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A key framing from language:

Types and Tokens:
� In linguistics, words are described on the two levels of types

and tokens� [4].
� In semiotics, signs can be thought of having two components

of the signified and the signifier�.

Example:
� Types are 1-grams�, e.g., ‘!’, ‘the’, ‘love’, and ‘spork’.1

� Tokens are 1-grams as written down.
� In “Pride and Prejudice”, for example, there are 498 ‘!’s, 4,058

‘the’s, 90 ‘love’s, and 0 ‘spork’s.

1Linguists have a long history of not agreeing on what a word is�.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
https://en.wikipedia.org/wiki/Type–token_distinction
https://en.wikipedia.org/wiki/Type–token_distinction
https://en.wikipedia.org/wiki/Signified_and_signifier
https://en.wikipedia.org/wiki/N-gram
https://en.wikipedia.org/wiki/Word
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Types and Things andMeasures, OhMy!�

Beyond language:
Lift out and expand the type-token framing to complex systems in
general.

Three Four possible parts:
1. Type: A kind or class of category of individual things based on

shared characteristics.
2. Thing: An individual manifestation of a type.
3. Measure: A quantification of the manifestation of things.
4. Experience: An interaction of any kind with a manifestation

of a type.2

2Fame.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
https://en.wiktionary.org/wiki/lions_and_tigers_and_bears,_oh_my
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Language:
1. Type: A defined word.
2. Thing (token): An instance of spoken or printed word.
3. Number or Frequency (counts of tokens).
4. Experience: Listening to others, reading a book.

Atoms:
1. Type: Atom
2. Thing: Element (stuff made of a given atom; e.g., gold)
3. Measure: Mass; could be Number.
4. Experience: Atomic bonds.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
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Water:
1. Type: Water molecule, H2O.
2. Thing: Water.
3. Measure: Volume (liters, gallons); given pressure and

temperature, equivalent to Number (counts of molecules)
and thenMass.

4. Experience: Rain.

Biology:
� Example type: The species Ornithorhynchus anatinus, the

platypus.
� Thing: Any given platypus.
� Measure: The number of platypuses (‘instances’ of the

species) living in Australia in the wild.
� Experience: Seeing a platypus in the wild; being hunted by a

platypus.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
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Moneyspace:
� Example type: Corporation.
� Things: The publicly traded companies of Apple and

Microsoft.
� Measure: Market capitalization.
� Experience: Being sued byMicrosoft.

� Apple andMicrosoft may be viewed as components of the
publicly-owned corporate world.

� The sizes of corporations may be broken down into many
rankable dimensions such as annual revenue or number of
employees worldwide.

� In principle, market capitalization represents a kind of current
collective belief in terms of money.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
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Sizes and Rankings:
� Wewill often consider systems where each component type 𝜏

has at least one measurable—and hence rankable—‘size’ 𝑠𝜏.
� Perceived size is a combination of Measure (what exists) and

Experience (what is measured).
� Important: We may also have rankings where we do not know

the underlying ‘size’ (e.g., book/thing sales on Amazon).

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
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Three examples which show some of the range of what ‘size’
can mean:
1. Size for a word in a corpus means the number of

indistinguishable instances of that word (many identical
entites—tokens);

2. Size for species means the number of ‘biological replications’
of an individual type (many genetically similar entities of
varying ages); and

3. Size for a corporation might mean monetary value (market
cap, one entity).

4. May have more than one measure of a system:
� Total biomass of a species.3
� Number of employees in a corporation.
� Number of stars in a galaxy.3

5. Measure of size allows for rankings.
6. Again, sizes may be hidden.

3Somewhat hard to estimate.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
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When tokens are fungible:
� Randomly permute all of the words (tokens) of the same type

in Pride and Prejudice.
� Measure and Experience will be unchanged.
� NFTs: Non-fungible tokens.
� Tricking people into thinking tokens are types.
� “The Oxymoron for Morons.”

