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Abstract.. Two basic assumptions are employed in this treatment of the statisties of stream
lengths: (1) All topologically distinct networks with a given number of sources are equally likely
(after Shreve). (2) Lengths of interior links in a given network are independent random variables
drawn from the same population. The mathematical development leads to an approximate ex-
pression for L, that contains no adjustable parameters and that depends only on the stream
numbers and the mean link length. This expression gives somewhat better agreement with data
on actual stream systems than does Horton's law of stream lengths; other advantages over
Horton’s law are cited. Quantitatively, our procedure appears to account for about 659, of the

variance in mean stream length data for third-

and fourth-order basins. If exact values of the link

numbers are introduced into the caleulation, the unexplained variance is reduced to about 159,
For a complete statistical description of stream lengths, it is necessary to know the distribution
- of interior link lengths. Results of computer simulation studies suggest that this distribution is
. negative exponential. Data taken on two small watersheds (140 links) show reasonable agreement

INTRODUCTION

' A famous paper by Horton [1945] laid the
undation for much of the subsequent work
I quantitative geomorphology of drainage
jasins. In particular, Horton made two major
bntributions to the study of stream patterns.
irst, he devised a system of stream classifica-
in, or ordering, which proved to be very
eful in the quantitative discussion of drain-
8 basin composition. Horton’s ordering sys-
b and a modification proposed later by
ghler [1952] are both well known and need
description here. Shreve [1966] gives an
ellent discussion of the relation between the
-systems. In this paper, we shall follow
example of most recent workers and use

 Strahler system exclusively. Terms such

Cstream,” ‘stream  number,” and ‘stream
th’ are to be interpreted according to

ihler ordering unless otherwise specified.

orton’s second contribution was his two

5 of drainage composition:

0 of Stream Numbers

N, R i< . (1)

ere N, is the number of streams of order
L & basin of order Q, and R, is the bifurca-
A ratio; and

- with this hypothesis. (Key words: Geomorphology; rivers; drainage basin characteristics)

Law of Stream Lengths

ey R (2)

where L, is the mean length of streams of order
@, and Ry, is the stream length ratio.

Horton also implied that there should be an
analogous relation for basin areas, and such a
law was later stated explicitly by Schumm
[1956, p. 606]

Law of Basin Areas
fiu ~ RA“‘—”.‘I] (3)

where A, is the mean area drained by streams
of order w, and R, is the basin area ratio.

The laws are statistical in nature; that is, they
are not intended to provide exact descriptions of
individual drainage basins but rather to give
the average behavior, or central tendency, for
a large number of basins. The values of the
parameters Ry, R, and R, assigned to a parti-
cular basin are generally determined by plotting
N, L., and 4, versus w on semilog paper and
determining the ‘best fit’ straight lines by least-
squares analysis; the slopes of the lines are then
—log Rg, log Ry, and log R, for equations 1, 2,
and 3, respectively. Values of Ry in actual stream
systems typically range between 2.5 and 5.0,
values of R;, between 1.5 and 3.0, and values of
R4 between 3.5 and 6.0,
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n =1
Ilw sztw ).‘11
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The laws are statistical in nature; that is, they
are not intended to provide exact descriptions of
individual drainage basins but rather to give
the average behavior, or central tendeney, for
a large number of basins. The values of the
parameters Rp, R, and R, assigned to a parti-
cular basin are generally determined by plotting
N, L,, and A, versus w on semilog paper and
determining the ‘best fit’ straight lines by least-
squares analysis; the slopes of the lines are then
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The Horton analysis may be regarded as an
attempt to give a quantitative description of
drainage basin composition in terms of five
parameters: Rp, Rp, R4, L) and A, or some
equivalent set [Horlon, 1945, p. 295]. Once these
five numbers are known, approximate values for
other geomorphic parameters, such as total
stream length, total basin area, drainage density,
and stream frequency, can easily be obtained.
Leopold and Miller [1956] have shown how the
analysis can be extended to predict width, depth,
discharge, sediment load, and other hydraulic
variables. Although the Horton and Strahler
ordering techniques have been much used by
hydrologists and geomorphologists, they have
also attracted a certain amount of criticism. In
my opinion, the three most relevant objections
are those mentioned by Scheidegger [1965]:
(1) both basin order and the order of individual
streams depend on the scale of map used; (2) the
order in a stream network changes only when two
streams of equal order join, whereas the hydro-
logic properties of a stream change at any kind of
junction; (3) the rule for combining stream
numbers is not distributive; symbolically, 2 -

