structur-
ally stable vector fields. Compare Corollary 2.3 below.)

Unfortunately, these conjectures would probably not be easily established
if true, while simple counter-examples could demolish them.
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The key to the proof of our result is the fundamental theory of real alge-
braic approximations introduced by Nash [8]. In §1, we make explicit the
category of objects and morphisms introduced [8]. The Nash category is ex-
tremely useful in that it occupies a hybrid position: it is “dense” in differential
topology (1.8), and it is amenable to algebraic geometric techniques.

Our main theorem is proved by showing (2.1) that, if @ is any Nash
morphism, then N,(®) grows at most exponentially (2.1).

The proof goes, in outline, as follows:

(a) One bounds N,(®) in terms of the degree of ®” (which is defined to be
the biprojective degree of the algebraic correspondence generated by ¢* with
respect to some fixed projective representation), (§ 3). Part of this chore is:

(b) To obtain an upper bound for the number of isolated real points of a
real projective variety of degree d and dimension . (Sufficient for our purposes
is the upper estimate: d*"), (§ 4).

(c) Finally we must bound deg (¢*). This is done by obtaining a weak
multiplicative inequality for the degree of a composite Nash morphism in terms
of the degree of its factors, (§ 3).

0. Definition of intersection

In this section we work over a fixed field ¥ which we assume, for sim-
plicity, to be perfect. For intersection theory we refer to [10] or [13] except
that we prefer to define intersections with reference to the field ¥ rather than
to a universal domain. It makes no difference.

Consider, in a non-singular ambient variety X of dimension n, cycles, i.e.,
finite sums of the form Z = ), r,V, where V; are irreducible closed subsets of
X and r; are integers. A divisor is a cycle Z in which each V; has codimen-
gion 1. For a cycle Z which is non-negative (all »; = 0) we denote by | Z| its
support. Thus

(0.1) 1 Z] = U Vi

Let Z be a cycle and D a non-negative divisor. We shall define an inter-
section cycle Z N D by the conditions
(i) ZnN Dis linear in Z.
() If Z=1-V, then

(Z-D) if VZ|D], i.e., V and D intersect proper-
{0.2) ZND= ly (intersection as in [10, p. 92]).
Z if Vc|D|.

More generally, if D= (D, ---, D,) is a finite sequence of non-negative di-
visors, we obtain an intersection Z N D, again linear in Z, by
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(0.2 ZnD=(---((ZnDyNnD,)---) (D= (D, ---, D).

We emphasize that this notion is completely asymmetric and depends on the
ordering of D.
For a non-negative Z, Z N D is non-negative and we have

(0.3) 1ZnD|=[Z'n|DNn---N|D,] Z=z0).
The crucial property of this intersection is:

PROPOSITION 0.4. Let @: X' — X be an étale morphism, X non-singular.
Let Z be any cycle, and D a sequence of non-negative divisors on X. Then

P*(Z N D) = 9*(Z) N p*(D) .
Here 9*(Z) is the obvious transform of cycles and *(D)=(p*(D,), : - - ,9*(D,)).

PrRooOF. By induction we may assume s = 1, i.e., D is a divisor. By line-
arity, we may assume Z = 1.V, Virreducible. Let V' = @o*(V), D' = *(D),
and let V/, .-+, V) be the irreducible components of V’, so that V' =
Vi+ -+ V.. Clearly V/c|D’|, all ¢, if VC|D|. Hence the proposition
is true if V< |D|. On the other hand, each V; has dimension equal to that
of V and the general point of V! maps to that of V. Hence V! ¢ |D’| if
V & |D|. Thus in this case all intersections are proper, and we are immediately
reduced to the following assertion of intersection theory:

LeMMA 0.5. Let ¢: X' — X be étale, X non-singular, and let V and W
be subvarieties of X intersecting properly at a component C. Let V', W' be
the inverse images of V and W respectively and let C' be a component of the
inverse vmage of C. Let {Vi}(i=1,-+,7r) and {W;} (7 =1,---,8) be the
components of V' and W' containing C'. Then

W(C; VW) =3, . uC; VI-W)).