When tokens are funguses:
� NFF: Non-fungible fungus (from a sentient fungus’s point of

view).
� But in cooking, funguses are fungible.
� Lack of exposure� leads to fungibility of “the other.”4

4Universal: Identical twins look the same until they don’t.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
https://www.nytimes.com/2015/09/20/nyregion/the-science-behind-they-all-look-alike-to-me.html
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From scaling: Size range (in grams) and cell differentiation:

10−13 to108 g, p. 3,

McMahon and Bonner [3]

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse


The PoCSverse
Types and Things
14 of 22
Types and Things

Type-thing scaling law

References

Scaling of Specialization:

J. theor. Biol. (2002) 218, 215–237
doi:10.1006/yjtbi.3070, available online at http://www.idealibrary.com on

Scaling of Differentiation in Networks: Nervous Systems, Organisms,
Ant Colonies, Ecosystems, Businesses, Universities, Cities,

Electronic Circuits, and Legos

M. A. Changizinw, M. A. McDannaldw and D.Widdersw

wDepartment of Psychological and Brain Sciences, Duke University, Durham, NC 27708-0086, U.S.A.

(Received on 10 September 2001, Accepted in revised form on 25 April 2002)

Nodes in networks are often of different types, and in this sense networks are differentiated.
Here we examine the relationship between network differentiation and network size in
networks under economic or natural selective pressure, such as electronic circuits (networks
of electronic components), Legost (networks of Legot pieces), businesses (networks of
employees), universities (networks of faculty), organisms (networks of cells), ant colonies
(networks of ants), and nervous systems (networks of neurons). For each of these we find that
(i) differentiation increases with network size, and (ii) the relationship is consistent with a
power law. These results are explained by a hypothesis that, because nodes are costly to build
and maintain in such ‘‘selected networks’’, network size is optimized, and from this the
power-law relationship may be derived. The scaling exponent depends on the particular kind
of network, and is determined by the degree to which nodes are used in a combinatorial
fashion to carry out network-level functions. We find that networks under natural selection
(organisms, ant colonies, and nervous systems) have much higher combinatorial abilities than
the networks for which human ingenuity is involved (electronic circuits, Legos, businesses,
and universities). A distinct but related optimization hypothesis may be used to explain
scaling of differentiation in competitive networks (networks where the nodes themselves,
rather than the entire network, are under selective pressure) such as ecosystems (networks of
organisms).

r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

While there is a considerable literature studying
the scaling properties of network connectivity
[e.g. see the literature springing from the papers
by Watts & Strogatz (1997) and Barab!asi &
Albert (1999), and also Changizi (2001a)], there

has been comparably little attention given to one
of the most important features of networks: that
nodes within networks come in different types.
Our main purpose is to examine the relationship
between network differentiation (i.e. the number
of node types) and network size (i.e. the total
number of nodes) among those kinds of network
that are under selective pressure, whether it be
economic or natural selection. We call such
networks selected networks. Consider two gen-
eral relationships one might a priori expect.
The first is that there is a finite set of node

nCorresponding author’s current address: Sloan-Swartz
Center for Theoretical Neurobiology, California Institute
of Technology, Pasadena, CA 91125, USA. Tel.: +1-919-
660-5641; fax: +1-916-660-5726.
E-mail address: changizi@changizi.com (M.A. Changizi).

0022-5193/02/$35.00/0 r 2002 Elsevier Science Ltd. All rights reserved.