3.5

(14 1) = 3but (2+ 1) + 1 = 2. It is true that
a certain amount of the scatter observed i
geomorphic data on drainage basins is directl
traceable to these ambiguities and i inconsistencie
in the ordering scheme. However, it app
somewhat unreasonable to draw from this
the conclusion that stream ordering is an u
warding exercise. Despite its obvious deficienc
the Horton analysis, with just a few number
still suceeds in providing a surprising amount
information about a very complicated system,’
Several authors, e.g., Morisawa [1962], h
noted that by eliminating w from equations 1-
one can obtain direct power function mla.tl
between any two of the quantities N, and I, a
A, the exponents being ratios of the logarith:
of the branching ratios. Data on drainage .b s
parameters also exhibit another, more subtle rels
tion, which has apparently not been mentione
in the literature: the branching ratios Ry, Ry, an
R, are rather highly correlated. As examples
Figure 1 shows Ry versus Ry (r = 0.726) for 4
fourth-order basins studied by Melton [1957], and
Figure 2 shows R, versus B (r = 0899) for 12
Appalachian region watersheds mvestlgu.ted b}

2.5—

| 1

I‘5.— o o f o
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Fig. 1. Regression of R; on Rs for 46 fourth-order drainage basins. Data from Melton [1957]. V_f
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Fig. 3. Left, Channel network for headwaters of Gourd Creek (Mo.) with Strahler orderi‘ng-."i_
Right, Same network with Shreve classification of links. ;

With link eclassifieation, 31 numbers are re-
quired to characterize the networks, whereas
only 4 are needed with stream ordering; this
ratio will of course be maintained when length
and area data are added. Iven though 15 of
the 31 link numbers are zero, the precision
gained with the link eclassification is paid for
by increased bookkeeping, and the cost will
rise sharply as the number of sources inereases.

Regardless of this and other possible dif-
ficulties in practical usage, from a theoretical
viewpoint the link is the basic unit from which
channel networks are constructed. Conse-
quently, any discussion of lengths of more
complex channel segments, such as Strahler
streams, should be based on a model of link
length distribution. In the next seetion, we
show how combining Shreve’s theory with a

TABLE 1. Classification Systems for Gourd
Creek (Mo.)
Strahler streams
w 1 2 3 4
N, 31 9 2 1
Shreve links
m 1 2 3 4 5 6 T s
n, 31 9 4 0 2 0 2 1k
n 9 10 11 12 13 14 15 16
%, 2 2. 1.1 1 1 1 _p

" 17 18 19 20 21 22 23 24
1 0 0 0 0 0
u 2526 . 2728 20 ...30. —31
0 0 0 0 1
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very general assumption about the nature o
the link length distribution leads to a simpl
approximate relation between stream number
and mean stream lengths.
STRAHLER STREAMS .-‘.
In considering the question of length distribu-
tions for Strahler streams of order w > 2,
related but distinet problems can be identifie
One is how the total length of such stre:
divided among the various orders, and the of
is how the total length for a given order is div

tion about L,, the mean length of strea:
order w in & particular network. As practics
of the length data for actual stream syste
sists of values of L,, our initial analysis is-
fined to this question. The first step, therefor
to obtain an explicit expression for P(£;w,9 o)
the probability that streams of order win a
work with stream numbers 9, = N, N3, -
N g_1,1 have a total length between £ and £+ d
Strahler streams of order @ > 2 are compo
of sequences of interior links. Consequently, the
length distribution funetion for a particular order
will depend not only on the distribution function
for individual link lengths but also on the way in
which the 'y — 1 interior links are divided among
the various orders. This consideration suggests
that P(£;w, 9N o) can be expressed as a compound
distribution, namely, as a product of the probabil-
ity that streams of order @ and » links and the
probability that » links have length £. The quan-