Proor. #(C; V- W) is the multiplicity f«(a) where a is the ideal induced
by the diagonal of X X X in the local ring A of C? in V x Wc X x X (no-
tation as in [10, p. 77]. Let A’ be the local ring of C'? in V' x W’, and a’ the
ideal induced by the diagonal of X’ x X’. Since X’ x X'’is étale over X X X,
@ = A'a. Since A’ is étale over A, A’ is finite over A, and so we have ([9,
p. 31, Proposition 2]),

@) = p(Aa) = (A'd') = (@) .
Now the components of V' x W' containing C'? are V] x W/. Call A}; the
ring of C'? in V! x W], and call a}; the ideal induced by the diagonal. We
have (C’; V!- W}) = p(ai;). Hence it remains to show pg(a’) = Ei' 5 tai;).
But this follows from [7, Theorem 23.5].
Suppose now that X = P™ x ... x P™ (r factors) is a product of projective
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spaces. Then the rational equivalence ring A(X) is Z[z,, - - -, «,]/J where J is
the ideal generated by the set {#'*', - .-, x"*}, and where «; is represented by
the divisor pr}(H), H a hyperplane of P™ and pr; the 7™ projection. If Z is
any cycle, denote by a(Z) its class in A(X). For a non-negative Z all the
coefficients of a(Z) are non-negative integers, as is easily seen. We define the
degree of Z as
(0.6) deg Z = sum of the coefficients of a(Z).
This yields the following variant of the Bezout theorem:

COROLLARY 0.7. Let Z be a mon-negative cycle and D = (D,, -+, D,) a
sequence of positive divisors in X = P™ X -+ x P™, Set deg D = ][] deg D,.
Then

deg (ZN D) = (deg Z)(deg D) .

1. Definition of Nash manifold

In what follows, we consider schemes and morphisms of finite type over
spec R. Given such a scheme X, denote by X its space of real points. X may
be regarded as a real analytic space [13] in a natural way. Thus we obtain a
functor from schemes of finite type over spec R to real analytic spaces. This
functor commutes with fibered products and respects closed (resp. open) im-
mersions.

THEOREM 1.1. Let ¢: Y — X be an étale morphism (of schemes over R)
and let Pe Y. Then a neighborhood of Pin Y is isomorphic to its image in X.

PROOF. Let @ be the image of P. Imbed X in affine space in a neighbor-
hood of @. By [4, Theorem 7.6], ¥ may be generated locally by one element ¥
over X. Lifting the (monic) equation of ¥ to the ambient affine space, we get
an étale extension of this affine space which induces . Taking into account
the compatibility of X with fibered products, this reduces us to the case X =
affine space.

Let (2, - -+, 2,) be coordinates and apply [4, Theorem 7.6] again to write
Y locally as zeros of a polynomial f(x,, - -, «,; ¥), monic in y. Since Y is étale
over X at P, 8f/oy + 0 at P. But f is a real polynomial, so we can apply the
implicit function theorem to the zeros Y of f in R**'. We find a unique so-
lution real analytic near P for ¥ in terms of (), and the theorem follows.

COROLLARY 1.2. If P be a real simple point of X of dimension n, then
X will be analytically isomorphic to an open set of R™ in a netghborhood
of P.

For, by the jacobian criterion for simple points, X is étale over affine n-
space at P.
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We turn now to the notion of Nash manifold, introduced by Nash in [8].*
On the (real) space R", consider the sheaf @ of local rings of Nash functions
obtained in either of the following equivalent ways. Taking U c R open and
connected, we will define @(U):

(1.3) (i) Form the inductive set I, whose members consist of
(a) a connected real variety ¥V with an étale map to affine n-space A™ and
(b) a continuous lifting v: U — V, and whose ordering relation is
(V,v) = (V',?) if there exists a map (necessarily unique) V' — V such that
the diagrams
Vi——m—V Vi——V
N / N /
N N S
Ar U
commute. Set Q(U) = lim, I'(V, O,) (O, the structure sheaf of V).

(ii) Let Q(U) = ring of real analytic functions f on U which are alge-
braically dependent on the coordinate functions of R*, i.e., which satisfy a
non-trivial polynomial equation with coefficients in the ring R[x,, ---, 2,]
(x; the coordinate functions).

