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Abstract. | The possibilities for obtaining a rational explanation of Horton’s law of stream
numbers are reviewed. The previous explanations of the stream-number law by (1) a growth

- model referring to generations of rivers and by (2) statistical graph-theory are compared.
The graph-theoretical explanation seems superior to the other model of Horton’s law, inas-
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~ INTRODUCTION

ome years ago, Horton [1945] stated im-
nt laws concerning the average configura-
f streams in a drainage basin. All these
‘are based upon the notion of ‘order’ of a
ticular stream. Horton [1945] introduced a
ot of ‘order,’ but his laws can be stated
ally well if a somewhat different concept of
rder’, due to Strahler [1957], is used. Accord-
to Strahler, first-order stream segments are
hose that have no tributaries on a given map,
econd-order stream segments are those that
ave as tributaries only segments of first order,
fc. The term ‘order’ thus refers to individual
ver segments, not to whole streams from head-
aters to. mouth, Thus, the confluence of a
rer segment of order n with another of order
produces a channel of order n 4 1; the con-
ence of a river segment of order n with one
ver order is simply ignored, i.e., it pro-
3 again a segment of order n. In any count-
¢ procedure, a river segment is counted as a
le segment between such junctions that pro-
change in order. -

. the three laws of Horton, the first is con-
th the topology of a river net, the
with the metric. We discuss here only
topological law. It can be stated as fol-

be numbers 7, of stream segments of order
a given drainage basin form, on the aver-
(ensemble average over many similar ba-

1Publication authorized by the Director, U. S.
_,lugical Survey.
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- much as it produces not only the form of the law, but even, numerically, the naturally ob-
- served bifurcation ratio. It is also independent of the structural properties of the river net.

sins), a geometric sequence, so that
N1 = an;

This Iaw is called the law of stream numbers.
The quantity R, = 1/a = n/n.,. is often
called the ‘bifurcation ratio.” It is interesting to
note that the numerical value of B, seems to
vary from 2 to 4, but is, for mature rivers, re-
markably close to 3.5. Thus, Leopold et al.
[1964, p. 138] noted that, among many samples
of basins in the United States, the above figure
of 3.5 is found.

Thus, considering the law of Horton stated

above, it becomes evident that a plot of stream
numbers on semilogarithmic paper against order
should yield, on the average, a straight line.
Making such a plot for a given drainage basin
is called making a ‘Horton analysis.
' Horton’s law, as is implicit in the statement
given above, has only statistical significance. Tt
was found by Horton [1945] from purely em-
pirical analyses of many stream basins. It is the
aim of the present paper to review the rational
explanations for it. -

Horton’s law as stated above is expressed in
terms of Horton orders. It is more convenient,
for actual calculations, to use Strahler orders
instead of Horton orders. In the Strahler scheme
of ordering, orders are assigned to stream seg-
ments in the manner indicated above. Horton's
law can also be expressed in the same fashion
for Strahler stream segments as for Horton
streams, without making any significant error
[Scheidegger, 1967b]. Thus, in our paper, ‘order’
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always means Strahler order, unless another

type of order is specifically mentioned.

HORTONIAN NETWORKS

The law of stream numbers discussed in this
paper is probably the most important of Hor-
ton’s laws. As is evident from its formulation,
it is concerned only with the topology of a river
net; metric properties are completely left out
of consideration.

Horton’s law of stream numbers has given
rise to the conecept of a structurally Hortonian

network. This is a network of, say, order N, in

which the bifurcation ratio R, = n.,/n, for
the numbers n, of streams of order i is con-
stant for all ¢ < N, and in which all complete,
1.e. maximum, subbasins of order M < N have
this same property with the same bifurcation
ratio as that valid for the main basin.

Thus, a structurally Hortonion network is
made up of elements as follows: on the average,
R, first-order streams combine to form a seec-
ond-order stream; on the average, I, such sec-
ond-order streams combine to form a third-
order stream, ete. In such a network, one can
speak of ‘cyeles’ or ‘generations’ of streams. The
subbasins referred to above are always taken to
inelude all elements of a complete cycle.

It is clear that a structurally Hortonian net-
work obeys Horton’s law of stream numbers;
however, such networks are not the only ones
that obey this law. It is evidently possible to
conceive of a basin which obeys Horton’s law of
stream numbers, but which is not structurally
Hortonian. This was noted, for instance, by
Smart [1967]. In such networks, it is no longer
possible to speak of ‘cycles’ or ‘generations’ of
rivers, so that the subbasins do not satisfy
Horton’s law of stream numbers at all, or not
with the same bifurcation ratio as the main
basin. Such an example is given in Figure 1.

A test of a given network for structural Hor-
tonianness has been given by the writer [Schei-
degger, 1967h].

CYCLIC MODELS

Although Horton only counted stream num-
bers, Horton’s law has generally been taken as
implying that river nets are structurally Hor-
tonian in the sense defined above, so that one
can speak of ‘eyveles’ or ‘generations’ of rivers.