“Scaling of Differentiation in Networks: Nervous
Systems, Organisms, Ant Colonies, Ecosystems,
Businesses, Universities, Cities, Electronic Circuits, and
Legos”�
Changizi, McDannald, andWidders,
J. Theor. Biol, 218, 215–237, 2002. [1]

lower than 2, and this may explain the
lower combinatorial degree of around 1.4.
Via similar reasoning, if a network possessed
attachments for which m (rather than 2) pieces
must simultaneously physically connect, we
would expect a maximum combinatorial degree
of m:

3.3. BUSINESSES AND UNIVERSITIES:

NETWORKS OF PEOPLE

There exists a long tradition of looking at
differentiation as a function of business size (e.g.
Simmel, 1902; Caplow, 1957; Hall et al., 1967;
Pugh et al., 1968; Blau, 1970; Blau & Schoen-
herr, 1971; Childers et al., 1971; and see reviews
by Kimberly, 1976; Slater, 1985), but these
researchers commonly only report the correla-
tion of degree of differentiation and organiza-
tion size. In the few cases where degree of
differentiation is plotted against organization
size (e.g. Blau, 1970; Blau & Schoenherr, 1971;
Childers et al., 1971), log–log plots were not
used, and the possibility that the data may
conform to power laws was not investigated.
Figure 4 shows log–log and semi-log plots of
degree of differentiation vs. organization size:
two are for military organizations [(a) and (b)]
[using data from Childers et al. (1971, Fig. 2)],
one from universities as businesses (c) [using
data we obtained ourselves by going to uni-
versity web sites: total number of employees was

often obtainable from university ‘‘at-a-glance’’
pages; the number of employee types was (less
often) obtainable at human resources sites,
where each job type at the university is listed],
and one from employment insurance companies
(d) [using data from Blau & Schoenherr (1971,
Figs 3-2)]. Differentiation increases in each
kind of network as a function of size. Although
each plot is, in terms of the correlation, better
described by a power law than by a logarithmic
model, the logarithmic model can be rejected
only in military vessels; in the other three kinds
of business, neither the power law nor logarith-
mic model can be rejected. (See ppower and plog
values in Table 1.) The exponents are 0.63 for
military vessels (combinatorial degree d ¼ 1:6),
0.88 for military offices (d ¼ 1:14), 0.73 for
universities (d ¼ 1:37), and 0.33 for employment
insurance companies (d ¼ 3).
We may also look at universities not as

networks of employees generally, but rather as
networks of faculty, where two faculty are
considered the same type if they are members
of the same department. The number of depart-
ments is used as the measure of the number of
faculty types. The number of students is used as
the measure of the number of faculty, since
across universities they scale nearly proportion-
ally; namely, the number of faculty scales against
the number of students as a power law with
exponent 0.987 (n ¼ 89; R2 ¼ 0:743) [this plot is
not shown here; and the data for it are taken

y = 0.7092x + 0.2706
R2 = 0.9029
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Fig. 3. Log–log (base 10) (left) and semi-log (right) plots of the number of Lego piece types vs. the total number of parts
in Lego structures (n ¼ 391). To help to distinguish the data points, logarithmic values were perturbed by adding a random
number in the interval ["0.05, 0.05], and non-logarithmic values were perturbed by adding a random number in the interval
["1, 1].

M. A. CHANGIZI ET AL.222

� 2012 wired.com write-up�

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
https://pdodds.w3.uvm.edu//research/papers/others/everything/changizi2002a.pdf
https://pdodds.w3.uvm.edu//research/papers/others/everything/changizi2002a.pdf
https://pdodds.w3.uvm.edu//research/papers/others/everything/changizi2002a.pdf
https://pdodds.w3.uvm.edu//research/papers/others/everything/changizi2002a.pdf
https://pdodds.w3.uvm.edu//research/papers/others/everything/changizi2002a.pdf
http://www.wired.com/wiredscience/2012/01/the-mathematics-of-lego/
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Independent observation:

𝐶 ∼ 𝑁1/𝑑, 𝑑 ≥ 1:
� 𝐶 = network differentiation = # node types.
� 𝑁 = network size = # nodes.
� 𝑑 = combinatorial degree.
� Low 𝑑: strongly specialized parts.
� High 𝑑: strongly combinatorial in nature, parts are reused.
� Claim: Natural selection produces high 𝑑 systems.
� Claim: Engineering/brains produces low 𝑑 systems.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
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Table 1
Summary of results*