Stream
tative formulation of this idea is

P(L; w, 9y)

= 2[00, Mg(L;v, 0, %) (4)

vhere {(v; w, 9T 4) is the probability that streams
if order w in a network with stream numbers 91 ,
ave a total of exactly » links, and g(£; », w, N )
the probability density function for the length
: of a set of » links of order w in a network with
iream numbers 9. The summation is earried
ut over all possible values of »; in general, the
mits of summation will depend on 91, Both
v; @, Np) and g(L; », w, M) may depend on
ameters other than those listed in the formula.
It should also be noted that for any particular
etwork the numbers », of links for different
ders are not independent but must satisfy the
ondition i

0
Ev~=Nl—-l

w=-2

(5)

| Up to this point, the development has been
smpletely general. We now introduce two basic
mptions that determine the properties of
5 w, M g) and g(L; », w, M ) and enable us to
btain explicit results:

1. All topologically distinet networks with a
ven number of sources are equally likely
Bhireve, 1967].

| 2. Lengths of interior links in a given network
e independent random variables drawn from
e same population.

Note that these assumptions are independent
the ordering scheme and could be used to dis-
53 stream length statistics in any system of
Although the second assumption may not
pear very restrictive, it does have some impor-
1t effects on the nature of g(£; », w, 9 o). First
all, it means that ¢ is independent of w, i.e.,
ks of different orders have the same length
tribution. More important, as the individual
k lengths are independent random variables,
& mean length of v links is just » times the mean
h of individual links. In this case the expres-
n for the mean value of £ becomes particularly
nple.

E(L; 0, M) = f LP(L; w, My) dL
3 (1]

=L 2 vf(r; 0, M)

= vl;

(6)

Lengths
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where [, is the mean length of links in the popula-
tion. The variance and other moments will in
general depend on the explicit form of g(L; », 9 g).

Whereas the second assumption requires only
that g(£; », M) be one of a rather wide class of
functions, the function [(r; w, 9 ) is completely
determined by the first assumption. In a qualita-
tive way, we can see that f(v; w, 9 ) is closely
related to the topologic properties of a channel
network by the fact that the number of links in a
stream is determined by the number of tributaries
it has. This observation suggests that, for a given
network, stream numbers and stream lengths
should be related; it explains, at least qualita-
tively, the observed correlation of Ry and R,
(Figure 1).

As a specific example of how f(v; w, ) is re-
lated to the channel pattern, consider a fourth-
order network with N, = 20, N, = 8, N, = 3,
N .= 1. Two of the three third-order streams are
required to create the fourth-order stream, and
the remaining one must join it at some interior
point, as shown in Figure 4. Thus the fourth-order
stream will have at least two links.

Six of the eight second-order streams must join
in pairs to form the three third-order streams; the
other two can be distributed among the five links
of third and fourth order in 15 possible ways.
Finally, the network is completed by using 16
first-order streams to form the eight second-order

3
e
4

Fig. 4. Arrangement of third and fourth order
streams.
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streams and by distributing the remaining 4
first-order streams among the 15 interior links of
higher order; this last step can be performed in
3060 distinguishable ways.

As each order is added to the network, we must
assign B, = N, — 2N ., tributaries or ‘excess’
streams of order w to 2N,.; — 1 links of higher
order. This is just the problem of putting r iden-
tical objects into n cells; the number of different
ways in which it can be done is known from ele-
mentary combinatorial theory to be

e,

e.g., Feller [1950, p. 52]. Consequently, the total
number of possibilities to be considered for a
network with stream numbers 97 4 is

F(:,) = I_Il[

w=]1

Moo= )

N, — 2N, s

Note that equation 7 differs by factors of 2%,
from Shreve’s [1966] equation 4 for the number of
topologieally distinet networks with stream
numbers 9 . These factors allow for the possibil-
ity that a tributary may join from either the
right or the left; they are important in determin-
ing the number of distinet networks but have no
effect on the link distribution.

