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Reliability and accuracy of the determination of self-affine exponents are studied and quantified from

Ir?^?^ f,f"affine Pr°fileS Snd SUrfaCeS- The Sdf-affine e*P°nent is Measured usingdifferent methods either relying on the determination ofa "fractal dimension" (i.e., box counting and di

virTh? i f Z uTTi analyZlng thC SCif-affine eXP°nent- The Second *rouP of methods includes thevanable bandwidth, the first return and the multireturn probability distribution, and the power spec
trum. The accuracy of all these methods is assessed in terms of the difference between an "input" self-
affine exponent used for the synthetic construction and the "output" exponent measured by those
different methods. The statistical results of this study provide a quantitative estimate of the dependence
of the accuracy with the system size and the value of the self-affine exponent. Artifacts in the measure
ment of self-affine profiles or surfaces, misorientation, signal amplification, and local geometric filtering
which lead to biased estimates of the self-affine exponent, are also discussed.

PACS number(s): 05.40.+j, 68.35.Bs, 61.43.Hv, 47.53.+ n

I. INTRODUCTION

In recent years the descriptions of scaling invariance
have become of crucial importance for many physical
problems. The concept of self-similarity, e.g., developed
by Mandelbrot [1], has been extended to account for an-
isotropy through the notion of self-affine symmetry. This
scaling is fully characterized by d -1 exponents in d-
dimensional space. For d=2 (e.g., two-dimensional cuts
such as the one considered in the body of this paper), one
single exponent is needed. It is called the Hurst, or self-
affine, exponent. A large number of natural surfaces are
found to be self-affine, such as those encountered in sur
face growth models [2], in landscape and erosion surfaces
[3], or in fracture surfaces [4-8].

Most of the methods used for the determination of a
self-affine invariance are devoted to (l + l)-dimensional
profiles and their reliability has hardly ever been dis
cussed [8-11]. When it is, accuracy is only meant as an
estimate of the quality of the power-law regression. In
particular, no systematic comparison of the different
analysis tools is available.

Methods for measuring self-affine exponents can be
schematically cast into two groups. On the one hand,
one finds the classical methods, developed for analyzing
self-similar objects: divider method, box counting
method, area-perimeter method, etc., which provide a
so-called "fractal dimension." For most of these
methods, a relationship with the self-affine exponent has
been derived. On the other hand, several methods have
been designed to specifically determine the self-affine ex
ponent. They are more recent and not always systemati
cally documented.

A number of artifacts may "pollute" the measurement
of a self-affine object and hence introduce systematic er
rors in the self-affine exponent. Two types of biases can
be distinguished: those which take place during the
geometric measurement of the object and those which are
relative to the method used in the signal analysis. In the
latter case, sensitivity and accuracy are method depen
dent, and from the results reported below, we strongly
recommend the simultaneous use of different tools in or
der to appreciate the confidence in the measured ex
ponent in a quantitative way.

An accurate estimation of the self-affine exponent may
have deep physical implications and is of crucial impor
tance for the identification of the universality class of
various phenomena such as fracture propagation [5,7,12].
Fracture surfaces are found to be self-affine with a well
defined exponent quite insensitive to the material type
and the rupture mode. Whenever this observation is
violated, one may wonder whether it is a real violation or
simply a systematic underestimation of error bars in the
analysis. This point may also help to resolve apparent
discrepancies in. published results. The existence of some
universal symmetries of the fracture propagation process
is an exciting problem which heavily relies on an accurate
and faithful analysis of experimental data.

Another example where the role of the analyzing tools
in self-affine measurement is crucial is a recent very ac
tive debate on the roughness of imbibition fronts in a
porous medium. The reported experimental values were
all inconsistent with most available models. A recent
analysis [13] shows that a possible origin of this
discrepancy—or even more annoyingly, of apparent
agreement between different studies—may result from a
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FIG. 2. Analysis of a synthetic profile of
length 65 536 with a 0.5 exponent by the box
counting method. The decimal logarithm of
the number of boxes n (a) is plotted according
to the box length a. According to the height of
boxes, two kinds of regimes are expected.
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A. This upper bound does not mean that the correlations
have died over this distance. It is an intrinsic limitation
of the method and does not reveal a correlation distance.
Therefore, in order to use this method, one should be
careful in setting the parameter ii, or rather one should
perform the measurement for different values of p.

In Fig. 2 we show the evolution of n (a) vs a for three
different ti. One corresponds to the regime (3.1), another
to the other regime (3.2), and a third one displays a cross
over between both regimes at an intermediate length
scale.