Network Node No. data
points

Range of
logN

Log–logR2 Semi-logR2 ppower=plog Relationship
between C
and N

Comb.
degree

Exponent v
for type-net
scaling

Figure
in text

Selected networks
Electronic circuits Component 373 2.12 0.747 0.602 0.05/4e!5 Power law 2.29 0.92 2

Legost Piece 391 2.65 0.903 0.732 0.09/1e!7 Power law 1.41 F 3

Businesses
military vessels Employee 13 1.88 0.971 0.832 0.05/3e!3 Power law 1.60 F 4
military offices Employee 8 1.59 0.964 0.789 0.16/0.16 Increasing 1.13 F 4
universities Employee 9 1.55 0.786 0.749 0.27/0.27 Increasing 1.37 F 4
insurance co. Employee 52 2.30 0.748 0.685 0.11/0.10 Increasing 3.04 F 4

Universities
across schools Faculty 112 2.72 0.695 0.549 0.09/0.01 Power law 1.81 F 5
history of Duke Faculty 46 0.94 0.921 0.892 0.09/0.05 Increasing 2.07 F 5

Ant colonies
caste¼ type Ant 46 6.00 0.481 0.454 0.11/0.04 Power law 8.16 F 6
size range¼ type Ant 22 5.24 0.658 0.548 0.17/0.04 Power law 8.00 F 6

Organisms Cell 134 12.40 0.249 0.165 0.08/0.02 Power law 17.73 F 7

Neocortex Neuron 10 0.85 0.520 0.584 0.16/0.16 Increasing 4.56 F 9

Competitive networks
Biotas Organism F F F F F Power law E3 0.3 to 1.0 F

Cities Business 82 2.44 0.985 0.832 0.08/8e-8 Power law 1.56 F 10

*(1) The kind of network, (2) what the nodes are within that kind of network, (3) the number of data points, (4) the logarithmic range of network sizes N (i.e. logðNmax=NminÞ), (5) the log–log
correlation, (6) the semi-log correlation, (7) the serial-dependence probabilities under, respectively, power-law and logarithmic models, (8) the empirically determined best-fit relationship
between differentiation C and organization size N (if one of the two models can be refuted with po0:05; otherwise we just write ‘‘increasing’’ to denote that neither model can be rejected), (9)
the combinatorial degree (i.e. the inverse of the best-fit slope of a log–log plot of C versus N), (10) the scaling exponent for how quickly the edge-degree d scales with type-network size C
(in those places for which data exist), (11) figure in this text where the plots are presented. Values for biotas represent the broad trend from the literature.
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Language:

� The naturally-incorrectly-attributed5 Heaps’ Law�

� For words: 𝑁types ∼ 𝑁𝛽
tokens where 0𝛽 ≤ 1.

� Applies when reading through a sufficiently large coherent
text (e.g., a book)

� Applies when sampling from a fixed power-law size
distribution

� Misapplies when reading through sequential texts.
� Implied by this PoCS generated paper:

PHYSICAL REVIEW E 91, 052811 (2015)

Text mixing shapes the anatomy of rank-frequency distributions

Jake Ryland Williams,* James P. Bagrow,† Christopher M. Danforth,‡ and Peter Sheridan Dodds§

Department of Mathematics & Statistics, Vermont Complex Systems Center, Computational Story Lab, & the Vermont Advanced
Computing Core, The University of Vermont, Burlington, Vermont 05401, USA

(Received 15 September 2014; revised manuscript received 30 January 2015; published 20 May 2015)

Natural languages are full of rules and exceptions. One of the most famous quantitative rules is Zipf’s law,
which states that the frequency of occurrence of a word is approximately inversely proportional to its rank. Though
this “law” of ranks has been found to hold across disparate texts and forms of data, analyses of increasingly
large corpora since the late 1990s have revealed the existence of two scaling regimes. These regimes have thus
far been explained by a hypothesis suggesting a separability of languages into core and noncore lexica. Here we
present and defend an alternative hypothesis that the two scaling regimes result from the act of aggregating texts.
We observe that text mixing leads to an effective decay of word introduction, which we show provides accurate
predictions of the location and severity of breaks in scaling. Upon examining large corpora from 10 languages in
the Project Gutenberg eBooks collection, we find emphatic empirical support for the universality of our claim.