To see that these definitions are equivalent and give a sheaf, argue as
follows: We associate with an element of I'(V, O,) ((V, v) € I as in (i)) the fune-
tion it induces on U to get a map of the first ring to the second. Given Pe U
the local ring in sense (i) is the henselization © of the local ring o of affine
space A" at P [7], [2]. By a result of Nagata [7, Theorem 44.1], this ring is
the algebraic closure of o0 in its completion 6. The local ring in sense (ii) is
obviously the algebraic closure of o in the ring 0 of analytic functions at P.
Since we have oC 0 C 0 C 0, it follows that the local rings are equal. Thus
equality of (i), (ii) will follow if we show that the presheaves of the two defi-
nitions are sheaves. In definition (ii) it is clear that no non-zero section of Q(U)
can be zero on any smaller non-empty open set. Hence it suffices in fact to
show that definition (i) gives a sheaf. Again it is clear that a section of Q(U)
can not be zero on a smaller non-empty open set. What has to be shown is
that, if {U;} is an open cover of U and if f;e Q(U;) agree on the connected
components of the intersections U; N Uj;, then there is an f€ @(U) inducing f;
on U,.

Consider first any f€ Q(U). We will represent f by a function on a canoni-
cally determined variety étale over A" as follows: Let (V,v)e I, f,e I(V, O,)
represent f, and let 'C V X A' be the graph of f,. Let Wc A" be the
closure of its image under the map induced by V x A!— A™ x A'. Now if f

* Actually, Nash introduces the projective version of what follows.
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is the function U— R induced by f then the graph of f has dimension # in
the sense of [5]. Since W has dimension % it follows that W is the Zariski
closure of f in A"*'. For, a real variety of dimension % has a real locus of
dimension at most #. (This is seen by induction as follows: It is true if n = 0.
Suppose it is known for n — 1, and let X be an affine variety of dimension n
and Pe X. Let Y be the intersection of X with an e-sphere about P. Y is an
algebraic variety of dimension # — 1, and so we may apply the definition of
dimension [5] and the induction hypothesis.) Hence W is determined by f. Let
W’ be the normalization of W. The map V — W lifts to a map V— W’ and
W’ is étale over A" (under the projection A* X A'— A") at each point of the
image of V. Replace W’ by the subvariety of those points at which W’ is
étale over A*, and let w: U— W’ be the map induced by v and V— W’. For
reasons of dimension, w is the only lifting of the graph of f to W’. The func-
tion obtained as W’ — A* X A!'— A! clearly represents f, and so f is repre-
sented canonically on (W', w) € I.

Returning to the problem of showing (i) gives a sheaf, let f; € Q(U;) be
given agreeing on the overlaps. Each f; is represented canonically on some
variety W, with a lifting w;: U, — W,. Using connectedness of U and the fact
that f; = f; on U; N U, one sees that the W, are all canonically isomorphie,
say to W, and that the w; glue together to give a lifting w: U — W. More-
over, the functions f; are all represented by the same element f,€ I'(W, O)
and f, represents the required fe Q(U).

DEFINITION 1.4.* A Nash manifold of dimension n is a local ringed

Hausdorff space which is locally tsomorphic to an open subset of R™ with the
sheaf @. By morphism we mean as local ringed space.

Let V be a real variety of dimension %, and U V an open set consisting
of simple points of V. Then V has locally an étale map to affine space A" at
any point of U, and one obtains from these maps and from definition (i) of (@
a structure, clearly uniquely determined, of Nash manifold for U. Given a
Nash manifold N, an isomorphism of N with such a U will be called a real-
1zation of N on V. The set of all real simple points of V is the maximal such
set U and the structure of Nash manifold on this set will be denoted by V. V
is not a functor of V.

By a submanifold of a Nash manifold N, we mean a subspace [3] of N
which is a Nash manifold.

