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1. (6 pts) Generalized entropy and diversity:

For a probability distribution of ¢ = 1,...,n entities with the ¢th entity having
probability of being observed p;, Shannon's entropy is defined as [2]:

H = —3%""  p;Inp;. There are other kinds of entropies and we'll explore some
aspects of them here.

Let's use the setting of words in a text (another meaningful framing is abundance
of species in an ecology). So we have word i appearing with probability p; and
there are n words.

Now, a useful quantity associated with any kind of entropy is diversity, D [1].
Given a text T" with entropy H, we define D to be the number of words in another
hypothetical text 7" which (1) has the same entropy, and (2) where all words
appear with equal frequency 1/D. In text 7", we have p; = 1/D fori=1,...,D.

Diversity is thus a number, and behaves in number-like ways that are more
intuitive to grasp than entropy. (Entropy is still the primary thing here.)

Determine the diversity D in terms of the probabilities {p;} for the following:
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(a) Simpson concentration:

(b) Gini index:
GEl—Szl—Zp?.
i=1

Please note any connections between diversity for the Simpson and Gini
indices.

(c) Shannon's entropy:
(d) Renyi entropy:

where q # 1.
(e) The generalized Tsallis entropy:

where g # 1.
Please note any connections between diversity for Renyi and Tsallis.

(f) Show that in the limit ¢ — 1, the diversity for the Tsallis entropy matches up
with that of Shannon's entropy.

2. (3 + 3 points) Zipfarama via Optimization:
Complete the Mandelbrotian derivation of Zipf's law by minimizing the function
\Il(plap% s >pn> - F(p17p27 s 7pn) + AG(plap% ce 7pn)

where the ‘cost over information’ function is

C rpiln(i+a
F(p1>p27 oo 7pn) = E = ?g_i” ]glnp)
=147 ?

and the constraint function is

G(p17p27"'7pn)zzpi_]— (: O)
i=1



to find

—1—)\H2/gC( —H/gC"

pj=¢€ Jj+a)

Then use the constraint equation, Z?lej = 1 to show that

pi=(+a)"
where o = H/gC'.

3 points: When finding A, find an expression connecting A, g, C, and H.

Hint: one way may be to substitute the form you find for In p; into H's definition
(but do not replace p;).

Note: We have now allowed the cost factor to be (j + a) rather than (j + 1).
3. 3+3)

(a) For n — oo, use some computation tool (e.g., Matlab, an abacus, but not a
clever friend who's really into computers) to determine that o ~ 1.73 for
a = 1. (Recall: we expect v < 1 for v > 2)

(b) For finite n, find an approximate estimate of a in terms of n that yields
a=1

(Hint: use an integral approximation for the relevant sum.)

What happens to a as n — oo?
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