We can derive a simple property from the above results
which will be useful in the following discussion. For /z
small enough to be in the regime (3.1), we consider a strip
z0<z <z0+/j,a for az0 such that the profile is intersected
at least once. The number of possible strips satisfying
this property is n_ = AL^A/ia). Assuming that each
strip is equivalent, we can compute the number of boxes
per strip

n x = n ( a ) / n s = — . ( 3 . 3 )a

We see that the aspect ratio \x does not appear in the ex
pression of n_. Thus as \i tends to zero, the strip tends to
a line, and for each line, we are measuring—using a box
counting technique—the fractal dimension of the inter
section between the line and the profile. This fractal di
mension can be read from Eq. (3.3) as D, = 1 — £.

B. The divider method

We now turn to another method which appears to be
close to the previous one, although it gives rather
different information. The divider method consists of
computing the length of the profile by walking a yard
stick of length a over it. Again, one computes the num
ber of intersections n (a) vs a. Let us first derive the ex

pected scaling behavior and then discuss its validity. The
two end points of the yardstick at a given stage are such
that a2=Ax2+Az2. Therefore one should distinguish
two regimes: one for which A* »___ and one for which
the opposite inequality holds. As in the previous method,
both regimes can be encountered depending on the
yardstick length a.

If Ax « Az, then _j«o, and since Az = A Ax^, we can
write bx&(a/A)l/£. Therefore,

n(a)=Lx
- » / .

f o r a « A W i l - ^ (3.4)

If Ax »Az, then Ax «a. The expression of n (a) is
thus similar to Eq. (3.2), but for a slightly different condi
tion,

( a ) = L x a - x f o r a » ^ I / " - ^ ) (3.5)

Figure 3 shows a typical measurement of n (a) for a
large profile changing the amplitude A to cross from the
first regime (3.4) to the second regime (3.5). The theoreti
cal slope for the self-affine sensitive regime is indicated by
a thin line. We indeed observe good agreement for a
large yardstick length, but at a smaller scale, strong
corrections are observed.

The argument leading to the result (3.4) is straightfor
ward, but it requires a more careful examination. The
point is that if the value of Az is very well defined, it is
not the case for Ax. Indeed, when the magnitude of the
profile is large compared to its length, so that (3.4) should
hold, the ratio between extreme values of Ax becomes
large (it can amount, in practice, to several orders of
magnitude), although the maximum value of Ax is small
compared to a. The lower bound on Ax is given by the
argument developed above, provided it is larger than the
short length scale cutoff, but the upper bound is not. In
between the two extreme values of Ax, the probability
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FIG. 3. Analysis of a synthetic profile of
length 16 386 with a 0.5 exponent by the divid
er method. The decimal logarithm of the num
ber of dividers n (a) is plotted according to the
divider length a. The amplitude of the signal is
a very sensitive parameter and separates two
distinct regimes.

distribution of Ax is a power law which can be traced
back to the "first return" probability distribution (cf. Sec.
IV B). In computing the number of yardsticks needed to
cover the profile, only the upper bound of Ax will matter.
When the yardstick length a increases, the ratio between
the extreme values of Ax becomes narrower and thus the
result becomes closer to the expectation (3.4). However,
if a continues to increase, one will finally encounter the
regime where (3.5) holds.

Let us note that a pure numerical artifact may
influence the Ax distribution. Indeed, if the length Ax is
considered an integer, the lower bound of the distribution
is largely overestimated and the width of the distribution
becomes narrow again. Subsequently, the method gets
closer to the box counting method in situation (3.1). An
apparent power-law regime can be found with an ex
ponent _"—2 instead of — 1 /£.

These observations lead to the conclusion that severe
bounds should be imposed on the domain which allows
the determination of the roughness exponent. Otherwise
any value can be measured. This method is by far the
most difficult to handle and the most restricted in range.
We will, however, consider this method in Sec. V so as to
prove an extensive comparison between available tools
and, in particular, those which have been used in the
past; however, we do not recommend the use of this
method to estimate the roughness exponent. Other
methods exist, in particular, in 2 +1 dimensions, such as
the slit-island method [1,8], but they are not considered
here.

IV. SELF-AFFINE ANALYSIS

Three independent methods for the analysis of (1 + 1)-
dimensional self-affine profiles are considered here, name
ly, the variable bandwidth method, the return probabili
ty, and the power spectrum.