THEOREM 1.5. Let V be a real variety. A submanifold N of V is unique-
ly determined by its support. Given a compact subset S of the space of real

* One could define the more general structure of Nash space.
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simple points of V, S is the support of a Nash submanifold of V of di-
mension n if and only if

(i) S is the support of a compact real analytic submanifold of V, and

(ii) the Zariski closure of S in V has dimension n.*

PROOF. Since V can be covered by finitely many affines, we may assume
Vis in affine space A™. Suppose N is a Nash submanifold with support S R™.
N can be covered by a finite number of open sets {U;} each isomorphic to an
open subset of A* (=R" with the sheaf (@). For each 7 there is a variety W,
étale over A", a lifting of U; to W;, and functions f,, -+, f.. on W, which
induce the coordinate functions of the imbedding of N in A™ on U,. Since the
f; are also analytic functions on U; by (1.1), this shows (i) holds for S. More-
over, viewing U, as contained in A™, it is a subset of the closure of the image
of W, under the map given by the functions {f;}. Thus the Zariski closure,
say W, of U, has dimension at most n. Since we already know S is the support
of a real analytic manifold, it is clear that in fact S W and so the Zariski
closure of S has dimension at most n. On the other hand, S has dimension n
in the sense of [5] and can therefore not be contained in the real locus of a
variety of dimension <7 as was seen above.

To show that N is determined by S is a local problem and so we may take
N = U, i.e., N realized on a variety W with a map to V. Let Pe N. Since
by assumption N is a submanifold of V, the local ring of V at P maps onto
that of N at P. These local rings are the henselizations of the local rings of
V and W at P respectively. Since the henselization of a local ring may be
obtained as a limit of rings étale and of finite type over the given one [2], it
follows that there is a variety W’ étale over W with a real point P’ lying over
P, a variety V'’ étale over V, and an immersion W' . V'’ commuting with
W — V. Since V' is étale ever V, V' is locally isomorphic to V, and so we
may put primes on everything; i.e., we may suppose N is realized on a subva-
riety Wof V. W is then the Zariski closure of S. If N, were another struc-
ture on S, we could also assume N, realized on a subvariety of V. This subva-
riety would also be the Zariski closure of S, i.e., W. Thus N and N, would be
realized on the same variety W and hence their local rings would be the same,
so N = N,.

Now suppose S is given satisfying (i), (ii), and let W be the Zariski closure
of S. Let « denote the given sheaf of analytic functions on S, and o the sheaf
on S obtained by taking, for U connected and open in S, o(U) to be the ring
of rational functions on W regular on U. Because of the dimensions involved,

* Most of this is in Nash [8].
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no such function can be zero on U, and so 0(U) may be regarded as a subring
of a(U) in the natural way. Let v(U) be the algebraic closure of o(U) in a(U).
This yields a sheaf v on S and we claim v gives S the structure of Nash mani-
fold.

We may suppose V affine. Let Pe S, and choose » coordinate fnnctions
Xy, +++, &, which are uniformizing parameters for the analytic structure at P.
These functions determine an analytic isomorphism of some neighborhood U
of P with an open set U’ of R™. Since W has dimension 7, any function in
©(U) is algebraic over the coordinates #,, - -+, x, and so it follows from (1.3)
(ii) that the sheaf v on U is isomorphic with the sheaf @ on U’, as required.

Let V be a real variety and Pe V a point. By a branch of V at P, we
mean a minimal prime ideal of the henselization A of the local ring A of V at
P. (Thus the locus 2 — y* = 0 in the plane has two branches at the origin,
while 2? + »* = 0 has one branch.) Writing A as limit of étale extensions of
A, one sees that one can choose a real variety V'’ étale over V and a point
P’c V' lying over P such that the branches of V at P are in one-one corre-
spondence with minimal primes of the local ring A’ of V' at P’. This fact,
together with Theorem 1.1, allows us to define in an obvious way the notion
of germ of the space of real points, say B, of a branch Bof Vat P. If V,
denotes the germ of V at P, then B is closed in V.

COROLLARY 1.6. Let V be a real variety and N a submanifold of V. Let
W be the Zariski closure of N in V. At each point Pe N, the germ of the
support of N is the germ of the space of real points of some simple branch
of W.

COROLLARY 1.7. With the above notation, let W' denote the normali-
zation of W. The inclusion N — vV factors uniquely through a map N — w’,
and in this way N 1is realized on W'.