To obtain an expression for f(y; w, 9Ny), we
assume, as required by Shreve’s model, that the
probability of finding a particular link distribu-
tion is just proportional to the number of dif-
ferent ways in which it can occur. A derivation of
/(v; @, M) for general w and N, leads to rather
complicated algebraic formulas, and it is perhaps
more instructive to begin by making an explicit
caleulation for a third-order basin. In this case,
there are R, = N, — 2N, first-order streams to be
attached to 2NV, — 1 links. N, of these links form
N second-order streams of one link each, and the
remaining N; — 1 make up the single third-order
stream. Suppose that we assign & tributaries to
the second-order links and (R, — k) tributaries to
the third-order links. As each tributary added
creates one new link, we then have v, = N, k.
Endl’a'—_' Arz"‘ 1+R1'—k= I\rl-—Ng"— l—k
The number of ways of making this assignment is

[N2+k—1][AT2—I+R,—k—1
k R =%

SMART

Then B
(N2 + k; 2, Iy) -_7-‘
f(Nl—Nz‘—l—'k;3,mn):,

=[N2—1+k] :

.[Nl =N { No—2]
Nos Naeeg }/N,—*z :
el
' e 2‘]
N, — 2N,

We can show by direct summation that t
probabilities f are properly normalized. By
combining equations 6 and 8, and after
manipulation of combinatorial formulas we

since F(N,, N,, 1) =

E = NQ(N‘[ e 2Ng)
(N -]

; No(N, — 1
E(S; 2, 9) = —__22;?21__ )

and SO :

L

to the numbers of second- and third
links in the framework to which the fir:
tributaries were attached. Now let

B(h; , he)

As mentioned previously, the length p
most frequently tabulated in the h
literature is L, the mean length of str
order w. Since L, = £,/N,, the quantity.
fact just the mean value of L, for a collection
networks with stream numbers 97 5.

The results for third-order networks
generalized to higher order without maki =
detailed calculation. First, we note that the ex-
pressions for £(L; 2, N 4) and L. are correc
any value of Q. Second-order streams can

- st R is




- only first-order streams as tributaries, and equa-
“tion 10 results from considering the number of
‘ways in which these first-order streams can be at-
' tached to NV, links of second order and Ny — 1
links of higher order. It makes no difference to
the results for E(£; 2, N ;) and L. whether the
N: — 1 links are all third order, as in our ex-
ample, or whether they are a mixture of third
and higher orders, as would be the case for
12 > 3. In a similar way, we can sece that, for
Q2 > 3, E(E; 3, Ng) will acquire a factor N,
N:—1)/(2N: — 1) from the assignment of the
k. second-order tributaries and a further factor
of (N1 — 1)/(2N: — 1) from the assignment of
the R, first-order tributaries. The general result
an be written most simply in terms of I.

Lo/l = IT (Ve — /N, — 1)
4 : w > 2 (13a)
e have not previously specified how [; is to be
iined, but normally the most convenient pro-
edure will be to set it equal to its point estimator,
the mean length of the links in the actual network
being considered. This definition will be adopted
or the remainder of the discussion, without
chs nge in nbtation.
| An approximate description of stream length
behavior can be obtained by assuming that I, can
be adequately predicted by using its mean value,

Lo, 1.6,

L.~ I, (13b)

Bquation 13b may be regarded as a substitute
Horton’s law of stream lengths. In Table 2,
he two relations are contrasted for fourth-order

ASInS.,

. TABLE 2. Mean Stream Length Ratios for
gl Fourth-Order Basins
Horton’s
law Equation (13b)
I-:g .Eg SNy —1
=i
b T, i * 2N; —1
L, Ly (Ni—1)WV.-1)
— == ;2 — =
L i (@N:— 1)@EN: - 1)
ru Lq (ATI e ])(1\72 =] 1)(1\"; go l}
e o
L, I (8N, — 1)(2N; — 1)

Stream Lengths
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Horton’s law gives the ratio of L., to the mean
length of exterior links, whereas equation 133
gives the ratio of L, to the mean length of interior
links. In Horton'’s law the factor on the right hand
increases in simple geometric proportion, whereas
in our relation the rate of increase varies with w.
Most important, however, Horton’s law merely
provides an empirical fit to the data, whereas
equation 13b gives the mean length ratios in
terms of the stream numbers and does not con-
tain any adjustable parameters.