A. The variable bandwidth method

A profile of length L is divided into windows or
"bands" of width A indexed by the position of the first
point x0 of the band. The standard deviation of the
height w and the difference 8 between the maximum and
minimum height are computed on each band and then
averaged over all the possible bands varying the origin x0
at fixed A: <io(A)>_ and (8(A))- . Bandwidths larger■ * o 0
than L /2 are discarded because of insufficient indepen
dent sampling. Both quantities follow a power law of A,
as expected for self-aifine set [16]:

(w)x <xA^, (5)_«A^ (4.1)

Figure 4 illustrates the power-law behavior of w and 8 for
a self-affine profile with £=0.5.

Let us note that the variable bandwidth method is only
relevant for a self-aflBne exponent in the range £E[0;1],
in agreement with the choice of exponents used for the
synthetic generation of profiles. Outside this range, an
apparent exponent equal to the upper or lower bound will
be observed. We should note that other methods such as
the spectral analysis of Sec. IV C are not limited to such a
range. Therefore, when using this method, if an exponent
close to 0 or 1 is detected, one should resort to the spec
tral analysis to check the result. Then, using the fact that
a derivation reduced the self-affine exponent by one and
an integration increases it by one, it is always possible to
build a signal characterized by an exponent in the admis
sible range ££[0;1] and then use the variable bandwidth
method.

This method is similar to the bridge method [9]. The
main difference is that in the latter the linear trend be
tween the first and the last point is subtracted from the
signal for each band, in contrast with the above method.
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is related to the first return probability technique. It con
sists of studying the probability of any return—not just
the first one—after a distance d. This latter probability,
or multireturn probability, scales differently from Eq.
(4.2), namely, as

p m ( d ) * d ~ $ . ( 4 . 4 )
This method has been used in particular by Bouchaud,
Lapasset, and Planes [5].

Again this result can simply be obtained from the self-
similarity of the intersection between the profile and a
constant height line. Over a distance d the number of in
tersections scales as Nx=(d/a)Dl [see Eq. (3.3)]. Thus
pm(d) is proportional to the derivative of n. with respect
to d. As above, a logarithmic binning of this multireturn
probability scales as

r f ^ o W 1 " * . ( 4 , 5 )

Such a power law is shown in Fig. 6.

C. Power spectrum

The power spectrum S(f) of the profile is the Fourier
transform of the autocorrelat ion funct ion a
( A x ) = < M x + A x ) A ( x ) > - < / H x + A x ) > < M x ) > . F o r
self-affine profiles, the power spectrum is expected to
scale as [18]

S(F)ozf - i - 2_ - (4.6)
This scaling result can simply be recovered by a power
counting after having observed that the self-affinity im
plies a(Ax)~Ax2£. Such scaling is nicely visible in Fig. 7
with a slope of — 2 for an exponent £=0.5.

V. INTRINSIC ANALYSIS ERROR BARS

Synthetic profiles of given lengths and self-affine ex
ponents are generated as described in Sec. II. Those
profiles are hereafter consider "ideal." They are analyzed
with both "self-similar" methods outlined in Sec. IV
the box counting and divider methods—and "self-affine"
methods—the variable bandwidth (rms and maximum-
minimum difference), the first return and the multireturn
probability, and the power spectrum. Their intrinsic er
ror is defined as the difference between the input ex
ponent value (used for the construction) and output ex
ponent estimated from the analysis.

While the input exponent is prescribed, the output ex
ponent is defined statistically. Indeed for each pair
(£inPut£)» 100 analyses with the three methods are carried
out from independent profiles. Then, for each method,
average curves <log10[n(a)]>, <log10[u,]>, <log10(8)>,
dogiofp)), and <log,0(5)> are defined from the data.
The output exponent is obtained by a linear fit of the
average curves. For the box counting method, a fit is run
for box sizes included in [L/10, 9L/10], where L is the
length of the profile. The range of meaningful divider
size is much more severe especially if the self-affine ex
ponent is small. We take care to always compute regres
sion only in the (3.5) domain. For the variable bandwidth

method, best fits are estimated when the window size is in
the range [4,3L/8]. For the return probabilities the linear
regression is in a range of distance included between 2
and half the maximum return distance. The fit for the
spectral method is computed over the whole spectrum.

It should be noted that we kept the number of profiles
constant, independently of the profile length, so that the
data relative to the largest size represent a more
significant computational effort and a broader statistical
weight.

The results £output (£input,L) for the different analysis
methods are presented in two sets of plots. The first set
[Figs. 8(a)-8(g)] captures the influence of the main
effects: system size L and self-affinity exponent £in
The second set [Figs. 9(a)-9(g)] focuses on the estimation
of the error bars.