We will call a Nash manifold projective if it has a closed imbedding as
submanifold of P (P™ = projective space/R). To assume N projective is the
same as to assume N compact and imbeddable in A", For, if Nc A" is
compact, it is closed in the projective space P~ obtained by adding a hyperplane
at infinity. Conversely if N is in IN)"‘, then N is also contained in the real part
of the affine subset V of P™ obtained by removing the locus «} + «} + « -+ + 2}, =
0 ((x) projective coordinates), and V is closed in some affine space.

The principal results of Nash [8] may be stated as:

THEOREM 1.8 (Nash). Let M be a compact C*-manifold (k = 1). Then M
is isomorphic to the underlying C* structure of a projective Nash mani-
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Jold N(M). As Nash manifold, N(M) is determined up to (non-unique) 1so-
morphism. Given a C*-differentiable (iso) morphism @: N— N’ between
projective Nash manifolds, and given € > 0, there is a Nash (is0) morphism
¥r: N— N’ such that @, + differ by less than ¢ in the C* norm.

2. The main theorems
In § 4 we will prove

THEOREM 2.1. Let N be a projective Nash manifold, and let ¢: N— N
be a morphism. Then N,(p) grows at most exponentially.

Let M be a compact differentiable manifold (without boundary) and let
7: N— M be a projective Nagh structure on M. Set &, F*(M) to be the
subset of C*-differentiable maps which are Nash morphisms with respect to
the Nash structure 7. Then by (1.8), &, C F'*(M) is dense in F'*(M).
Consequently:

THEOREM 2.2. There is a dense subset &, C F'*(M) such that if f € &,, then
N,(f) grows at most exponentially.

COROLLARY 2.3. Let f: M — M be a numerically stable C*-map. Then
N,(f) grows at most exponentially.

Proor. Let fe Uc F*(M) be a neighborhood for which
N,(f) = N,(9) forallge U,v=1.

Since &, is dense, there is a map g€ UN &,. The corollary follows. Conse-
quently the exponential upper bound is valid for structurally stable diffeo-
morphisms as well.

In the next section we give a shorter proof of the following weaker theo-
rem. Recall that a periodic point P of @ is transversal if the graph of ®* inter-
sects the diagonal A C N X N transversally at (P, P).

THEOREM 2.4. Let N be a Nash manifold and let : N— N be a morphism.
Suppose that every isolated periodic point of @ is transversal. Then N, (@)
grows at most exponentially.

This theorem is already enough to enable us to obtain the following result, the
proof of which occupies the remainder of this section.

THEOREM 2.5. Let M be a compact differentiable manifold (without
boundary), and let p: M — M be a structurally stable C* differentiable iso-
morphism. Then N,(p) grows at most exponentially.

Proor. By the theorems of Nash (1.8), M may be realized as the under-
lying differentiable structure of a Nash submanifold N of projective space,
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and @ may be approximated in a C* manner by a morphism $: N— N. If we
choose the approximation close enough, then ¢ will be topologically conjugate
to @ and will induce a structurally stable diffeomorphism on M. Since N,(p)
is an invariant of topological conjugacy, we are reduced to the case that &
induces . Then the theorem follows if we combine (2.4) with

PROPOSITION 2.6. If @: M — M is a structurally stable diffeomorphism,
then every periodic point of @ is transversal.

REMARK. Let P be a periodic point of order v. To say P is transversal is
equivalent to saying that the jacobian of ®* at P has no non-zero eigenvector
of eigenvalue 1. Pis called elementary if the jacobian of ®* has no eigenvalue
of absolute value 1. One can show that every periodic point is elementary but
we do not need it.

By compactness of M, if @ is transversal, then N,(®) is finite for each
vy > 0. By [12, 9.1], elementary diffeomorphisms are dense. Hence if @ is
structurally stable, then @ is topologically conjugate to an elementary diffeo-
morphism.

Consequently we have

LEMMA 2.7. If @ is structurally stable, then N, = N,(®) is finite for
all v = 0.

ProoF. N, is an invariant of topological conjugacy class.

Now let f: M— M be an arbitrary diffeomorphism; p € M a periodic point of
fof order v. Let L denote the jacobian of f” at p, and identify some coordinate
neighborhood U C M about p with an open subset of the tangent space at p.