Shreve [1967] has shown that for an infinite
topologically random network the bifureation
ratio Ry is 4. He also noted that if all links have
the same length (a distribution that satisfies the
general conditions discussed above), the stream
length ratio is 2, Our results are consistent with
Shreve’s in the sense that, as the N, — = and
Nuo/Nys1— 4, equation 13b approaches Horton’s
law with Ry, = 2,

Broscoe [1959] and Bowden and Wallis [1964]
have suggested that Horton’s law of stream
lengths is not valid when Strahler ordering is
used. One of the most common sources of devia-
tions from Horton's law is an abnormal length of
the single stream of order 2. We note that equa-
tion 13b takes some account of this effect. If Ly
is unusually small, then it is very likely that
Ng.y = 2, in which case equation 13b predicts
Lg= Lg_,. On the other hand, if L, is unusually
large, then N g, will probably be considerably
greater than 2, and the predicted value of
Lo/Lo, will also be unusually large. Figure 5
compares Mellon’s [1957] stream length data on
Hog Hollow, Utah (an example cited by Bowden
and Wallis) with results obtained from equation
13b and from Horton’s law. Equation 13b clearly
gives the better representation of the general
trend of the data.

(Incidentally, the stream numbers for Hog
Hollow (N, = 131, N. = 22, Ny = 4, N, = 2,
N5 = 1) are a highly improbable set; when stream
numbers for N; = 131 are ranked in order of
probability, this set lies well down in the one per-
centile group. In general, stream numbers of very
low probability tend to produce stream lengths
that deviate widely from Horton’s law.)

For a more comprehensive test, it would be
desirable to have data on groups of basins with
the same set of stream numbers. However, stream
number data do not exist in such profusion, and
we must instead combine results for basins with
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Fig. 5. Mean length versus order for Hog Hollow, Utah.
® === 8
Horton'’s law of stream lengths. x - - - x; equation 13b.

o - = - 2; Observation.

different sets of stream numbers. Figure 6 shows
the predicted and observed values of L./I; and
Ly/I; for 81 third-order basins investigated by
Melton [1957]. The relatively good agreement is
particularly satisfving in view of the fact that
about one-fourth of the basins have ten or fewer

&) (2] ~
I ! I

l:a /-Z.i (Obs.)

n
I

(S (U (N VO

(Ny - 1)/(2N3-1)

- Fig. 6. Left, Observed versus predicted values (equation 13b) of L/I; for 81 third-order basins
{Melton, 1957]. Right, Same plot for L;/;. In both graphs, the straight lines are not regresamnhneﬁ
but are the theoretical curves with no adjustable parameters. !

Best fit obtainable with

sources. Column 4 of Table 3 gives the correlatior
coefficient of predicted and observed values p
L,/1; for all of the data we have been able to find.
It seems reasonable to infer that our mode
accounts for about two-thirds of the obse;
variance in L, /[;.

25

20

o

L3/Z; (obs)

)

15 20
(N;=1)(N3 - 1)/(2Np-1)
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3 Number of r Stream Number of r Tributary
- Investigator Q w Basins Numbers Only Basins Numbers
Melton [1957] 3 2 81 0.819 44 0.938

o 3 0.850 0.944

<+ 2 46 0.802 11 0.889

, 3 0.826 0.936
i 4 0.781 0.933

Coates [1958] 3 2 60 0.687 a7 0.880
3 0.895 0.928

- The principal advantages of using equation 13b
istead of Horton’s law are: (1) it gives better
icht into the way drainage basins are organ-
(2) it eliminates one empirical parameter;
it gives much better quantitative predictions
such eccentric cases as the Hog Hollow exam-
it is applicable regardless of whether or
‘basin is complete; (5) finally, the assump-
and approximations involved in obtaining
"on 13b are known, so that it is clear how the
1 could be improved and refined. One at-
at lmprovement is descnbed in the next

 above results could be extended in a
nber of directions. First, detailed properties
of the distribution function for I, could be calcu-
Hated using a specific model such as the negative

xponential model discussed in a later section.
Iso, the link distribution function for a single
stream can be derived by an approach paralled to
he one used above, beginning with the considera-
tion of the number of different ways of assigning &
' utaries to one stream and the remaining
— k tributaries to other streams. The pro-
ures are quite straightforward, but as the data
actual stream systems are not sufficient to
a sensible comparison between theory and
tion, we have not carried them through