Horton himself [1945, p. 339] attempted a
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. cess, an idea which was formalized by Wold

(a) ; {b)

Fig. 1. Two river nets with 9 first~

streams, 3 second-order streams, and 1 third-c

stream, so that the bifurcation ratio is co
and equal to 3. However, (a) is structurally

tonian, (b) is not. 3

hydrophysical explamt!on of his Iaw of 5
numbers essentially in terms of a growth D

berg [1966], who tried to explain this law
the expression of ‘allometric growth’ of a
system. Allometric growth means that the :
tive rate of growth of a part of the system.
constant fraction of the relative rate of grow
of the whole system. Woldenberg then intima;
that the law of stream numbers really shot
use as ‘order’ a qua.ntity z whi¢h is not tl
order N itself but is equal to the bifurcat
ratio R, to the power N-—-1

= (D)=t i
He referred to 2 as the ‘absolute order’ o
river segment under consideration; it wor
representative of the ‘size’ of the river s
at the point under consideration. If this ‘g
lute order’ is used, Horton’s law mexp essed
a power funetion

n(z) =

which is characteristic of allometnc ZTOW
The allometric growth process of Wold
berg can be further specified in various wa
Thus, for instance, one can envisage a bi
and-death process that leads from generati
to generation of rivers [Scheidegger, 1966].
is clear that any model in which the proe
leading from one generation or cycle of rivers
the next is the same for every order will pi
duce a structurally Hortonmn network
therewith Horton’s law of stream numbers



However, no such growth processes can
gount, for the possible existence in nature of
n-Hortonian networks. It is not clear how
rallometric growth process can be defined
en. a g;wen, river net is not structurally
rtonian, so that one cannot speak of genera-
NS or cycl@ of rivers. The whole allometric
wth-model is dependent upon the idea that
l structurallj'l Hortonian networks should

5t in nature.
1

GRAPH ENSEMBLE STATISTICS

ortons Jaw of stream numbers can also be
ained by a statistical model that is not based
_concept of cycles or generations of
, the writer has proposed [Scheideg-
that a particular river network is
ization of a particular graph among all
g phs (arborescences) ‘with the same

pmbability dxst.nbutmn, far graphs
ces .mth a given numbe 'of pendant
 that every possible graph is equal]y
corresponds statistically to a ‘micro-
stribution: Every state of the
t has a given value for the constant of
“motion involved (the number of pendant
tices) is equally probable in the ensemble of
possible states. In the paper cited, the possi-
| graphs_(arborescences) up to an order of
vere enumerated; for graphs with a higher
pber of pendant vertices, a Monte Carlo
od was proposed [Sche;degger 1967a; Liao

ensemble approach does not make the
ption that river nets are strueturally
m fact among the possible graphs

of using this procedure is startling.
ly does one obtain. Horton’s law of

-order numbers, implying a roughly con-
i ect.atlon value for the blfurcat,ion ratio

ry close to that observed in the mature
“of the United States, viz., it is very close
5. This is a great achievement of the
nble-statistical theory, inasmuch as the
ries based on generation of rivers cannot

Horton’s Law

 Scheidegger, 1968] to sample the conditions. "
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produce a numerical value for the bifureation
ratio.

In context with the above, it may be noted
that Shreve [1966], in a discussion of Horton’s
law of stream numbers, also introduced the
hypothesis of ‘randomness’ of the topological
configuration of drainage basins. However, al-
though Shreve calculated probabilities of oc-
currences of certain channel configurations, he
did not take the next logical step, involving the
introduetion of a mierocanonical ‘ensemble’ over
which observable quantities have to be averaged,
so that expectation values ean be caleulated in
entirely general terms.

DISCUSSION

We have seen above that essentially two
different types of models have been advanced to
explain the existence of Horton’s law of stream
numbers.

In the first type, one assumes that all river
nets are structurally Hortonian. Horton's law
of stream numbers is then a direct consequence

‘of this assumption. In structurally Hortonian

nets, one can speak of ‘generations’ of rivers,
and an explanation is sought for the existence of
such ‘generations.’ Such an explanation is ob-
tained by assuming that the conditions leading
from one ‘generation’ to the next are statistically
invariable.

In the second type of model, no hypotheses
about the intrinsic structure of river mnets are
formed, other than that such nets are simply
topologically bifurcating arborescences. If, then,
nature operates completely at random, all pos-
sible arborescences must be equally probable.
These arborescences may or may not be strue-
turally Hortonian. This approach produces not
only Horton’s law of stream numbers, but even
the correct value for the actually observed bi-
furcation ratio.

In both models discussed above, one is deal-
ing with statistical expectation values. However,
it should be noted that the two possible types
of models do not produce the same statistical
populations: The eyclic type models produce
only a part of the theoretically possible bi-
furcating arborescences, mnamely only those
which are structurally Hortonian, whereas in the
ensemble-statistical approach the possible non-
Hortonian networks are counted in. It is evident,
thus, that there is a fundamental difference
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between the two types of models, inasmuch as
the statistical populations are quite different in
them.

At this juncture, it is a matter of speculation
which of the two possibilities is realized in
nature. Horton’s law of stream numbers has
generally been assumed as equivalent to the
statement that river nets are structurally Hor-
ton nets, and Horton [1945, p. 339] has already
attempted to give a rational explanation of his

law upon this basis. However, he already noted

the existence of ‘adventitious streams’ [Horton,
1945, p. 341], which do not fit into this pattern.
Thus, even early observations seem to favor the
graph theoretical approach. Theoretically, there
does not seem to be any justification for the
assumption that only those graph patterns
that are structurally Hortonian should be
naturally possible. Surely, nature must be held
to be impartial and to produce all possible con-
figurations equally often. The fact that the
graph-ensemble theory produces the correct
numerical value for the bifurcation ratio con-
stitutes a further indication that this theory is
probably correct.

Therefore, there is certainly a conceptual, if
not a factual (i.e. observational) reason to
prefer the graph-theoretical explanation of
Horton’s law of stream numbers over the others.
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