A. Finite size effect
and self-affine exponent influence

Figures 8(a)-8(g) present a comparison between input
and output exponents according to the different analysis
methods. Each curve of the different graphs shows the
finite size effects. The diagonal where the output ex
ponent equals the input exponent would be the response
of an ideal analyzing process.

As the system size—number of points along the
profile—increases, the output exponent gets closer to the
input exponent. For the first return probability method,
the smallest errors are not obtained for large systems
where a systematic overestimate emerges. The reason for
this observation is to be found in the influence of the very
noisy end of the probability distribution (see Fig. 6 as an
example).

On the one hand, methods such as box counting, rms,
and maximum-minimum difference are mainly sensitive
to the self-affine exponent. In this case, the typical trend
of the curve is not parallel to the diagonal. Small self-
affine exponents are systematically overestimated whereas
large exponents are underestimated. Consequently, there
exists a typical value of £ where the output exponent is
correct independent of the system size. It is close to 0.4
for the rms method, 0.6 for the box counting method, and
0.7 for the maximum-minimum difference method. This
leads to the global conclusion that the rms method pro
vides generally a low value of £ in contrast with the box
counting and the maximum-minimum difference method.

On the other hand, the first return and multireturn
probability methods and the power spectrum method are
more sensitive to the size effects. The response is more or
less parallel to the diagonal. Error is then mainly a func
tion of the system size. The divider method shows such a
behavior if we ignore the low self-affine exponent. The
finite size effects are ver mportant for the first return
probability. The spectrai -thod appears as the more ac
curate one with a small s> hematic underestimate effect.

B. Error estimates

The analysis error is defined as the difference between
the input exponent and the output exponent. Figures
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VI. MEASUREMENT ARTIFACTS

Up to now the self-affine objects were assumed to be
performed without any flaws. Actually, measuring a
self-affine object is rather difficult and has to satisfy two
main requirements. The setup has to provide a very
broad dynamic (ratio between large scales and small
scales) and a large sampling has to be recorded for a
correct statistical description of the object. The latter
point requires rapid measurement, which is difficult to
combine with a broad dynamic. In this section the
influence of some of the measurement errors on the self-
affine analysis is assessed.

A Large scale effects

At the system scale, the drift and the signal magnitude
are the two main effects that influence the scaling
analysis.

1. Misorientation

A linear drift is very often superimposed on the signal
due the difficulty of determining correctly the mean

plane. Adjusting the measurement setup frame to the
profile frame is quite a difficult problem. In order to as
sess the effect of a rotation on the three methods studied
above, a linear function z =sx is added to the synthetic
profiles.

The addition of a linear drift of slope _ to a synthetic
profile (which by construction has a zero mean) intro
duces a characteristic length scale lc at which the typical
roughness amplitude equals the linear drift

Alt-sL , (6.1;
where A is the amplitude of the roughness profile. This
gives the expression for the crossover scale

/ « _ ' / < £ - ' ] (6.2)

At scales smaller than /., the drift appears as a negligible
correction, whereas for larger scale, the drift dominates.

Analyses of those "polluted'' profiles are performed
with the self-affine methods. Figures 10(a)-10(d) summa
rize the results obtained for a synthetic profile with ex
ponent £=0.5, and various slopes s. The major result
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here is that all the methods are quite sensitive to the ad
dition of a rotation. For both the rms and the
maximum-minimum difference method, a linear drift in
traduces an apparent £ exponent of one at large length
scales. As expected, the cutoff lc decreases as the slope s
increases One should always keep in mind that a drift
may be difficult to detect for a self-affine exponent close
to one and may well lead to an overestimation of that ex
ponent. Moreover such a unit exponent must not be
misinterpreted as the signature of a self-similar object

The power spectrum method is also sensitive to this
effect. The spectrum has a slope close to -2, which is
the Fourier transform of the linear ramp. The expected
slope for the power spectrum of a self-affine signal with
exponent £=0.5 turns out to be also -1 -2t= -2 Ob
v,ously one has to be cautious when such an exponent is
measured from the analysis of signal. For the return
probability method, the measurement is reported to be a
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2. Signal amplification

By construction, the variable bandwidth method the
return probability estimation, and the power nectrim
omputation are insensitive to the amplit.de of the S

m terms of scaling studies. They do not couple the two
directions x and z. In contrast, the divider and the oox
counting methods exhibit a strong sensitivity to the signal
amplitude and therefore depend on the ga'n of thX
p a r a t u s , a s d i s c u s s e d i n S e c . I I I . P

Amplitude A plays a similar role for both methods

this amplitude is shown for the divider method in Fig 3
where three levels of the amplitude A (as previously
defined) are analyzed. For a small value of A, the divuder
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