TRIBUTARY NUMBERS

»;Ili edlﬁ'erence between predicted and observed
es of L./l; may be attributed in part to

on in the number of links per order, in
 to variation in link length, and in part to
uacies of the model. It is worth noting
at the deviations due to variation in », can
completely eliminated by introducing a set
of ‘tributary numbers’ in addition to the usual
numbers. Let N,; be the number of
‘excess tributaries of order « that terminate in

itrean

a stream of order § > a. In a network of order @,
there are 3Q2(2 — 1) such numbers, but only
3(@ — 1) (2 — 2) are independent, since the
relation

,2—1 (19

must be satisfied. When the N,; are known,
the numbers of links for each order are com-
pletely specified.

w=1
ve = No + 2 N.., (15)
a=1
Following the procedures of the previous section,
we obtain

w=1
L/~ 14+ X N../N. (16)
a=]

None of the existing tabulations of data on
actual networks gives values of N5 but they
can of course be determined if outlines of the
channel patterns are provided. Both Melion
[1957] and Coates [1958] give the channel patterns,
but we were not able to make an unambiguous
determination of the tributary numbers in
every case. Figure 7 shows observed and pre-
dicted values of L,/I; for the 44 Melton’s third-
order networks for which an unambigious as-
signment was possible. The last column of Table
3 gives the correlation coefficients between ob-
served and predicted values for all Melton and
Coates data. The agreement is considerably
improved, and the unexplained variance is
reduced to about 159.

The determination of tributary numbers is
of course equivalent to counting the number
of links for each order; whether or not the
better agreement obtained is worth the extra
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labor involved depends on the needs of the
individual worker.

DISTRIBUTION OF LINK LENGTHS

The considerable reduction in variance ob-
tained by using tributary numbers is encourag-
ing and suggests that detailed properties of the
distribution of stream lengths could be deduced
if our original general assumption about link
lengths were replaced with a specific model.
One might hope that such a model could be
inferred from measurements on actual systems,
but, unfortunately, a search of the literature
on drainage basin morphology does not provide
much help. Schumm [1956] and Mazwell [1960]
have investigated the distribution of first-order
stream lengths for a few basins and have con-
cluded that their data could be represented
by a log-normal probability density. No results
at all have been reported for interior links.

S IR PER
8 0 12 14 16
1+ (Nj3+ N23)/Nz
Fig. 7. Same as Figure 6, but with predicted values given by equation 16. = '

Another possible method of obtainis
model for link length distributions is by s
lation techniques. Leopold and Langi
suggested a procedure for simulating
networks by playing random walk games on |
square grid. This scheme is quite laboriot
when carried out by hand, but Schenck [:
and Smart et al. [1968] showed that it e
performed with a digital computer. The latts
authors made a detailed study of the propel
ties of such simulated channel networks an
in particular, demonstrated that the lengtk
of first-order streams have a geometric probs
bility distribution. That is, the probability th
a first-order stream has length L, = k& + 1

= p(l Eh p)* k= 01 1: 2l Sre (1
where p is a constant that depends on the ex



't rules of the random walk game. The most
obvious interpretation of this result is that P
s the probability that the stream will make a
nction (and thus terminate) on any given
nove, whereas (1 — p) is the probability that
will not make a junction. Thus, equation 17
ves the probability that the last step, which
aust be a junction, is preceded by k steps with-
ut a junction; this is of course just the condi-
on that L, = & + 1. In recent work we have
pund that the geometric distribution is also
ppropriate for interior link lengths in random
alk simulated networks.