LEMMA 2.8. Let € > 0 be given. Then there is an open set U, C U about
p, and a diffeomorphism g: M — M such that

(i) a(f, 9 =¢

(i) ¢ =L on U,.

(Here 0 is some C'-metric on F''(M)).
ProorF. Let us take v to be the minimal period of » (no loss of generality),
and assume U chosen small enough that
U ra, -, fr*vcM
are disjoint. Write
f(x) = L(x) + r(x) forxe U
where
im0 r(@)/|[2 || = 0 .

Set o,(x) to be a C=-function such that
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(a) oy(x) =11if ||x]|| > 2
(b) ox)=0if ||z < 1.
Let o\(x) = 0,(\-x), and set
f(x) = L(x) + ox\(x)-r(x) xeU.
Given any &, > 0, an elementary calculation shows that there is a )\, such
that if X = \,, then
op(f', f7) <& .
Define g: M — M to be the following differentiable map:
9(x) = f(x) ifee U
g(@) = f'o (@) ifee f'U.
Notice that if A, is chosen so that
llizl=2ncU,
then g is differentiable. Choose ¢, > 0 sufficiently small, and we get

ag, f) <e;
and we may also assure ourselves that g is a diffeomorphism by making our
original choice of € small enough, since f is a diffeomorphism.

Finally, if

U= fol|llell <IN C U,
then g*(x) = g/ '(x) = f'(x) = L(x) for x € U, since o,(x) = 0.

PROOF OF PROPOSITION 2.6. Assume @ is structurally stable and non-
transversal. Then there is a periodic point P€ M of order v with Uc M and
L as above, such that

L(x,) = x, for some x, = 0, x,€ U.

Since @ is structurally stable there is an € > 0 such that, if d(@, ) <e,
then + is topologically conjugate to @. Use thise > 0in Lemma 2.8, to obtain
a 4 such that *(x) = L(x) for x € U,. Thus there is a ¢, such that if ¢t < ¢,
t-x,e U, and

vi(t-x,) = L(tx,) = t-a, .
Consequently + has an infinite number of periodic points of order v. Since +»
is topologically conjugate to @, this contradicts Lemma 2.7. Proposition 2.6
is therefore proved.

3. Proof of Theorem 2.4

In this section we will use the definitions and notation of § 0. Let X £,
Y- Zbe morphisms of n-dimensional Nash manifolds where X, Y, Z are
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submanifolds of P with Zariski closures A, B, C respectively. We assume
A, B, C are normal varieties so that by Corollary 1.7 the Nash manifolds are
realized on the varieties. Let us denote by I', the graph of @, and by
A, P™ x P™ its Zariski closure.

Let D = (D, ---, D,) be a sequence of positive divisors of P™ x P™ x P™
such that | D,|N---N|D,| = A, X C.

LEMMA 3.1. The Zariski closure Ay, of the graph of @ occurs with
positive coefficient in the cycle pry.((A X Ay) N D).

Here pry;, is the projection of P™ x P™ X P™ on the product of the first and
third factors, and the star denotes the usual direct image operation on cycles.

Proor. Let A be the Zariski closure in (P™)® of (X X I'y) N (T, X Z).
Clearly A has dimension % (1.5) and projects to A, also of dimension n. Hence
by definition of pry,, it suffices to show A occurs with positive coefficient in
(A x Ay) N D.

Let Pe X, @ = @(P), R = ¥(Q). In a neighborhood of @ we can find an
étale map B’— Band a lifting of Y to B’ such that +r is induced by a morphism
4': B’ — C (this follows from (1.3) (i)). The map B’ — B can be induced locally
as base extension on an étale map e: W— P™. Let ¢ denotethemap 1 X ¢ X 1:
P x W x P™— (P™)®. Because the dimensions are the same, A x Ay. (here
Ay is the graph of ') is an irreducible component of ¢*(A X Ay). Therefore,
by linearity of the intersection and Proposition 0.4, it suffices to show that
some component of ¢*(A) occurs with positive coefficients in (A X Ay) N e*(D).
One such component is the Zariski closure A" of (X X I'y) N (T, X Z) in
P™ x W x P™. Hence it suffices to show (0.3) that A’ is a component of
|A X Ay | N ]e*(A, X C)|. Certainly A'C|A X Ay | N |e*(A, X C)].