DOI: 10.1103/PhysRevE.91.052811 PACS number(s): 89.75.Da, 89.65.−s, 89.75.Fb

I. ZIPF’S LAW AND (NON-) UNIVERSALITY

Given some collection of distinct kinds of objects occurring
with frequency f and associated rank r according to decreas-
ing frequency, Zipf’s law is said to be fulfilled when ranks and
frequencies are approximately inversely proportional:

f (r) ∼ r−θ , (1)

typically with θ � 1. Though Zipf’s functional form has been
found to be a reasonable one for disparate forms of data,
ranging from frequencies of words to sizes of cities in Zipf’s
original work [1,2], its lack of total universality in application
to natural languages is now widely acknowledged [3–8].

Recently it was suggested [3,4] that large corpora exhibit
two scaling regimes (delineated by some b > 0):

f (r) ∼
{
r−θ , : r � b

r−γ , : r > b
, (2)

the first being that of Zipf (θ = 1) and the second distinctly
more variable [4] (though generally γ > 1). Ferrer and Solé
hypothesized in Ref. [3] that these two regimes reflected a
division of natural languages into two lexical subsets—the
kernel (core) and unlimited (noncore) lexica.

We observe that in all studies finding dual scalings that the
texts analyzed are of mixed origin, that is, they are not derived
from a single author or even a single topic. Montemurro
indicated in Ref. [4] that combining heterogeneous texts
could generate effects that shield investigators from the true
underlying nature of this second scaling regime:

To resolve the behavior of those [high rank] words we need a
significant increase in volume of data, probably exceeding the
length of any conceivable single text. Still, at the same time
it is desirable to maintain as high a degree of homogeneity
in the texts as possible, in the hope of revealing a more

*jake.williams@uvm.edu
†james.bagrow@uvm.edu
‡chris.danforth@uvm.edu
§peter.dodds@uvm.edu

complex phenomenology than that simply originating from
a bulk average of a wide range of disparate sources.

With this inspiration, we focus on understanding the effects of
combining texts of varying heterogeneity—a process we refer
to as “text mixing.”

II. STOCHASTIC MODELS

In the years following Zipf’s original work, various stochas-
tic models have been proposed for the generation of natural
language vocabularies. The first of these was that proposed
by Simon [9] and based on Yule’s model of evolution [10].
This work is a powerful companion to understanding Zipf’s
empirical work and can be seen as the natural antecedent of
the rich-gets-richer models [11,12] for growing networks that
have interested the complex systems community over recent
years. Indeed, perhaps the most important piece we may draw
from Simon’s model is that a rich-gets-richer mechanism is a
reasonable one for the growth of a vocabulary.

An important limitation of Simon’s model is that it is
only capable of producing a single scaling regime, which, as
we know is an incomplete picture. Furthermore, the scalings
accessible via the Simon model were strictly less severe
than the “universal” θ = 1 exponent. So if one assumes the
Simon model as truth, with a fixed word introduction rate α0,
Zipf’s exponent should be variable and necessarily less than
1, though empirically found indistinguishable from 1, that is,
θ = 1 − α0, with α0 � 1 [9].