An important feature of the geometric dis-
ibution is that p is independent of the num-
er of steps already made without a junetion.
Ve shall assume that this behavior is carried
ver from simulated systems, where length is
discrete variable, to actual systems, where
ingth is a continuous variable. Then in stream
Btworks, the probability of a junction’s oc-
rring in an element of length Al is independ-
Bt of the distance already traversed without
'4 nction. Moreover, for sufficiently small ele-
ents Al, the probability of a transition should
e proportional to the magnitude of Al. Thus

limp = A Al (18)
Al—0

| This general type of behavior, in which the
Fobability of an event’s occurring in a given
terval is constant and independent of pre-
bus such events, appears quite commonly
| problems involving stochastic processes. In
st cases, e.g., radioactive decay or queuing
Sory, the independent variable is time. A
ge body of literature exists on these subjects,
we can adapt a number of its results to
our purposes simply by replacing time by
gth [Feller, 1950, pp. 218-221].

or example, if we start at some arbitrary
bt in a channel network and traverse a
ance [, the probability of finding exactly
inctions is the Poisson function

2(i; M) = ¢ (AD)'/j! (19)
particular, the probability of finding no
tion at all is

2(0; ) = ™

e mean and variance of j are both equal

Stream Lengths 1011

E(j) = 2@(:'; \) =N (20)

V(@) = E() — BE(j) = NI (21)
These results should be useful in various prac-
tical considerations about drainage basins, such
as the optimum placement of gaging stations.
For the stream length problem, we are es-
pecially interested in knowing the probability
P(L; n, A)dL that n consecutive links in a
channel network have a total length lying be-
tween L and L + dL.

P(L;n, \) dL
= p(n — 1; AL)A dL
= ¢ [(AL)"/(n — DI dL (22)

where p(n — 1; AL) is the probability that
n — 1 junctions occur in the distance L, and
AdL is the probability that the nth junction
oceurs in the element dL. P(L; n, A) is just the
well known gamma density (perhaps more
usually expressed as a function of the param-
eter 8 = 1/\)

E(L) = f: Lp(n — 1;AL)A dL = n/\ (23)

V(L) = E(L’) — E*L) = n/\* (24)

For the important case n = 1, P(L, 1, A)
= X ¢, the negative exponential density.

As mentioned previously, there are no pub-
lished data on length distributions for interior
links. To have at least some comparison with
observation, we have made measurements of
link lengths in Gourd Creek and Coalpit Hol-
low, two contiguous small watersheds in Mis-
souri. The U. S. Geological Survey 1:24,000
map (Yaney Mills quadrangle) was enlarged
by a factor of 2, and special care was taken
in drying the prints to keep the distortion
caused by shrinkage at 19, or less. Lengths
were measured with a Dietzgen 1719B Map
Measurer and were generally reproducible to
1/32 inch. Thus, the measurement errors are
probably less than those due to inaceuracies in
the maps.

Both exterior and interior links in the Gourd
Creek-Coalpit Hollow area had length distri-
butions that were highly right-skewed and at
least approximately negative exponential. How-
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TABLE 4. Frequency Distribution of Interior
Link Lengths, Gourd Creek and
Coalpit Hollow

Observed Expected

Range of L (mi) Frequency Frequency
C0.00.05 30 44,62
0.05-0.10 36 30.40
0.10-0.15 23 20.71
0.15-0.20 17 14.11
0.20-0.25 n 9.61
0.25-0.30 10 6.55
>0.30 8 14.00

L = 0.130 mi ? = (0.0158 mi*
2In A =791 x0.0:2(5) = 11.07

ever, the two distributions differed substantially.
The determination of exterior link lengths is
clearly a much more subjective procedure than
is the determination of interior link lengths,
especially when no field measurements are made.
Consequently, only the interior link data have
been compared in detail with the model. Table 4
lists the frequencies of 140 interior link lengths
for intervals of 0.05 mile. If, as required by our
model, the probability density is negative ex-
ponential, then the probability that a link has
a length less than L' is (1 — ¢=#’). The point
estimator of A for the gamma density is n/L
and for the data of Table 4 is 7.675 mi~. The-
oretical frequencies caleulated with this value
of A are given in the third column of the table. -
The goodness-of-fit test gives 7.91 for —2 In ),

SMART
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to be compared with 11.07 for x2 with 5 degrel
of freedom and 5%, significance. (Here \ is 4
goodness-of-fit parameter, not 7.675.) Fig
compares the observed and calculated cum
lative frequency distributions. The s
between observation and the proposed mod
although far from perfect, is at least sufficien
good to justify using the model as a ha.sm
discussion of stream length statistics.