Now ¢*(A, X C) = ((1 X e)*(A,)) X C. Each component U of (1 X e€)*(A,)
has dimension 7 and projects generically surjectively onto A. Hence above a
generic point P’ of A lie finitely many points of U. Since Ay is the graph of
a map, it follows that finitely many points of |A X Ay | N |U X C| lie above
P’. Thus each component of | A X Ay | N |e*(A, X C)| mapping generically
surjectively onto A has dimension ». Since A’ also maps generically surjective-
ly onto A and has dimension %, we are done.

Let ® be as above. We set

(3.2) deg @ = deg A, .
LEMMA. 3.3. With the above notation,
deg V@ < deg v deg Ddeg A .
ProOF. By Lemma 3.1, deg v® = deg pry;x (A X Ay) N D). Write the
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rational equivalence ring of (P™)® as Z[x,, «,, ;]/J (notation as in §0). For a
cycle Z with
aZ) =32, Cininiwy
we have
aPries (Z)) = 2, , Qimpitiack .
Hence since (A x Ay) N D is a positive cycle, pry, drops its degree and so
deg 4 = deg ((A X Ay) N D)
= deg (A X Ay)deg D by (0.7)
= deg (A X P™ x P™)-(P™ x Ay))deg D
=deg (A X P™ x P™)deg (P™ X Ay)deg D
=deg Adegyrdeg D .
COROLLARY 3.4. Let N be a projective Nash manifold, and ¢: N— N a
morphism. There is a number k such that

deg@® < kv, ally > 0.

Let V< P™ be the Zariski closure of N in a projective imbedding of N.
We may take V normal. If D=(D,, ---, D,) is a sequence of positive divisors
on (P™)® which cuts out A, X V (meaning |D;| N +-- N |D,| =]A, X V]) then
by the above lemma

deg @' < deg p*deg Vdeg D .

Hence we may take k = deg (id,) deg V deg D.

Suppose still that the normal variety V is the Zariski closure of N, and
let AV x VCP™ x P™ be the diagonal. Let 6 = (0, +-+, 0,) be a sequence
of positive divisors of P™ x P™ which cuts out A. Theorem 2.4 follows im-
mediately from the corollary and from the proposition below:

PRroPoOSITION 8.5. Let @: N— N be a morphism all of whose fixed points
are transversal. Then

N(p) < deg pdegd .

Proor. We have N,(p) = £ (', N A), when # denotes cardinality of the
point set. Hence by the Bezout inequality (0.7) it suffices to show

8.6) If PeT', N A, the variety P appears with positive coefficient in the
cycle A, N d.

Let P be such a point. In a neighborhood of P, we may choose V’ étale
over V and alifting of N to V’ such that @ is induced by a morphism ¢’: V'—V,
and we may induce V’— V by an étale map e: W— P™. Let P’ be the lifting
of P. A, is a component of (¢ X 1)*(A,) passing through P’, and so by linearity
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of the intersection (0.4) and (0.3), it suffices to show that the local component
of |[A, | N|(e X 1)*(A)| at P’ is P’ itself. To show this it suffices, in view of
the dimensions appearing, to show that A, and (e X 1)*(A) intersect properly
at P’, viewing them as subvarieties of V' x V. This will be if their tangent
spaces are transversal there. But since they are non-singular real varieties
and P’ is a real point, it suffices to calculate the real analytic tangent spaces.
Analytically, the local situation at P’ is isomorphic to that at Pe T,NAC VX V,
and here the transversality is just the assumption of the proposition.

4. Proof of Theorem 2.1

Let V again denote the Zariski closure in P™ of the Nash manifold N,
with V assumed normal. Let ¢: N— N be a morphism, and 6 = (é,, --+, 0,) a
sequence of positive divisors cutting out the diagonal A of V' x Vin P™ x P~

We want to recover information about isolated fixed points P of @ from
the cycle A, N d. To do this we adopt the following terminology. A real point
P of a real variety U will be said to be an <solated real point of a branch B
of U at P if the germ B is the point P (as germ, cf. § 1).