Recently, a modification to Simon’s model was proposed
Gerlach and Altmann in which two types of words could be
produced—core and noncore words [5]. As a built-in feature
of the core-noncore vocabulary (CNCV) model, the size of the
core set of words was prescribed to be finite, while the noncore
was allowed to expand indefinitely. Aside from introducing
two classes of words, the most important distinction of this
model from its predecessor was a rule for the decay in the rate
of introduction of new words, α. Along with producing the
CNCV model they showed that when α decays as a power
law with exponent −μ, of the number of unique words,
n, the relationship between μ and the lower rank-frequency

1539-3755/2015/91(5)/052811(8) 052811-1 ©2015 American Physical Society

“Text mixing shapes the anatomy of rank-frequency
distributions”�
Williams et al.,
Physical Review E, 91, 052811, 2015. [5]

5Plus one for Stigler’s Law of Eponymy.�

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
https://en.wikipedia.org/wiki/Heaps%27_law
https://pdodds.w3.uvm.edu//research/papers/others/everything/williams2015b.pdf
https://pdodds.w3.uvm.edu//research/papers/others/everything/williams2015b.pdf
https://pdodds.w3.uvm.edu//research/papers/others/everything/williams2015b.pdf
http://en.wikipedia.org/wiki/Stigler's_law_of_eponymy
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The type-thing scaling law:

� Most generally: 𝑁types ∼ 𝑁𝛽
things where 0 < 𝛽 ≤ 1.

𝑡 =
𝑁𝑡,𝛼

∑
𝑟=1

𝑆𝑟,𝑡,𝛼 ≃ 𝑁𝛼
𝑡,𝛼 ∫

𝑁𝑡,𝛼

𝑧=1
𝑧−𝛼d𝑧 ∼

𝑁𝛼
𝑡,𝛼

1 − 𝛼
[𝑁1−𝛼

𝑡,𝛼 − 1] ,

(1)

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
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Type-token scaling for finite systems:
Zipf’s Law Leads to Heaps’ Law: Analyzing Their Relation
in Finite-Size Systems
Linyuan Lü1,2, Zi-Ke Zhang2, Tao Zhou1,2,3*

1 Web Sciences Center, University of Electronic Science and Technology of China, Chengdu, People’s Republic of China, 2 Department of Physics, University of Fribourg,

Fribourg, Switzerland, 3 Department of Modern Physics, University of Science and Technology of China, Hefei, People’s Republic of China

Abstract

Background: Zipf’s law and Heaps’ law are observed in disparate complex systems. Of particular interests, these two laws
often appear together. Many theoretical models and analyses are performed to understand their co-occurrence in real
systems, but it still lacks a clear picture about their relation.

Methodology/Principal Findings: We show that the Heaps’ law can be considered as a derivative phenomenon if the
system obeys the Zipf’s law. Furthermore, we refine the known approximate solution of the Heaps’ exponent provided the
Zipf’s exponent. We show that the approximate solution is indeed an asymptotic solution for infinite systems, while in the
finite-size system the Heaps’ exponent is sensitive to the system size. Extensive empirical analysis on tens of disparate
systems demonstrates that our refined results can better capture the relation between the Zipf’s and Heaps’ exponents.

Conclusions/Significance: The present analysis provides a clear picture about the relation between the Zipf’s law and
Heaps’ law without the help of any specific stochastic model, namely the Heaps’ law is indeed a derivative phenomenon
from the Zipf’s law. The presented numerical method gives considerably better estimation of the Heaps’ exponent given the
Zipf’s exponent and the system size. Our analysis provides some insights and implications of real complex systems. For
example, one can naturally obtained a better explanation of the accelerated growth of scale-free networks.
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Introduction

Giant strides in Complexity Sciences have been the direct

outcome of efforts to uncover the universal laws that govern

disparate systems. Zipf’s law [1] and Heaps’ law [2] are two

representative examples. In 1940s, Zipf found a certain scaling law

in the distribution of the word frequencies. Ranking all the words

in descending order of occurrence frequency and denoting by z rð Þ
the frequency of the word with rank r, the Zipf’s law reads

z rð Þ~zmax
:r{a, where zmax is the maximal frequency and a is the

so-called Zipf’s exponent. This power-law frequency-rank relation

indicates a power-law probability distribution of the frequency

itself, say p zð Þ*z{b with b equal to 1z1=a (see Materials and
Methods). As a signature of complex systems, the Zipf’s law is