To make sure that the above results w
not peculiar to Gourd Creek, supplements
measurements of a lower degree of precis
were made on two other drainage basins,
in the Piedmont province of Virginia and §
in the Basin and Range province of Arizol
In both cases, the results obtained were qui
tatively similar to those for Gourd Creek;
goodness of fit was about the same, and ;
most obvious disagreement between obsery
and theoretical values was that the observ
distribution did not have enough very shq
links. It is relevant to note that, for all thn
networks, the agreement with the model cou
be improved appreciably by replacing L i
equation 22 with (L — L,). As an example, i
for the Gourd Creek data we rather arbitrarily
choose Ly, = 0.01 mi, the value of —2 In) i
reduced from 7.91 to 3.07. This modification of
the distribution function is equivalent to ag
suming that the minimum length for interig
links is not zero but L,. Such an assumptio
is not unreasonable, for various physical co
siderations suggest that very short links ma:

rreemi
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Tig. 8. Comparison of observed and caleulated cumulative frequencles of interior link lengths
for Gourd Creek and Coalpit Hollow, Mo.
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unstable It appears, then, that a useful,
émiempirical distribution fuuctlon for interior
nk lengths would be the negative exponential
stribution modified so as to have at least
bme bias against very short links.

MEAN AREA RATIOS

‘The procedures of the second section can,
ith two additional assumptions, be extended
area relationships. An expression for the
ainage density is obviously required and,
ice basins with w > 2 contain first-order basins,
also need to know the distribution of lengths
f first-order streams. We assume that (1) The
ainage density is uniform, i.e., the area drained
7 a first-order stream of length I, is L./D,
d the interbasin area for an interior link of
gbh 1is I/D, where D is the drainage density.

) Lengths of both interior and exterior links
g independent random variables drawn from
same population. The first approximation
i era,lly, although by no means always,
actory for basins which are not too large.

3 second approximation is probably often
ther bad and is made here only to help to
duce the considerable amount of algebra in-
blved. Even with this simplification we could
bt obtain & general expression for 4,/4,, and
3 individual expressions become more and
bre unw1e1dy as w increases. For w = 2 and 3,

find, in analogy with equation 135

~2N1+2N2_3
£ - 2N, ~ 1

4(N, N> + N.N, + NN,
(2N, — 1)(2N; — 1)

6Ny - N, + N») + 7
@N, — DEN, — 1)

 the limit of an infinite topologically random
york, A./A, — 5 and A,/A, — 21. Shreve
7] suggested that in this limit the area re-
ns reduced to Horton’s law with B, =

ever, it appears that our results are con-
nt with the remainder of Shreve's paper.
very large random networks, N, — N, /4 1)
L v, — N,2¢-1, Building up a network
rding to these rules leads directly to the
fuence 1, 5, 21, 85, 341, --- , 4(A,_,/4)) + 1,
for A./A4,. Probably the best existing ap-
ximation to infinite topologically random

(25)

(26)
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networks with uniform drainage density is the
R1 fifth-order random walk networks discussed
by Smart et al. [1968]. For these systems N,
ranges between 63 and 213, and the mean areas
drained by interior and exterior links are 1.99
and 2.02 units, respectively; see the original
paper for further details. For the sample of 24
networks, the median values of A./A, and A,/4,
are 5.13 and 22.1, respectively.

Because data on mean basin areas are very
scarce, no attempt has been made to compare
equations 25 and 26 with observed values of
A,/A, and A4./4, However, it seems likely
that the quantitative agreement would be some-
what worse than in the stream length case be-
cause of the extra assumptions involved.

Acl.nouledgmen! I am indebted to D. V.
Judd for preparing the accurate enlargements of
the Gourd Creek map.
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