LEMMA 4.1. Let P be an isolated fixed point of . There is a variety U
occurring with positive coefficients in A, N 0 and a branch B of Uat P on
which P s an tsolated real point.

PROOF. we may as before choose in a neighborhood of P an étale morphism
V' — V induced by base extension from an etale mape: W— P™, and a lifting
of N to V' such that ¢ is induced by a morphism ¢’: V'— V. Let U’ be a
component of | A, | N | (e X 1)*(A) | passing through the lifting P’ of P. It is
easily seen that P’ is an isolated real point of the variety U’, hence of any
branch of U’ at P’. Set U = (¢ X 1)(U’) Then dim U = dim U’, hence U’ is
a component of (¢ x 1)*(U), and since ¢ X 1 is étale, any branch of U’ is a
branch of U. Taking into account the results of § 0, we are through.

For a real variety U define

(4.2) I(U) = the number of isolated real points of the branches of U,
and extend the symbol to cycles by linearity. To prove Theorem 2.1, it will
suffice to show

THEOREM 4.3. Let Z C P™ be a posttive real cycle all of whose components
are of dimension at most n. Set d = deg Z. Then

I(Z) < d™ *
For, suppose (4.3) known and set Z, = A,y N d. Then by Lemma 4.1,

* This estimate can be improved slightly.
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NJ(p) = I(Z) .
By Corollary 3.4 and Bezout, there is a k such that

deg Z, < k’deg 0, forally > 0.
Hence

deg Z, < I for some [ .

Since all components of Z, have dimension at most » = dim V, we have by
Theorem 4.3,

NJo) < I(Z) = ()" = (") = K~ .

PROOF OF THEOREM 4.3. It is true if n = 0. So suppose it true if dim Z<n.
We may assume Z = 1.V, V a variety of dimension n and degree d. Consider
a projection w: P™ — P+ followed by a projection 7’: P*** — P, Let V' =
(V). We require that 7 and 7’ are defined over the reals, that the center of
7 (resp. 7') not meet V (resp. V'), and that the map V— V' be birational.
Then the induced maps V— V’, V' — P are finite. Since V' is a hyper-
surface, the discriminant for the map V' — P" is defined. Let A be its divisor
on P, and let W be the cycle V-(z'7)*(A) (the rational map 7’7 is defined at
each point on V, so we may treat it as a morphism for the purposes of this
intersection, which is proper). Since the image V' of V in P*™ has degree d,
A has degree d(d — 1) < d?. Since V has degree d,

deg W=degAdeg V=d°.

W is of pure dimension # — 1. So by induction, it suffices to show I(W) =
I(U). For (d°*" " = d*.

To show this, we show that for each Pe V, I,(W) = I,(V), where I,(V)
denotes the number of isolated real points of branches of V at P. Let Q be
the image of P in P, and replace the symbol P* by U. If U,— U is an étale
map and Q, is a point of U, lying over @ then the base change from U to U,
preserves all interesting local features of our situation. Let us denote by the
subscript 1 the base extension. Then A, is the discriminant for the map
V' — U, and W, = V,-(mi7))*(A,) by Lemma 0.5. If P, = @, X, P, then we
also have I, (W,) = I.(W) and I, (V) = I(V). Hence we may replace U by
U,. If U, is chosen so that the branches of V; at P, are in one-one corre-
spondence with the local components of V; at P,, this means we may assume
that the branches of V at P correspond to local components. The cycle W,
being an intersection, is additive over components of V, and sois I,(V). Thus
if V, is a component of Vat Pand W W, = V,-(7'm)*(A), it suffices to show
I.(W,) = I.(V,). Here I,(V,) is one or zero according as P is or is not an
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isolated point of V,. If zero there is nothing to prove. So suppose P isolated
on V,. Then, by Corollary 0.2 and the assumption that » > 0, P must be
singular for V, hence 7(P) is singular for ¥V’ and so certainly Q€ |A|. There-
fore Pc | W,|. But P is an isolated point of V,and | W,| c V,. So Pis certain-
ly isolated on every branch of | W, | at P. Hence I.(W,) > 0 as required.
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