observed everywhere [3]: these include the distributions of firm

sizes [4], wealths and incomes [5], paper citations [6], gene

expressions [7], sizes of blackouts [8], family names [9], city sizes

[10], personal donations [11], chess openings [12], traffic loads

caused by YouTube videos [13], and so on. Accordingly, many

mechanisms are put forward to explain the emergence of the Zipf’s

law [14,15], such as the rich gets richer [16,17], the self-organized

criticality [18], Markov Processes [19], aggregation of interacting individuals

[20], optimization designs [21] and the least effort principle [22]. To

name just a few.

Heaps’ law [2] can also be applied in characterizing natural

language processing, according to which the vocabulary size grows

in a sublinear function with document size, say N tð Þ*tl with

lv1, where t denotes the total number of words and N tð Þ is the

number of distinct words. One ingredient causing such a sublinear

growth may be the memory and bursty nature of human language

[23–25]. A particular interesting phenomenon is the coexistence of

the Zipf’s law and Heaps’ law. Gelbukh and Sidorov [26] observed

these two laws in English, Russian and Spanish texts, with different

exponents depending on languages. Similar results were recently

reported for the corpus of web texts [27], including the Industry

Sector database, the Open Directory and the English Wikipedia. Besides

the statistical regularities of text, the occurrences of tags for online

resources [28,29], keywords for scientific publications [30], words

contained by web pages resulted from web searching [31], and

identifiers in modern Java, C++ and C programs [32] also

simultaneously display the Zipf’s law and Heaps’ law. Benz et al.

[33] reported the Zipf’s law of the distribution of the features of

small organic molecules, together with the Heaps’ law about the

number of unique features. In particular, the Zipf’s law and

Heaps’ law are closely related to the evolving networks. It is well-

known that some networks grow in an accelerating manner

[34,35] and have scale-free structures (see for example the WWW

[36] and Internet [37]), in fact, the former property corresponds to
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“Zipf’s Law leads to Heaps’ Law: Analyzing their
relation in finite-size systems”�
Lü, Zhang, and Zhou,
PLOS ONE, 5, 1–11, 2010. [2]

� In a somewhat complicated way which we will fix up, Lü et
al. determine that given a size-rank distribution:

𝑆𝑟 ∼ 𝑟−𝛼 (2)

for 𝑟 = 1, 2, … , 𝑁types then

𝑁things ≃
𝑁𝛼

𝑡,𝛼

1 − 𝛼
[𝑁1−𝛼

𝑡,𝛼 − 1] . (3)

Insert assignment question�

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
https://pdodds.w3.uvm.edu//research/papers/others/everything/lu2010a.pdf
https://pdodds.w3.uvm.edu//research/papers/others/everything/lu2010a.pdf
https://pdodds.w3.uvm.edu//research/papers/others/everything/lu2010a.pdf
https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse/assignments/
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Given:

𝑁things ≃
𝑁𝛼

𝑡,𝛼

1 − 𝛼
[𝑁1−𝛼

𝑡,𝛼 − 1] , (4)

then

𝑁types →

⎧{{{
⎨{{{⎩

𝑁types for 𝛼 = 0,
(1 − 𝛼)𝑁types for 0 < 𝛼 ≪ 1,

𝑒𝑊(𝑁types) ∼ 𝑁types
ln𝑁types

for 𝛼 = 1,
(𝛼𝑁types)1/𝛼 for 𝛼 ≫ 1,

1 for 𝛼 → ∞,

(5)

where𝑊 is the Lambert6 𝑊 function.

6There can be only one�multivalued Lambert fuction�.

https://pdodds.w3.uvm.edu/teaching/courses/2025-2026pocsverse
https://en.wikipedia.org/wiki/Highlander_(film)
https://en.wikipedia.org/wiki/Lambert_W_function
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